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Abstract

Learning Theory, and in particular Statistical Learning Theory, is the the-

ory that mathematically formalizes the conditions and the algorithms that

allow to define (learn) empirical models from a given, finite number of sam-

ples.

A major open point in Statistical Learning Theory is the definition of a the-

oretically justified method to select a model that properly describes data for

a specific task (e.g. classification, regression, clustering, ranking, collabora-

tive filtering). This problem is tightly connected to that of the definition of a

proper hypothesis space, i.e., a proper class of functions that allow learning.

This dissertation inquires on the problem of giving a structure to the hypoth-

esis space by performing different analysis.

A first analysis shows how structuring the hypothesis space of Tikhonov regu-

larization allows to build bridges with Wiener filtering and Shrinking. In par-

ticular, the definition of a closed form solution is provided to obtain oracular

(i.e. optimal) regularization. Furthermore, from another perspective, it is

shown that in the oracular case the James-Stein paradox does not take place.

In a second analysis, biased Regularization is used to order and shrink the

space of functions available at learning time. The ordering/reduction is ob-

tained by using a reference function that approximately describe the learning

goal. The key observation is that any reasonable reference function improves

on the non ordered, usual hypothesis space given by the identically null func-

tion . It is observed that in a wide class of problems, where a clustering hy-

pothesis exists, the reference function can be given by a clustering process. A

natural consequence of this approach is that, by biased regularization, one

gets a new class of Semi-Supervised Learning algorithms that merges the

clustering results with potentially any kernel machine. The ultimate out-

come is that only a minimal modification to the baseline learning algorithms

is needed; thus, efficient implementations are possible, and their effective-

ness is proved by experimental validation. These learning methods inherit

the intrinsic property of shrinking the generalization error bounds, thus al-

lowing effective model selection with very few labeled data. Finally, several
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applications and extensions of existing learning methods are presented.



1
Introduction

Machine Learning [1] is a fascinating interdisciplinary topic where alge-

bra, geometry, statistics, probability theory, and to some extent cryptography

[2] merge together. The purpose of Machine Learning techniques is to infer

properties on unseen data given a previous learning or training stage, during

which the relationship f between the data and the properties to be inferred

is derived. In other words, machine learning supports systems that can ab-

stract knowledge from data rather than simply memorize a set of rules for

labeling them.

The word learning stands for an algorithmic procedure by which, from a fi-

nite number of examples, the inductive rule f is obtained. It is vital in a learn-

ing process that the rule f endows a certain abstraction level: abstraction

means that f is able to effectively predict on unseen samples, thus it general-

izes.

Every intelligent system, intuitively, should memorize something but should

not need to memorize everything. In this respect, the interpolation of some

given points can be seen as a degenerate case of learning. In the interpola-

tion process, one is constrained to perfectly fit every datum: no freedom is

allowed and the interpolation function f is hardly constrained. In this case, a

memorization process is carried out, rather than an abstraction one; as soon

as the hard constraint f must fit every data is relaxed, then one is moving

from memorization towards learning. From another point of view, learning,

and thus abstraction, implies compression of a representation due to the skill

3
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of finding redundancies on given data. Cryptography is exactly the oppo-

site of learning as its purpose is to make data non-understandable (i.e. with

no redundancies, and so non compressible). A good cypher is everything

that cannot be learned from examples; within this view learning is related to

code-breaking with a polynomial complexity algorithm.

Learning and cryptography are the two opposite arrows of information the-

ory: this thesis concentrates only on the first direction, that is learning in

particular the Statistical Learning Theory of Vapnik and Chervonenkis [3] and

kernel methods is considered as starting point.

This thesis, from the theoretical point of view, analyzes the problem of

structuring the hypothesis space: by this expression one means that the usual

regularization strategy is somehow flat in selecting the class of functions used

to learn: this is in contrapposition with an aggressive regularization strategy

where functions are ordered by some criterion: in particular notions of oracu-

lar or sample dependent priors suitable for kernel methods will be proposed

and studied in order to rank the hypothesis space.

From the applicative perspective, the thesis proposes several engineering ap-

plications and algorithmic findings.

The thesis is organised in three parts: the first introduces the basic con-

cepts (Chap.2) used throughout the thesis; third and fourth chapters are orig-

inal contributions. Chapter 5 gives some conclusions.

1.1 Contributions

The contributions of this thesis can be summarized in the following points:

theoretical contributions regarding the structure of the hypothesis space (Chap.3),

and various applicative and algorithmic findings (Chap.4). The first part con-

tributes with:

• The regularized mean problem, introduced in [4],[5], is the simplest

form of Tikhonov regularization. This preliminary work on the mean

estimation showed the limits of regularization in this context according

to James-Stein theory. Neural networks are proposed as viable tools to
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compute the mean in noisy and small sample cases. It is shown, that

given a proper prior knowledge, neural networks can predict the mean

value better, in expection, with respect to the sample mean formula.

Moreover a notion of oracular regularization is introduced: here oracu-

lar means that no better solution can be achieved and that the regular-

ization strategy uses information about the optimal solution itself.

• A further study [6] extends the analysis of the mean to Tikhonov regu-

larization. A justified notion of oracular regularization consistent with

that of the mean is proposed; this leads to the consequence that for

an optimal learning, in expectation, a generalized Tikhonov functional

must be used in which an oracular regularization operator can be de-

fined. This work shows that the Vapnik concept of Universum [7] is

useful to get an optimal regularization strategy, moreover an ideal Uni-

versum can be defined that reflects oracular regularization. The devel-

oped study suggests that a generalization of the regularization operator

can be significative. Further this work poses a bridge between learn-

ing, regularization, filtering and shrinking; indeed all these problems

can be dealt through the same formalism. For instance, it is shown that

Wiener filter is exactly an instance of oracular Tikhonov regularization,

at the meantime in the shrinking context it is shown that using oracular

regularization the James-Stein paradox disappears.

• A study on biased regularization: when using biased regularization one

gives a prior on the norm of a Reprducing Kernel Hilbert Space H and

instead of using the usual one a biased version is employied. This model

has been developed [8] first for SVM using a Ivanov like regularization

term [9] with the aim of reducing the space of functions and thus show-

ing that data dependent generalization error bounds shrink accordingly.

Then the Tikhonov-like version of biased regularization has been used

to derive bSVM, bRLS [10] are the biased versions of SVM, RLS. Such

machines can be used to perform Semi-Supervised Learning by a slight

modification of the original algorithms; moreover the property that re-

gards the bound shrinkage is preserved thus allowing effective model
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selection with very few labeled data. In particular for bSVM it is shown

that an efficient learning algorithm can be given. The technique es-

sentially performs clustering on data by any clustering algorithm, maps

the learned partition by the base version of the kernel machine in us-

age into a reference function, and then learns via the biased machine

on labeled data where biasing is given by the reference function. This

method proved fast and when coupled with spectral clustering gives re-

sults at the state of the art. A software is freely available at

http://www.sealab.dibe.unige.it/biased learning that compares the pro-

posed approach to TSVM, LapRLS and LapSVM.

• An explicit bound for Transductive learning based on Vapnik Chervo-

nenkis dimension [11].

The second part contributes with (Chap. 4):

• An analogic circuit implementation of SVM learning stage [12],[13]

• A fast approximated algorithm for RLS learning based on properties of

Toeplitz matrix [14], suitable for DSP or low-power, low-cost devices.

• A simple method to assess by clustering the non stationarity of two

given datasets [15],[16]

• The development of a clustering/classification engine

for text mining [17],[18],[19],[20],[21],[22]

• A study on regularized random neural networks [23]

• Application of SVM, Plastic Neural Gas, and Circular Back propagation

for divers detection [24],[25] in underwater port protection.



2
Learning and Regularization

Aim of this chapter is to introduce Statistical Learning Theory and the al-

gorithmic tools on which the rest of the thesis is based on. When dealing

with learning theory there are essentially four kind of problems: supervised

learning, unsupervised learning, semi-supervised learning, and transductive

problems. In the first class one is given n couples (x, y) where x ∈ Rd, y is

real and the task is finding a function f that given every x is able to predict

the corresponding y. In unsupervised learning one is given only the vectors

x and labels are not present: the goal here is to perform unsupervised opea-

rations such as for instance clustering. In the semi-supervised learning task

one still wants to find an f able to predict y, but this time, training data is both

labeled and unlabeled. Finally in the transductive task one is given both la-

beled and unlabeled data; now the task is predicting only on the unlabeled

data and not inferring a general f usable for any x.

Statistical learning theory (SLT) is the theory that allows to understand what

are the conditions and the methods by which effective learning of f can hap-

pen: SLT deals with supervised and transductive learning.

7
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2.1 Statistical Learning Theory

Statistical Learning Theory (SLT) [3] is by far one of the main milestones

of recent machine learning theories: SLT explains what are the condtions by

which learning can take place. STL tries to explain what in classical statistics

is called the bias variance dilemma; in the terminolgy of learning this means

finding a model, f , of the data, e.g. regression problems, that both is not over-

smoothing and not overfitting : oversmoothing means that the model f is too

simple with respect to given data, that is, f tends to ignore data (abstraction);

overfitting conversely means that f fits too much the given data, f tends to

memorize data.

SLT has the merit of having developed tools able to statistically formalize

the problem of finding an equilibrium between abstraction and memory in

learning problems. The operation of finding the equilibrium itself is an im-

portant problem and is called model selection: SLT does not solve this prob-

lem but is able to say what are the foundamental ingredients that are needed

to solve the problem.

SLT makes the assumption that, whatever is the task, data are sampled from

an unknown probability distribution P(x, y) where § are samples ∈ X ∩ Rd

and y ∈ Y ∩ R in regression problems or y ∈ {+1,−1} in classification prob-

lems. The learning problem is to minimize the risk:

R[f ] =

∫
X×Y

L(x, y, f(x))dP(x, y)
�� ��2.1

whereL is a loss function, that is an error measure as for instance (yi−f(xi)
2).

The difficulty of the learning process is given by the fact that P(x, y) is un-

knonw and one only has a finite set of couples (xi, yi). One way to approxi-

mate (2.1) given n patterns is to minimize the empirical risk:

Remp[f ] =
1

n

n∑
i=1

L(xi, yi, f(xi))
�� ��2.2

The principle by which one minimizes Remp[f ] is called Empirical Risk Mini-

mization ERM. A central observation consists in noting that f ∈ F and F is a

rich enough function space, than one can always get Remp[f ] almost 0. From
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now on, one concentrates on classification problems: for instance consider

using the following function:f(x) = 1 if x = xi for some i = 1, .., k

f(x) = −1 otherwise

�� ��2.3

this function clearly leads toRemp[f ] = 0. However for a new point xj the pre-

diction will always be +1 class thus nothing has been learned from the given

data. The key concept is that if no restrictions are applied on F than learn-

ing cannot take place; thus one needs a way to take into account the size or

the capacity of a function space F . From this capacity control coupled with

adherence to the given data than one can hope to learn. From the Bayesian

perspective this amounts to a prior of the functions f .

Using the tool of Chernof bound [3] one can show that for a given f it

holds:

P{|Remp[f ]−R[f ]| ≥ ε} ≤ 2e−2nε2
�� ��2.4

This result at a first sight seems extremely good: it says that for a given f the

Remp[f ] approaches R[f ] at exponential speed with respect to n. However,

this bound gives information only about a specific f , conversely, a learning

system deals with an entire class of functions F and not only one f ; from

the math point of view if f is learned than in R[f ] data and f are not inde-

pendent and thus the previous bound is not valid. Another further require-

ment is consistency: consistency amounts to request that the the minimum

Remp[f ] asymptotically n → ∞ is the same as that of R[f ]. It can be shown

[3] that ERM is not consistent without giving any restriction on F ; Vapnik-

Chervonenkis theory shows that the worst case of the functions inF is the key

to grant consistency of ERM. The request of consistency can be translated in

a request for uniform convergence in probability [3]; in bounds terms:

Theorem 2.1.1. One-sided uniform convergence in probability:

lim
n→∞

P{sup
f∈F

(R[f ]−Remp[f ]) > ε} = 0
�� ��2.5

for all ε, is a necessary and sufficient condition for non trivial consistency of

empirical risk minimization.
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In the case of two-sided convergence one refers to Glivenko-Cantelli classes

of functions f . There are tow possibilites now on the space of functions F .

The first is that |F| is finite and the second is that this cardinality is not finite.

Suppose now that that the number of possible models is finite and its value

is F ; applying by Bonferroni correction [3] it can be shown that the following

bound holds for every function f :

P{|R[f ]−Remp[f ]| > ε} < |F|e−2ε2n
�� ��2.6

Denoting by δ = 2|F|e−2ε2n and solving for ε one can rewrite this result as:

R[f ] ≤ Remp[f ] +

√
ln |F|+ ln 2

δ

2n

�� ��2.7

that holds with confidence 1− δ.

This result is fundamental because clearly shows the two ingredients of learn-

ing: the first is the empirical risk that is the adherence to the data, the second

takes into account the cardinality of the space of the models |F|. One can go

further and use the fact that:√
ln|F|+ ln2

δ

2n
≤
√

ln|F|
2n

+

√
ln2

δ

2n

�� ��2.8

to show that:

R[f ] ≤ Remp[f ] +

√
ln|F|

2n
+

√
ln2

δ

2n

�� ��2.9

This further specification shows that, to be precise, the terms to get into ac-

counts are three: the first is the empirical risk, the second is the cardinality

of space of functions and the third is about the finiteness of sample: this last

term is purely computable by the confidence on the bound 1 − δ and the

number of samples.

These facts are true when the number of models is finite: however often it can

happen in real classfiers that the cardinality of space of functions is not finite;

thus Bonferroni correction cannot be used to build a valid bound; other tools

and capacity concepts are needed.

Le X = x1, ...,xn, as usual, be a random indipendent observation of size n.

Let

NF(X) ≤ 2n
�� ��2.10
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be the number of possibile separations of the sample X by a given set of

functionsF ; this quantity is usually called the shattering coefficient (its corre-

sponding concept on regression is the covering number). Assume thatNF(X)

is measurable with respect to a probaility measure p(X); for this reason the

expectation of NF(X), EX [NF(X)] is a well defined quantity. A key quantity

that can be defined is the Annealed Entropy:

HFann(n) = lnEX [NF(X)]
�� ��2.11

In particular it can be shown that HFann(n) is an appropriate concept of com-

plexity of the function space F . In particular the following milestone result

holds:

Theorem 2.1.2. For the existence of non trivial exponential bounds on uni-

form convergence, the relation

lim
n→∞

HFann(n)

n
= 0

�� ��2.12

is a sufficient condition. In particular the following bound holds true for any

f ∈ F with probability 1− δ:

R[f ] ≤ Remp[f ] +
χ(n)

2

(
1 +

√
1 +

4Remp[f ]

χ(n)

) �� ��2.13

where:

χ(n) = ε2 = 4
HFann(2n)− ln δ/4

n

�� ��2.14

This bound is equivalent to its corresponding version for |F| finite, where

HFann(2n) has the role ofF . One could expect in the bound the quantityHFann(n)

instead one gets HFann(2n); this issue is due to the rather technical concept of

symmetrization, that is a technique used in the proof.

This last result formula, is conceptually elegant, but is simply not computable

in real scenarios; for this reason one has to build surragate concepts of com-

plexity till one gets something really computable. One first defines the con-

cept of Growth function:

GF(n) = sup
X

lnNF(X)
�� ��2.15
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Since the Growth function does not depend on the probability measure and

is not less than the annealed entropy, then:

HFann(n) ≤ GF(n)
�� ��2.16

By analizing the the structure of Growth function and using the Sauer lemma

[3] one can obtain the further following bound:

GF(n) < dvc

(
1 + ln

n

dvc

) �� ��2.17

where dvc is a central quantity and is called Vapnik-Chervonenkis dimension.

This qunatity can be defined in the following way:

Definition 2.1.1. The VC dimension of a set of functions F is equal to the

largest number dvc of vectors x1, ...xn that can be separated into two different

classes in all the 2dvc possible ways using this set of functions.

One could note that if for any n exists a set of n vectors that can be shat-

tered by the functions F then dvc = ∞. Thus one can employ this notion of

complexity in the generalization error bound and getting computable quan-

tites.

The dvc is a very important and critical concept; dvc is not necessarily equal to

the number of free parameters of a learning system. For instance it can hap-

pen that dvc of set of non linear functions can exceed the number of paramers;

let consider this case with an example.

Consider the following set of functions parametrized by w ∈ (0,∞):

f(x,w) = sign[sin(πwx)].
�� ��2.18

where x ∈ (0, 2π). The thesis is that by only w one can get dvc = ∞. This

is equivalently rephrased as establishing that for any n and for any binary

sequence:

δ1, ..., δn δi ∈ {0, 1}
�� ��2.19

there exist n points such that the system of equations

sign[sin(wxi)] = δi
�� ��2.20
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has a solution in w. Consider the points xi = 2π10−i, i = 1, ..., n. One can

verify that for these points the value:

w = 0.5

(
n∑
i=1

(1− δi)10i + 1

) �� ��2.21

gives a solution to the system of equations (2.20). For this reason the number

of parameters does not deternmine the dvc; rather it is the opposite.

2.1.1 Alternative notions of complexity

The exposed theory derives different notions of complexities, namely, Shat-

tering coefficient, Annealed Entropy, Growth functiona and dvc: during the

process of continuous bounding one has the problem practical problem that

dvc estimates give generalization bounds extremely loose (R[f ] < 120% is not

so useful). Moreover dvc derives from a worst-case analysis a most the infor-

mation about data is lost. Despite Vapnik bounds well explain the machinery

behind the process of learning, from the practical point of view other bounds

are needed to assess the generalization error. Bounding techniques devel-

oped for this issue are: Maximal Discrepancy [26], PAC Bayesian bounds [27],

Rademacher complexity [28] and Stability bounds [29]: the first three will be

briefly discussed due to their real world effectiveness.

2.1.1.1 Maximal Discrepancy (MD), and Rademacher complexity (RC)

These two notions of complexity are tightly linked and are based on the

same intuitive idea:if your class of functions F is able to fit noise this may

mean that your class is too big and you will probably overfit. One should note

that dvc is so conservative that deals with the worst possible random noise;

somehow MD and RC deal with a reasonable random noise.

The definition of maximal discrepancy is the following [28]:

Definition 2.1.2. Let p(X) be a proability distribution on as setX and suppose

that x1, ...,xn are independent samples selected according to p(X). Let F be a

class of functions mapping from X to R. The maximal discrepancy of F is the
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random variable:

Dn(F) = sup
f∈F

 2

n

n/2∑
i=1

f(xi)−
2

n

n∑
i=n/2+1

f(xi)

 �� ��2.22

Another key quantity, is the Empirical Rademacher Complexity; this is the fol-

lowig random variable:

R̂n(F) = Eσ

(
sup
f∈F

∣∣∣∣∣ 2n
n∑
i=1

σif(xi)

∣∣∣∣∣
) �� ��2.23

where σ1, ...σn are indipendent uniform {±1}-values random variables. Then

the Rademacher complexity is:

R(F) = EXR̂(F)
�� ��2.24

It can be shown the following important result:

Theorem 2.1.3. Let F be a set of {±1}-valued functions, a 0 − 1 loss function

defined on X, and let (xi, yi)
n
i=1 be training samples:

1. With probability at least 1− δ every function f ∈ F satisfies:

R[f ] ≤ Remp[f ] +Dn(F) + 3

√
ln(1/δ)

2n

�� ��2.25

2. With probability 1− δ every function f ∈ F satisfies:

R[f ] ≤ Remp[f ] +
Rn(F)

2
+

√
ln(1/δ)

2n

�� ��2.26

The last bound can be also expressed in terms of R̂(F):

R[f ] ≤ Remp[f ] +
R̂n(F)

2
+ 3

√
ln(1/δ)

2n

�� ��2.27

Interestingly both (2.25) and (2.27) depends on the sampleX; that is the com-

plexity terms D̂ and R̂ can be estimated using the sample X, thus are sam-

ple dependent complexities; this contrasts with dvc that was given by a worst
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case analysis and that was sample independent. This fact, intuitively, sug-

gests that MD and Rademacher bounds can be tighter than that based on dvc;

indeed this is the case, and it can be shown that:

Rn(F) ≤
√

2
log |F|
n

�� ��2.28

Thus Rademacher (and MD) bounds are tighter, and so more reliable in giv-

ing an estimation of the generalization error.

Consistently with the fact that these bounds are data dependent, they allow

to be computed by data-dependent procedures. For the MD bound it can be

shown that [26] that a way of computing D̂ is randomly swapping the sign of

half of the training set and then using the learning machine in usage to min-

imize the empirical risk on this new set. Called Remp[f, ŷ] the emperical error

on the new set of labels ŷ then the following holds true:

D̂(F) = 1− 2Remp[f, ŷ]
�� ��2.29

In the usual practice, in order to make robust estimations of D̂(F), one usu-

ally performs several random swaps of ŷ that is one computes:

D̂(F) = 1− 2
it∑
i=1

Remp[f, ŷi]
�� ��2.30

where it is the number of Montecarlo iterations.

For Rademacher complexity the procedure is analogous but now the instead

of a random swap of y, directly that random labels σ are used; thus:

R̂(F)

2
= 1− 2

it∑
i=1

Remp[f, σi]
�� ��2.31

These bounds are data-dependent bounds, meaning that the complexity term

of the class of functions F can be computed by using training data. Con-

versely the class of functions F must be still defined a priori and is not data

dependent; it can be shown [30] that a further correction to the generaliza-

tion bounds must be performed with a fourth term that accounts for the

choice of a data dependent class of functions.

When using Biased regularization one is constraining the class of functions
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by a data-dependent term; so, in theory, one should use a bound such that

presented in [30]; in this work, althought not fully theoretically justfied, MD

bound will be used because the aim is effective model selection and showing

that a shrinking of the complexity term can be accomplished; this outcome

is up to constant terms that are part of the bounds; moreover the developed

framework in [30] seems not to provide an easy way to compute this missing

term.

2.1.1.2 PAC-Bayesian Bounds

PAC Bayesian bounds [31] are attractive tools to bound the generalization

error of a learning system; in this theory there is a prior on the space of func-

tions; this is opposite to Vapnik theory where the space of functions is flat.

This is a strong drawback of Vapnik theory where, instead, there is no order-

ing and so there is no a priori preference on the space of functions.

In this kind of bounds, given a distribution D(X) of patterns x lying in a cer-

tain input space X, given a distribution Q of classifiers f one defines the

true error as QD = EfR[f ] as the probability of misclassifying an instance x

from D(X) with a classifier f chosen according to Q; and the empirical error

Q̂S = Effn as the probability of classifier f chosen according to Q misclassi-

fying an instance x from a sample S. Then it holds the following result:

Theorem 2.1.4. For all priors distributions P (f) over the classifiers f , and for

any δ ∈ (0, 1]

PrS∼Dn

(
∀Q(f) : KL(Q̂S‖QD) ≤

KL(Q(f)‖P (f)) + ln m+1
δ

n

)
≥ 1− δ

�� ��2.32

where KL is the Kullback-Leibler divergence and KL(Q(f)‖P (f)) = Ef ln Q(f)
P (f)

This bound can be further specified for linear classifiers. For any vector

w one can define a stochastic classifier in the following way: one chooses the

distribution Q(w, ν) to be a spherical Gaussian with identity covariance ma-

trix centered on the direction given by w at a distance ν from the origin. One

chooses the prior P (f) to be a spherical Gaussian with identity covariance

matrix centered on the origin. For classifiers of the form:

f(x) = sign(wtφ(x))
�� ��2.33
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the following result holds:

Theorem 2.1.5. For all distributionsD, for all classifiers given by w and ν > 0,

for all δ ∈ (0, 1]:

PrS∼Dn

(
KL(Q̂S(w, ν)‖QD(w, ν)) ≤

ν2

2
+ ln m+1

δ

n

)
≥ 1− δ

�� ��2.34

Moreover it can be shown that:

Q̂S(w, ν) = En[F̂ (νγ(xi, yi)]
�� ��2.35

where E is the average over the n patterns and:

γ(xi, yi) =
yiw

tφ(x)

‖φ(x‖‖w‖
�� ��2.36

is the normalized margin. F̂ = 1 − F where F is the cumulative normal dis-

tribution:

F (x) =

∫ x

−∞

1√
2π
e−x

2/2dx
�� ��2.37

This bound is quite tight [31] and very elegantly links the margin to the com-

plexity term.
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2.2 Learning as a function approximation problem

The problem of learning from examples can be seen also as a function

approximation problem [32].

Given n couples of (sample,label) as (xi, yi) where xi ∈ Rd and ∈ X and yi

is either a binary label {−1,+1} or a real value, the problem of learning a

function f(x,w) that predicts y consists in estimating the coefficients wj ∈ R
of a series expansion using as base functions φ(x):

f(x,w) =
m∑
j=1

wjφ(x)
�� ��2.38

When φ(x) = xj (where xj specifies the j-th component of the vector x) and

n = d than one gets a linear model of the data:

f(x,w) =
d∑
j=1

wjx
j

�� ��2.39

This model is typical for instance of the perceptron algorithm [33]. When

φ(x) is non linear one gets a non-linear model; this model of the data can be

generalized to multilayers structures. In this case one expands also the inner

functions :

f(x,w,Ŵ, ..) =
m∑
j=1

wjφ

(
o∑

k=1

Ŵjkφ(...)

) �� ��2.40

This expansion type is typical of multilayer neural networks; when the expan-

sion is confined to two levels then the coefficients wj are called coefficients

of the output layer and ŵjk are coefficients of the hidden layer.

f(x,w,Ŵ) =
m∑
j=1

wjφ

(
d∑

k=1

Ŵjkx
k

) �� ��2.41

A fundamental result given by Cybenko [34] and further generalized by Hornik

[35] states that such two-layers networks in a wide class of activation func-

tions φ(x) and with finite m can approximate any function f . This result is

important because states that such a structure has a notable representation

capability. Nothing is said about the generalization capabilty of these net-

works and nothing is said about the learning strategy that is needed to learn
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the coefficients vector w and the matrix Ŵ. The crucial point here is that one

needs an algorithm that efficiently learns both w and Ŵ and that grants gen-

eralization.

The solution of the first issue hystorically comes from back-propagation al-

gorithm [36] where sigmoidal activation functions φ(x) were used; this algo-

rithm is able to minimize functional of the following form:

ℵ(X,y;w,Ŵ) =
n∑
i=1

(
m∑
j=1

wjφ

(
d∑

k=1

Ŵjkx
k
i

)
− yi

)2 �� ��2.42

or:

ℵ(X,y;w,Ŵ) =
n∑
i=1

(
φ

(
m∑
j=1

wjφ

(
d∑

k=1

Ŵjkx
k
i

))
− yi

)2 �� ��2.43

The BP algorithm, now, is only one of the possible choices to minimize such

functionals; other methods can be used such the Levemberg-Marquardt method

[37]. In order to cope with generalization problems two key quantities play

an important role: the number of hidden units m and the number of avail-

able samples at learning time n. The first parameter determines how much

one choose to fit the seen data; intuitively for an high number of hidden units

then by representations theorem one is able to certainly fit, and interpolate,

the given data, but still nothing is assured on the prediction capability of the

network, that is one can overfit the data; conversely with a low number of

hidden units one can be unable to fit the data, thus oversmoothing. More-

over one does not know how much the seen samples xi are representative of

the entire population and how much noise is over them. Different studies

have inquired on what is a suitable strategy that can deal with such issues;

probably one of the most important work [38] shown that, what it counts

to get a proper generalization capability, is not the number of hidden units

but the norm, that is, the size of the weights themselves. This aspect gives a

link to the classical theory of Regularization [39] where to stabilize an inverse

problem solution the norm of the weights is bounded; this lead to the conclu-

sion that learning is, at least formally, an inverse problem [40]. Mathemati-

cally speaking, instead of minizing a square loss, one minimizes a regularized
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square loss, where weights size is minimized simultaneously:

ℵ(X,y;w,Ŵ, λ1, λ2) =
n∑
i=1

(
φ

(
m∑
j=1

wjφ

(
d∑

k=1

Ŵjkx
k
i

))
− yi

)2

+λ1‖Ŵ‖2
F+λ2‖w‖2

�� ��2.44

where ‖·‖F indicates the Frobenius norm and λ1, λ2 are regularization param-

eters that control the tradeoff between regularization and fitting. So far the

problem has been only moved from the proper size of weights, to the proper

values of λ1, λ2. Regularization theory mainly tends to use regularization as

a mathematical stabilizer, conversely in learning theory, the computational

stabilization is not the only issue and neither it is the most important, here

the aim is prediction, that is generalization; thus a proper choice of the regu-

larization parameter is critical.

The network topology so far exposed has the algorithmic drawback that the

cost function ℵ(X,y;w,Ŵ, λ1, λ2) is not convex when a two-layer structure

is used due to the non convexity of the activations functions φ(x); whenever

one gets a solution, this solution is only local and not unique. Another prob-

lem that concerns these networks is that one can experimentally finds that

are not particularly amenable to deal with, the so called curse of dimension-

ality. Summarizing these kind of networks are powerful approximating tools

however suffer from the above exposed problems; for these reasons in the

last years alternative models have been proposed that still endow regularized

costs; these methods are kernel methods.

2.2.1 Reproducing Kernel Hilbert Spaces

Kernel Methods are a relatively recently introduced class of methods that

have the main advantges to mitigate the problem of the curse of dimension-

ality and that consists in convex or stricly convex functionals.

Historically the Support Vector Machine algortihm (SVM) [3] has been the

first introduced Kernel Machine; then on the basis of SVM the SVM func-

tional has been generalized [41] to a wide class of learning algorithms. In

order to explain the rationale behind this category of algorithms one needs

some maths on the notions of Reproducing Kernel Hilbert Spaces (RKHS)
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[41], that are the spaces where the learned function f lives.

A Reproducing Kernel Hilbert Space (RKHS) is a Hilbert spaceH of functions

defined over some bounded domain Ω ⊂ Rd with the property that, for each

x ∈ Ω, the evaluation functionals Fx defined as:

Fx[f ] = f(x)∀f ∈ H
�� ��2.45

are linear, bounded functionals. The boundedness means that there exists a

U = Ux ∈ R+ such that:

|Fx[f ]| = |f(x)| ≤ U‖f‖
�� ��2.46

for all f in the RKHS. It can be proved [41] that to every RKHS H there cor-

responds a unique positive definite function K(x,y) of two variables in X,

called the reproducing kernel ofH, that has the following reproducing prop-

erty:

f(x) =< f(y), K(y,x) >H ∀f ∈ H
�� ��2.47

where < ·, · >H denotes the scalar product inH. The function K behaves

inH as the delta function does in L2, although L2 is not a RKHS because not

all the functionals Fx are bounded. It exists a relatively simple way to con-

struct kernels [41]: let assume that one has a sequence of positive numbers

γj and linearly independent functions φj(x) such that they define a function

K(x,y) in the following way :

K(x,y) =
∞∑
j=0

γjφj(x)φj(y)
�� ��2.48

where the series is well defined (for example it converges uniformly). A sim-

ple calculation [41] shows that the function K defined in the previous equa-

tion is positive definite. Now assume that the functions that belong toH has

the following model:

f(x) =
∞∑
j=0

wjφj(x)
�� ��2.49

for any wj ∈ R and define the scalar product to be:

<

∞∑
j=0

wjφj(x),
∞∑
j=0

vjφj(x) >H=
∑
j=0

wjvj
γj

�� ��2.50
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Such a space is a RKHS; it is sufficient to check that the reproducing property

holds:

< f(y), K(y,x) >H=
∞∑
j=0

wjγjφj(x)

γj
=
∞∑
j=0

wjφj(x) = f(x)
�� ��2.51

When one has a finite number of basis φj , the γj can be arbitrary finite num-

bers, since convergence is ensured; in particular they can be all equal to one.

Generally, it is easy to show [41] that whenever a functionK of the form (2.48)

is available, it is possible to construct a RKHS as shown above. Vice versa, for

any RKHS there is a unique kernel K and corresponding γj , φj , that satisfy

(2.49) and for which equations the defined dot product hold for all functions

in the RKHS. Moreover, equation (2.51) shows that the norm of the RKHS has

the form:

‖f‖2
H =

∞∑
j=0

w2
j

γj

�� ��2.52

The φj are a basis for the RKHS (not necessarily orthonormal), and the kernel

K is the correlation matrix associated with these basis functions. The space

{(φj(x))∞j=0,x ∈ X} is called the feature space induced by the kernel K.

2.2.1.1 RKHS and Regularization Operators

A fundamental property links operator theory and kernels; the Mercer’s

theorem [42] states that any function K(x,y) which is the kernel of a posi-

tive operator in L2(Ω) has an expansion of the form (2.48), in which the φj
and the γj are respectively the orthogonal eigenfunctions and the positive

eigenvalues of the operator corresponding to K. In [43] it is reported that

the positivity of the operator associated to K is equivalent to the statement

that the kernel K is positive definite, that is the matrix K,Kij = K(xi,xj) is

positive definite for all choices of distinct points xi ∈ X. However to build a

kernel it is sufficient that φj are linearly independent and are not necessarily

eigenfunctions. Summarizing the features of kernel functions and RKHS the

following properties hold:

1. There exists a unique elementK(x,y) for each x ∈ X such that: f(x) =<

K(x,y), f(y) >H, for all f ∈ H; this is the reproducing property
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2. The function K(x,y) is positive definite kernel functions

3. Any inner product< g, f >H can be uniquely expressed in the form fTg

where T is a positive definite operator

4. Kij = T−1
ij or equivalently K = T−1

5. The kernel K defines the inner product < ·, · >H uniquely.

This set of features imply that for a given covariance matrix K one can

define a RKHS byu setting:

< f, g >H= f tK−1g
�� ��2.53

Given this property one can set a link with regularization operators; if one

defines a one-to-one linear regularization operator R and use as kernel K =

(RtR)−1 then one gets:

‖f‖2
H = f tK−1f = f tRtRf = ‖Rf‖2

�� ��2.54

That is, if ‖Rf‖ measures the regularity of f then the RKHS norm exactly

matches the regularity measure. This setting corresponds to asking for func-

tions that fullfill the model equation, or regularity condition:

Rf = 0
�� ��2.55

If R is assumed one-to-one only the null function f can exactly respect the

above equation. This properties suggests that kernels can be derived from

regularization operators; however commonly used kernels can be defined in

closed form, examples are:

1. K(x,y) =< x,y >, dot product, linear kernel

2. K(x,y) = exp(−γ‖x− y‖2), Guassian Radial Basis functions

3. K(x,y) = (‖x− y‖2 + c2)1/2, multiquadric

4. K(x,y) = (‖x− y‖2 + c2)−1/2, Inverse multiquadric

5. K(x,y) = ‖x − y‖2n+1, or K(x,y) = ‖x − y‖2nln(‖x − y‖), thin plate

splines
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6. K(x,y) = (1+ < x,y >)p, polynomial of degree p

Every kernel induces a different feature space; this space can be infinite di-

mensional or not. In the case of an homogeneous polynomial kernel of de-

gree p and x ∈ Rd it can be shown [44] that the dimension of the feature space

is equal to: d+ p− 1

p

 �� ��2.56

thus the feature space dimension grows very quickly with respect to the orig-

inal space dimension d.

Differently the Gaussian RBF kernel induces an infinite dimensional feature

space. This last result is particularly important; this fact, in the mono-dimensional

case, can be proved observing the following relations:

K(x, y) = e−γ(x−y)2
�� ��2.57

= e−γx
2+2γxy−γy2

�� ��2.58

= e−γ(x2+y2)(1 +
√

2γ
1!
x
√

2γ
1!
y +

√
(2γ)2

2!
x2

√
(2γ)2

2!
y2 +

√
(2γ)3

3!
x3

√
(2γ)3

3!
y3 + ..)

�� ��2.59

= φ(x)tφ(y)
�� ��2.60

thus:

φ(x)t = e−γx
2

[
1,

√
2γ

1!
x,

√
(2γ)2

2!
x2,

√
(2γ)3

3!
x3, ...

] �� ��2.61

where due to the Taylor expansion the induced space is infinite dimensional.

Another suggestive relation that holds for the gaussian kernel regards its link

with its underlying regularization operator: the proof outline that now is

given follows that in [45].

Assume X to be the discretized real line X = {i/h, i = 1, ..., N} and let L(θ) =∑n
i=0 aiθ

i be a n-th order polynomial. One can consider the linear ODE:

L(D)[f ] =
n∑
i=0

aiDif = 0
�� ��2.62

where D is the first derivative operator and f : X → R. Then assume pe-

riodic boundary conditions so one can use the Fourier transform to express
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the derivative operator, moreover assume that L(D) is a one-to-one opera-

tor. By such conditions the operator D can be approximated by the matrix

(i.e. N = 5 case):

1

h



−1 1 0 0 0

0 −1 1 0 0

0 0 −1 1 0

0 0 0 −1 1

1 0 0 0 −1


�� ��2.63

Then D can be diagonalized in the Fourier basis, D =
∑N

k=1 ukwku
t
k where

wk = 1
h

exp(i(2π/N)k)−1) where i is the immaginary unit and δtxjuk = exp(i(2π/N)jk)

where δxj = δij for j = 1, ..., N . Thus the operator L(D), that is the regulariza-

tion operator, can be discretized in the Fourier basis; then using the fact that

K = (RtR)−1 and the fact that operations on L(D) are equivalent to opera-

tions of its eigenvalues, one can obtain the associated kernel:

K(xl, xm) = (L(D)tL(D))−1
lm

�� ��2.64

= δtxl(L(D)
t
L(D))−1δxm

�� ��2.65

=
∑N

k=1 δ
t
xl
uk

1

L(wk)
t
L(wk)

utkδxm
�� ��2.66

=
∑N

k=1
1

|L(wk)|2 exp
(
i2π
N
k(l −m)

) �� ��2.67

Thus, the kernelK(x, y) is the disctete Fourier transform of g(wk) = 1/|L(wk)|2;

since g is real-valued, the Fourier transform of it is also real and symmetric;

the corresponding kernel is real valued and only depends on the distance be-

tween xl and xm, thus K(xl, xm) = K(xl − xm) is translation invariant.

Such a result can be motivated from the regularization point of view: high

derivatives are describred by polynomials L(θ) of high order, in which case

‖L(D)f‖2 =
∑

k f
tuk|L(wk)|2utkf strongly penalizers high frequencies; thus

the corrsponding kernel then contains few high frequency components, hence

is relatively smooth.

The reverse derivation, from a translation invariant kernel function onX to a

differential regularization operator is interesting too: in order to derive a DE,

invert the eigenvalues of the kernel matrix K, take the square root and inter-

polate the result by a polynomial L of degree at most N . The obtained poly-
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nomial coefficients ai gives the coefficients of the linear operator in (2.62).

An interesting property holds for the Gaussian kernelK(xi, xj) = e−|i−j|
2/(2σ2);

its discrete Fourier transform is difficult to compute analytically so one ap-

proximates it with its continuous version for large N and small 1/h step size.

It is well known that the continuous Fourier transform of a Gaussian is again a

Gaussian with variance σ−2. Inverting and taking the square root one derives

the function exp((σ2/4)w2) whose Taylor expansion isL(w) =
∑∞

n=0(σ2n/22nn!)w2n.

Replacing w with the derivative ∂x one gets:

L(D) =
∞∑
n=0

σ2n

22nn!
D2n

�� ��2.68

That is the Gaussian kernel is equivalent to regularization with derivatives of

all even orders. A large σ leads to strong penalization of high derivatives, i.e.

to smoother functions; conversely small σ leads to less smooth functions.

This result can be seen and generalized to all kernels using the discrete point

of view. Consider the kernel matrix K induced by any kernel. Suppose to

compute the SVD and to express K as:

K =
n∑
j=1

γ̂juju
t
j

�� ��2.69

where γ̂j are the singular values and uj are the eigenvectors. This equation

can be seen as the discrete version of (2.48) where uj are the discretized ver-

sion of φ(x)j . Then by (2.52) one gets:

‖f‖2
H =

n∑
j=1

w2
j

γ̂j

�� ��2.70

That is singular values of low values (i.e. noise, i.e. high frequencies) gener-

ates an high penalization, conversely high values does not penalize. Thus for

this reason when one refers to kernel methods, one often refers to spectral

methods [46], because regularization, and thus generalization, comes from

the modification of the spectrum of the kernel matrix.
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2.2.1.2 RKHS and Neural Networks

Given these premises on the properties of RKHS one now can relate the

model of neural networks and the model given by RKHS; in the first case for

a two-layer network the model is:

f(x) =
m∑
j=1

wjφ

(
d∑

k=1

Ŵjkx
k

) �� ��2.71

instead in a RKHS the model f (2.49) can be written as:

f(x) =
m∑
j=1

wjφj(x)
�� ��2.72

Interestingly in the first case one needs to learn the weights w and the ma-

trix Ŵ; in the second case one needs to only learn the vector of weights w;

as it will be later shown in RKHS learning is possible also in the case φ(x) is

inifinite dimensional; this is the case of gaussian kernel. Thus one is able to

understand how much are powerful RKHS: one can implicitly use a infinite

dimensional space for representing f(x) but can still evaluate it by a finite

computations; this property is often called the kernel trick.

The counterpart of this fact is that machines based on fixed kernel functions

does not learn the kernel itself; neural networks try to learn the matrix Ŵ

hence try to learn the similarities between patterns; kernel based method

does not learn the similarities between couples of patterns, thus a kernel ma-

chine, essentially, is as powerful as its kernel representation is.

2.2.1.3 Representer theorem

A central result about RKHS is the above mentioned Representer Theorem

[47]; the result presented here is a slight generalization [48]:

Theorem 2.2.1. (Representer Theorem) Suppose having a non empty set X,

a positive definite real-valued kernel function K on X × X, a training set

(xi, yi) ∈ X × R i = 1, ...n , a strictly monotonically increasing real-valued

function g on [0,∞), an arbitrary loss function L : (X ×R2)n → R ∪ {∞}, and
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a class of functions F of a RKHS, then any f ∈ F minimizing the regularized

risk functional:
n∑
i=1

L(fi, yi) + λg(‖f‖2
H)

�� ��2.73

admits a representation of the form :

f(x) =
n∑
i=1

βiK(x,xi)
�� ��2.74

When dealing with most kernel machines the function g(x) = x is used

thus leading to the functional:

ℵ(X, y; f, λ) =
n∑
i=1

L(fi, yi) + λ‖f‖2
H

�� ��2.75

Depending on the loss L(fi, yi) different machines can be obtained; figure

(2.1) depicts the following loss functions for classification:

1. If L(fi, yi) = (1 − yifi)+ where (·)+ = max(0, ·) then one gets a Support

Vector Machine for classification.

2. If L(fi, yi) = (yi−fi)2 one gets Regularized Least Squares, also known as

Kernel Ridge Regression, or the kernelized version of Tikhonov regular-

ization.

3. If L(fi, yi) = log(1 + e−yifi) one gets Kernel Logistic Regression.

Representer theorem holds for every loss functions thus leading to a family

of learning algortihms; despite this degree of freedom, usually convex loss

functions are used, because in this way the entire cost function ℵ(X, y; f, λ) is

convex and a global minimizer f is obtained; all the presented loss functions

are convex.

Recently different generalization of kernel machines were proposed, these

are: kernel methods for multi-task learning [49], kernel methods for embed-

ding probability distributions [50], multiple kernel learning algorithms [51]

and kernel machines based or Reproducing Kernel Krein Spaces [52]. The
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Figure 2.1: Loss functions for classification: blu dotted line is hinge loss, red

’+’ line is logistic loss, black dashed line is square loss

last two are used in this thesis. In multiple kernel learning one wants to re-

cover the ability of neural networks to learn similarities; the setting consists

in defining a kernel as convex superisition of different kernels and then learn-

ing the weights of this convex combination; this tool will be used later for fea-

ture selection for the mean estimation section. In Reproducing Kernel Krein

Spaces, instead of using positive definite kernels one uses indefinite kernels;

such kernel can often arise in specific learning domains were defining a pos-

itive definite kernel is not natural.

2.2.1.4 Biased Regularization

An important extension, that will be discussed throughout this thesis, of

the functional (2.75) is the case in which regularization is performed around

a reference model f0. Such functional is:
n∑
i=1

L(fi, yi) + λ‖f − f0‖2
H

�� ��2.76
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or an even more generalized form as:

n∑
i=1

L(fi, yi) + λ1 ‖f − λ2f0‖2
H

�� ��2.77

the rationale behind this generalization will be clear when discussing biased

regularization. One can anticipate that such models still admit a represen-

tation theorem in which the learned function both depends on training data

and on f0.

The following sub-sections describe three common kernel methods that

will be used and enriched in the following sections: these machines are Reg-

ularized Least Squares, Support Vector Machines and Kernel Logistic Regres-

sion. Then the unsupervised learning paradigm and other learning tools will

be introduced.

2.2.2 Kernel Methods

This section presents some classical and widely used learning methods,

namely, Regulrized Least Squares [53], Support Vector Machines [3] and Ker-

nel Logistic Regression [54]. These methods have in common the functional

(2.75) but use different loss functions, and consequently exhibit different com-

putational and model features. In this section the matrix X will denote the

matrix of n points xi ∈ Rd, w will denote the set of weights of a linear model

f = Xw, yi is the label of each xi and y denotes the vector of yi

2.2.2.1 Regularized Least Squares

Regularized Least Squares (RLS) is a very simple learning algorithm both

from the conceptual and algortihmic point of view; one can start from the

linear version and then study the kernel counterpart.

The linear version of RLS is the well known Tikhnov regularization method

[39]. In Tikhonov regularization one employs a square loss and a linear model

f = Xw. The functional to be minimized with respect to w is:

ℵ(X,w,y;λ) = ‖Xw − y‖2 + λ‖w‖2
�� ��2.78
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where λ represents the regularization parameter. The solution of this prob-

lem is easily obtained by setting ∇wℵ(X,w,y;λ) = 0; the result is that one

has to solve the following system of equations:

(XtX + λIdd)w = Xty
�� ��2.79

where Idd is a d× d identity matrix.

To deal with its non-linear counterpart one has to generalize the functional

to a RKHS. Then one has:

ℵ(f ,y;λ) = ‖f − y‖2 + λ‖f‖2
H

�� ��2.80

By using the relation between kernel and regularization operators, one can

rewrite the functional as:

ℵ(f ,y;λ) = ‖f − y‖2 + λf tRtRf
�� ��2.81

By using the representer theorem one knows that f(x) =
∑n

i=1 βiK(x,xi);

moreover recalling that K = (RtR)−1 one gets:

ℵ(β,y;λ) = ‖Kβ − y‖2 + λβtKK−1Kβ
�� ��2.82

that finally is:

ℵ(f ,y;λ) = ‖Kβ − y‖2 + λβtKβ
�� ��2.83

Again setting the gradient to zero,∇βℵ(f ,y;λ) = 0 lead to the following linear

system:

(K + λInn)β = y
�� ��2.84

The formulation (2.83) generalizes the linear case: setting the kernel as linear

kernel K = XXt one gets:

ℵ(f ,y;λ) = ‖XXtβ − y‖2 + λβtXXtβ
�� ��2.85

setting Xtβ = w one recovers Tikhonov regularization:

ℵ(w,y;λ) = ‖Xw − y‖2 + λ‖w‖2
�� ��2.86

In this problem is evident the action of the regularization; λInn acts as shift of

the eigenvalues of K as it was suggested in the previous sections. Importantly
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this shift action improves on the algorithmic stability of the learning process

because the presence of λInn improves on possibly bad conditioning of K.

From this point of view is evident that learning can be seen as an attempt to

stabilze and solve an ill-conditioned inverse problem.

In general one can say that exist a whole class of learning algorithm whose

learning step is based on an action performed on the spectrum of K. In other

words a spectral algorithm [46] performs as a filter as per:

ω(K)β = y
�� ��2.87

Different examples of spectral filtering are possible such as: the ν-method,

early stopping and Truncated SVD. The Truncated SVD algorithm first com-

putes the SVD of K and then re-builds it by setting to 0 all the singular values

less then a prescribred threshold λ that acts as regularization parameter; the

rebuilt-matrix K̂ then is used to perform learning as per:

K̂β = y
�� ��2.88

From the algorithmic point of view RLS solution is obtained by solving the

linear system of equations (2.84). This procedure scales asO(n3) in time, due

to Gaussian elimination, and O(n2) in memory due to kernel matrix. Sev-

eral approximations methods were proposed to speed-up the learning step

of RLS: one is using sparse kernel matrix that allows efficient use of the Con-

jugate Gradient Method [55], another is using the Nystrom approximation

[56]; in this thesis a quite raw approximation method for RLS for classifica-

tion will be proposed that is particularly simple, fast and amenable for low

power devices such as DSPs.

For RLS exists a relatively simple mathod to compute all the regularization

path of the learning problem; by regularization path one indicates the set of

solutions βλ with varying λ. Using the SVD for the kernel matrix one gets

K = USUt. It is not difficult to show that the solution of RLS can be rewritten

as:

βλ = Uω(S)Uty
�� ��2.89
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where ω(S) is the filter function for RLS defined by:

ω(S) = diag

(
γi

γ2
i + λ

) �� ��2.90

where γi are the singular values. This fact suggests a fast strategy to compute

the set of solutions βλ: first one computes only once the SVD of K then by

only matrix multiplications one recover all the set βλ; in this way for chang-

ing λ only one time an SVD is needed, instead of solving each time a lin-

ear system. This strategy is effective whenever two conditions are met: first

SVD is fast enough such that is computationally convenient over direct so-

lution, secondly the SVD must be stable and reliable. To author experience

(experiments are not reported for brevity) the first condition is usually met,

conversely the second is much more critical and quite often gaussian elimi-

nation solution is considerably more accurate than that obtained by SVD and

reconstruction; this holds at least for Matlab environment.

Another point that should be stressed is that, usually, the coefficients vector

β is not sparse; this means that when performing a prediction on a new pat-

tern z, for computing f(z) one needs to compute all the kernel valuesK(xi, z)

where i runs over all the n training patterns. This problem, more or less, is

common to all kernel machines; to this aim methods such as the Reduced Set

[57] method have been developed in order to cope with this problem.

2.2.2.2 Support Vector Machines

Support Vector Machine invetion has been a breakthrough on the devel-

opment of learning systems. SVM has a lot of nice features that makes it quite

unique:

1. It is very effective in classification problems

2. It is, by far, the most efficient kernel method

3. It has a clear geometrical justification

4. It is theoretically well founded by the Statistical Learning theory point

of view
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5. Its solution vector β is sparse

Most of its merits derive from its loss function that constitues a very happy

intuition; roughly speaking, in two-class classification problems when f(x)

correctly predicts the sign of x than no errors should be payied; instead when

f(x) mismatches with x true class than a linear error is payied; this descrip-

tion can be formalized by the hinge loss function [3].

The SVM functional in general can be written as:

n∑
i=1

(1− yif(xi))+ + λ‖f‖2
H

�� ��2.91

For historical reasons this functional is usually written by using the C pa-

rameter C = 1/λ, substituing the loss function by corresponding linear con-

straints; moreover the original SVM formulation allows a non regularized

bias term b such that the model is f(x) =< w,x > +b in the linear case and

f(x) =< wt,x > +b; again SVM is written in its primal linear formulation.

After these observations the functional is written as the following quadratic

programming problem:

min
w,b,εi

1
2
‖w‖2 + C

∑n
i=1 εi

yi(w · xi + b) ≥ 1− εi ∀i

εi ≥ 0 ∀i

�� ��2.92

In the last functional the set of variables εi are slack variables that account for

the loss function values, and · indicates dot product.

Within this formulation a direct application representer theorem is not amenable;

for this reason one can use the convexity of the functional and build its La-

grangian dual form. Denoting by αi and ξi (both > 0 by definition) the intro-

duced Lagrangia multipliers, the Lagrangian L is:

L(w, ε,α, ξ, b) =
‖w‖2

2
+C

n∑
i=1

εi−
n∑
i=1

αi[yi(w ·x+ b)− 1 + εi]−
n∑
i=1

ξiεi
�� ��2.93

The solution of this problem by duality theory [58] is:

max
α,ξ

min
w,b,εi
L(w, ε,α, ξ, b)

�� ��2.94
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In order to get the inner minimum one can compute the following partial

derivatives:

∇wL = 0→ w =
∑n

i=1 αiyixi

∂L
∂b

= 0 =
∑n

i=1 αiyi

∂L
∂εi

= 0 = C − αi − βi

�� ��2.95

Considering that ξi, αi ≥ 0 and that ξi = C − αi this means that the following

box constraint holds:

0 ≤ αi ≤ C ∀i
�� ��2.96

Substituing the primal variables ε, b,w with their corresponding dual, after a

few algebrical manipulations, one gets the following quadratic problem:

min
α

1
2
αtQα−

∑n
i=1 αi∑n

i=1 αiyi = 0

0 ≤ αi ≤ C ∀i

�� ��2.97

where Q is the matrix of elements qij = yiyj(xi · xi). The above functional

depends on the data X only by dot products; for this reason instead of the

dot product one can use any positive definite kernel function, such that the

matrix Q is made up of the elements qij = yiyjK(xi,xi).

Using the equality w =
∑n

i=1 αiyixi for linear kernel than one can generalize

its non linear counterpart as per:

w =
n∑
i=1

αiyiφ(xi)
�� ��2.98

Being φ unknown as usual one cannot have the closed form of w, that as

usual is infinite dimensional; however point-wise evaluations are possible

observing that:

f(x) = w · φ(x) =
n∑
i=1

αiyiφ(xi) · φ(x) + b
�� ��2.99

the term φ(xi) · φ(x) is the kernel K(xi,x) thus:

f(x) =
n∑
i=1

αiyiK(xi,x) + b
�� ��2.100
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That is a representer theorem for SVM where the expansion coefficients are

αiyi.

It can be shown by computing the dual of the dual that the Karesh Khun

Tuker (KKT) optimality conditions lead to the complementary slackness con-

ditions:
µiαi = 0

εi(C − αi) = 0

�� ��2.101

where µi ≥ 0 is the slack of the constaint yi(wt) = 1 + µi− εi and ε ≥ 0 are the

Lagrangia multipliers of dual of the dual.

Given these conditions three different cases are possible:

1. αi = 0: then µi ≥ 0 and εiC = 0, thus εi = 0; this in turn implies that

yifi ≥ 0, that is the case of no errors. These points does not contribute

to the computation of the function f(x).

2. αi = C: then µi = 0 and εi ≥ 0 thus yifi ≤ 0, that is the case of a wrong

prediction. These samples are called Bounded Support Vectors.

3. 0 ≤ αi ≤ C: both µi = εi = 0 and yifi = 1. These samples are called True

Support Vectors.

These three cases show that at the optimum the function f(x) is computed

over only the Bounded Support Vectors and the True Support Vectors, thus,

given a number nsv of Support Vectors (both true and bounded) the function

f is evaluated as:

f(x) =
sv∑
i=1

αiyiK(xi,x) + b
�� ��2.102

This shows that the solution is sparse and that only some samples support

the solution. The True Support Vectors are those who lies at a distance from

the hyperplane wtx + b, called margin of value 2/‖w‖2; conversely Bounded

Support Vectors are those inside the margin or those in the wrong class side.

An interesting aspect of SVM is that SVM takes decisions on samples that are

at the boundary of the two classes; this feature makes SVM powerful but, at

the same time from the cognitive point of view, taking decisions on border

samples could seem unjustified; practice shows that this is not the case and
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that SVM is very effective in most classifications domains [59].

SVM has a direct geometric interpretation; the cost function hinge + regular-

ization maximize the margin between the two (reduced) convex hulls of the

data.

Support Vector Machine functional poses the problem of its optimiza-

tion: standard optimization routines can be used such as the Interior Point

method [58], but over the time very efficient ad-hoc optimizations routines

were developed.

The probably mostly used routine for optimization is the Sequantial Minimal

Optimization algorithm [60] enriched by the succesive modifications by [61]

and [62]. This algorithm at every iteration first selects the pair ofαi with some

heuristic then optmize them in closed form. This strategy allows for very low

cost atomic iterations; a pair ofαi are used because one has to grant the linear

constraint
∑
yiαi = 0 and so moving only one variable it could be impossible.

The main motivation by which SMO is so effective is again due to the SVM

loss function; this loss function, as said before induces sparsity on αi this in

turn means that a possibly big number of αi does not contribute to f eval-

uation; thus the patterns that produce errors are only the Bounded Support

Vectors, instead True Support Vectors are at the edge. For this reason during

the optimization a restricted set of points violates the KKT conditions; this set

is so restricted that a caching strategy of the kernel values is very important to

speed-up computations. Hence SVM optimization carries an intrinsic redun-

dance and locality of the variables to be optimized; another technique that

can be employed is the shrinking method which tries to indentify as soon

as possible the non support vectors and thus eliminating them from the ac-

tive set. The fact that SMO uses low computational resources derives from

its capability of defining a pre-defined buffer, a cache, for kernel values, and

then using only that amount of memory to compute and store on-the-fly the

kernel values; instead in RLS one is constrained in computing all the kernel

matrix and then performing optimization.

The main drawback of SMO is that, being iterative, its speed performance

strongly depends on condition of the matrix K and on the regularization pa-
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rameterC [61]. An highC value usually slows down SMO considerably; fortu-

nately, by practice, one sees that the optimalC is usually less 103 so mitigating

such a problem.

SMO has been extended for Kernel Logistic Regression [54] and inherits the

SMO skill to be computationally not so demanding; conversely because the

loss is different and there is no sparsity, performances are not so impressive

[54]

An useful SVM variant that will be used through this thesis in two works is

that in which the bias b is removed from the model. It is not difficult to show

that the dual of this modified SVM is:

min
α

1
2
αtQα−

∑n
i=1 αi

0 ≤ αi ≤ C ∀i

�� ��2.103

such dual has the advantage that there is no linear constraint, thus optimiza-

tion can take place one αi at each iteration; the removal of b is not dramatic

because in the linear case one augment the original space X by a fixed fea-

ture of value 1 and in the non linear case b is essentially useless, intuitively

in a infinite dimensional space sacrifying a shift is not so important; for a

complete discussion about the role of b one can read the study in [63].

2.2.2.3 Kernel Logistic Regression

Kernel Logistic Regression is a powerful regression/classification tool. In

addition to usual kernel machines properties such as non linearity and con-

vexity it endows a probabilistic model; thus every prediction not only gives

the class label but also the associated confidence. The probabilistic model

underlying KRL is the logistic model. Given a model f , in the general case

one has:

p = Pr(y|x) =
1

1 + e−yf(x)

�� ��2.104

i.e. for the class +1:

p = Pr(y = 1|x) =
1

1 + e−f(x)

�� ��2.105
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The primal formulation of KLR [54] expressed in a SVM-like style as:

C
∑n

i=1 g(ξi) + ‖w‖2
2

−yi(wxi) = ξi ∀i

g(ξi) = ln(1 + eξi) ∀i

�� ��2.106

As per SVM it is convenient to use a Lagrangian formulation.

L = C

n∑
i=1

g(ξi) +
‖w‖2

2
+

n∑
i=1

αi[−ξi − yi(w · xi)]
�� ��2.107

The corresponding KKT conditions are:

∇wL = w −
n∑
i=1

αiyixi = 0
�� ��2.108

∂L
∂ξi

= Cġ(ξi)− αi = 0
�� ��2.109

Now one defines the auxiliary function G(δ) where δ = α/C.

G(δ) = δξi − g(ξi)
�� ��2.110

Deriving G with respect to δ and using (2.109) one gets:

dG

dδ
= δ

dξi
dδ

+ ξi − ġ(ξi)
dξi
dδ

= ξi = [ġ]−1(δ)
�� ��2.111

thus Ġ(δ) = [ġ]−1(δ), so G(δ) can be written using this relation. Recalling

that g(ξ) = ln(1 + eξ) one gets that its derivative is ġ(ξ) = eξ

1+eξ
. Its inverse

is [ġ]−1 = ln(u/(1 − u)). From previous computations Ġ(δ) = [ġ]−1 then one

concludes that Ġ(δ) = ln(δ/(1− δ)).

Thus holds too:

G(δ) = δ ln(δ) + (1− δ) ln(1− δ)
�� ��2.112

Hence the Lagrangian can be written as:

L = C

n∑
i=1

g(ξi) +
1

C
(αi[−ξi − yi(w · xi)]) +

‖w‖2

2

�� ��2.113

Further:

L =
‖w‖2

2
+ C

n∑
i=1

g(ξi)−
αi
C
ξi −

n∑
i=1

αiyiwxi
�� ��2.114
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It is not difficult to recognize that the term inside the first sum is the aux-

iliary function−G(δ). Using the first KKT and G(δ) one gets:

L =
‖w‖2

2
− C

n∑
i=1

G
(αi
C

)
− ‖w‖2

�� ��2.115

Then using again the first KKT condtion and setting qij = yiyjkij :

L = −1

2
αtQα− C

n∑
i=1

G(
αi
C

)
�� ��2.116

Recalling that one needs maxL one gets:

min
α

1
2
αtQα+ C

∑n
i=1G(αi

C
)

G(αi
C

) = αi
C

ln(αi
C

) + (1− αi
C

) ln(1− αi
C

)

�� ��2.117

This cost function is convex but not linear, nor quadratic thus its optimiza-

tion is not an easy task: the Iterated Weighted Least Squares method [58] is

a possible algorithm; a low resource cost alternative is SMO for KLR [54] or a

generic interior point method.

A further note regards a link between lagrange multipliers and proba-

bilites; rewriting the primal cost as:

min
w

‖w‖
2

+ C
n∑
i=1

− ln(pi)
�� ��2.118

deriving with respect to w and using the first KKT one gets:

w = C
n∑
i=1

(1− pi)yixi
�� ��2.119

At the optimum this equation shows an intimate relation between αi and pi:

αi = C(1− pi)
�� ��2.120

KLR and in particular this relation will be used when discussing the biased

version of KLR.
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2.2.2.4 Regularization and Learning

So far the statistical and function approximation point of view have been

exposed. Classical and kernel regularization methods have been presented,

however one can wonder why using ‖w‖2 as regularizer instead of another

one. This section links SVM to the dvc concept explained in the previous sec-

tions and show that indeed SVM minimizes the dvc so it is coherent with Sta-

tistical Learning Theory.

The concept dvc is not the only linked to Regularization, others are: Max-

imal Discrepancy [26], Rademacher Complexity [28], Stability [29], Margin

and PAC bounds [27]. Here an important result as representative of the link

between learning (i.e. dvc) and ‖w‖2 is reported: Vapnik and Chervonenkis

showed [3] that for a class of classifiers (gap tollerant) that slightly differs

from SVM the following holds:

Theorem 2.2.2. Consider hyperplanes w ·x = 0 wheremini|w ·xi| = 1 for a set

of points X. The set of decision functions such that |w| ≤ A has VC dimension

satisfying:

dvc ≤ R2A2
�� ��2.121

where R is the radius of the smallest sphere around the origin containing X.

This result, despite not directly derived for SVM, suggests that minimiz-

ing ‖w‖2, or equivalently maximizing the margin 2/‖w‖2 leads to minimizing

the dvc of the classifier; thus machines that minimize a loss function and con-

strain ‖w‖2 indeed perform Structural Risk Minimization.

One should observe that Structural Risk Minimization prescribes to mini-

mize a loss function while at the mean time constraining the space of func-

tions; with such view the learning process is as:

min
w

∑n
i=1 L(w, X,y)

‖w‖2 ≤ ρ2

�� ��2.122

In SRM the regularization is of Ivanov kind; indeed it is not clear at all if

Ivanov regularization is completely equivalent to Tikhonov regularization;

despite this SRM reasonably explains why SVM and kernel methods work.
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Clearly L2 regularization is not the only possibile choice, others are entropy

maximization and L1 norms: the choice of L2 is due to the fact that allows

using RKHS and so the representer theorem; indeed such heorem does not

hold for L1 regularization such as for the Lasso classifier [64]. Recently using

a PAC argument [65] it has been shown that also a class of learning algorithm

regularized by Shannon entropy on ‖w‖1 still grants generalization. The fact

that both L2 and Shannon entropy allows effective learning is quite surpris-

ing and seems to suggest that something more general holds; in particular

the following conjecture can be stated.

Conjecture 2.2.1. Algortihms of the form:

min
w

n∑
i=1

L(w, X,y) + λRα(w)
�� ��2.123

allows learning, where learning means that the negative Renyi entropyRα(w) =

− 1
1−α log

(∑d
j=1 |wi|α

)
for certain values ofα allows a generalization error bound

where an increasing function ofRα is the complexity term.

Such a result would generalize the link between learning and regulariza-

tion methods. In particular for two different values of α, namely α = 1 and

α = 2 the result is already proved in [65] and in [3] respectively; however is not

proved in the general form. In such class of algorithms one can distinguish

some cases:

• For α = 1 one getsR1 =
∑d

i=1 |wi| log |wi|; thus one gets maximization of

Shannon entropy as regularizer. This regularizer allows learning [65].

• For α = 2 one getsR2 = log
∑d

i=1 |wi|2 = log ‖w‖2 that up to the mono-

tone mapping given by the logarithm one gets ‖w‖2; thus one gets Ker-

nel Machines. This regularizer allows learning [3].

• For α = 2 one gets R2b = log
∑d

i=1 |wi|2 <
∑d

i=1 log |wi|2 that up to the

monotone mapping given by the logarithmic one gets ‖w‖1; thus one

gets Lasso-type [64] machines. It is not clear if this regularizer allows

learning however it is used in features selection problems.
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• For 2 < α < ∞,1 < α < 2,α < 1 nobody has studied these intermediate

cases.

• For α =∞ one getsR∞ = log sup
i=1,..,d

|wi|. Nobody has studied this case

2.2.3 Recent Neural Models

This section gives a brief overview on learning tools that will be studied,

used and enhanced through this thesis.

2.2.3.1 Circular Back Propagation Networks for Classification

The Circular Back Propagation network model (CBP)[66] extends the classi-

cal Multilayer Perceptron (MLP) [66]. An auxiliary term, whose value is the

Euclidean norm of the input vector, x, extends the input space, Rm, in the

CBP model (see figure 2.2). The transfer function of the j-th neuron in the

input CBP layer is:

σj(x) = σ

(
m∑
i

w
(I)
i,j xi + w

(I)
0,j + w

(I)
m+1,j

m∑
i

x2
i

)
; j = 1, . . . , nh

�� ��2.124

where nh is the number of neurons of the upper layer. In a typical three-layer

CBP network, the classification function is given by the typical MLP formula:

fCBP (x) =

nh∑
j

w
(II)
j σj(x) + w

(II)
0

�� ��2.125

The set of real coefficients at each level {w(l), l = I, II} are the model

parameters that are adjusted by the training procedure.

The CBP model exhibits several significant advantages over several classi-

cal adaptive classifiers: the most significant regards the fact that this network

shows a remarkable representation ability without penalizing the model com-

plexity significantly. A the same time, it has been proved that the CBP ap-

proach compares favorably with popular architectures such as radial basis

functions networks [66]. CBP classifiers have been tested and applied suc-

cessfully in a wide variety of practical applications [66].
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Figure 2.2: Circular Back Propagation Network with the circular input evi-

denced

2.2.3.2 Random Neural Networks

Random Neural Networks are one hidden layer neural networks where

the hidden weights are randomly set. The idea of building a circuital net-

work with random connections is ancient and dates back to a Turing note

[67] (1948) called Intelligent Machinery published only in 1968 where he first

had the intuition that hierarchical structures (digital circuits) randomly con-

nected could endow learning skills; Turing called this kind of networks as

A-type networks. Random Neural Networks, to some extent, are analogous

to A-type networks because in their structures there is a consistent randomly

generated portion; random neural networks where introduced by [68], fur-

ther studied in [69] and recentely again discovered and studied under the

name of Extreme Learning Machine [70]; this name is due to the high speed

of the learning process; from now refering to ELM means refering to random

neural networks. It has been a debate [71] whatever ELM is different from

original random neural networks proposed in [68], [69] or not; this discus-

sion is out of the scope of this work, the aim here is improving on the baseline

random neural network model. In such networks the connection parameters
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between the input and the hidden layer of a feed-forward neural network are

preset randomly and are not subject to optimization. Reducing the training

process to the adjustment of the output layer yields a convex optimization

problem that is solved efficiently by a linear system.

Training algorithms such as Back-Propagation (BP) [36] adjust the weights

of multi-layer networks by means of a gradient-descent process. The Ex-

treme Learning Machine (ELM) approach [70] offers promising perspectives

to overcome the typical issues in BP-based implementations, namely, pos-

sibly slow convergence rates, the critical tuning of optimization parameters

[72], and the presence of local minima that call for multistart and re-training

strategies.

The learning problem setting requires a training set, X, of n labeled pairs

(xi, yi), where xi ∈ Rm is the i-th input vector and yi ∈ R is the associate ex-

pected ’target’ value. A single-layer feedforward network connects the input

layer (having m neurons) to the ”hidden” layer (having Nh neurons) through

a set of weights {ŵj ∈ Rm; j=1,...,Nh }. The j-th hidden neuron embeds a bias

term, b̂j , and a nonlinear ”activation” function, g(·); the neuron response to

an input stimulus, x, is:

aj(x) = g(ŵj · x + b̂j)
�� ��2.126

Note that (2.126) can be further generalized to a wider class of functions [73]

but for the subsequent analysis this aspect is not relevant.

A vector of weighted links, w̄j ∈ RNh , connects the hidden layer to the output

neuron, having bias b. As a result, the overall output function, f(x), of the

single-layer neural network is written as:

f(x) =

Nh∑
j=1

w̄jaj(x) + b̄
�� ��2.127

It is convenient to define an ”activation matrix”, H, such that the entry {hij ∈H;

i=1,...,n; j=1,...,Nh} is the activation value of the j-th hidden neuron for the i-
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th input pattern. The H matrix is:

H ≡


g(ŵ1 · x1 + b̂1) · · · g(ŵNh · x1 + b̂Nh)

...
...

...

g(ŵ1 · xN + b̂1) · · · g(ŵNh · xN + b̂
Nh

)

 �� ��2.128

In the ELM model, the terms ŵj and b̂j in (2.126) are set randomly and are

not subject to any adjustment. Since the quantities w̄j and b are the only de-

grees of freedom of the ELM learning process, the training problem reduces

to the minimization of the convex cost:

min
{w̄,b̄}
‖H w̄ − y‖2

�� ��2.129

Thus a pseudo-inversion operation yields the unique L2 solution:

w̄ = H+y
�� ��2.130

The simple, efficient procedure to train an ELM consists in the following

steps:

1. Randomly set the input weights ŵi and bias b̂i for each hidden neuron;

2. Compute the activation matrix, H, as per (2.128);

3. Compute the output weights by solving a pseudo-inverse problem as

per (2.130).

In spite of the apparent simplicity of the ELM approach, the crucial result is

that even random weights in the hidden layer endow a network with a satis-

factory representation ability. The theory derived in [70] proves that the ELM

with Nh = n hidden nodes can approximate any function.
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2.3 Unsupervised Learning, KWM and Random Projections

This section introduces some unsupervised learning tools that will be used

throughout this thesis, these are: kernel k-means [74], spectral clustering [75]

and plastic neural gas [76]. Moreover Random projections and the K-Winner

Machine model are briefly introduced [77].

2.3.1 K-Means and Kernel K-Means

The conventional k-means paradigm supports an unsupervised group-

ing process,[78] which partitions the set of n samples into a set of nc clus-

ters, Cj(j = 1, . . . , nc). In practice, one defines a “membership vector” m ∈
{1, . . . , nc} of length n, which indexes the partitioning of input patterns over

the nc clusters as: mi = j ⇔ xi ∈ Cj , otherwise mi = 0; i = 1, . . . , n. It

is also useful to define a “membership function” δij(xiCj), that defines the

membership of the i-th sample to the j-th cluster: δij = 1 ifmi = j, and 0 oth-

erwise. The result of the clustering strategy is twofold: the method assigns

the input samples to any of the nc clusters uniquely, and, therefore, the clus-

ter centroids (often also called prototypes) can be computed explicitly, and

are the average positions of the samples within the respective clusters. With

the above definitions, the number of members of a cluster is expressed as

nj =
n∑
i=1

δij j = 1, . . . , nc
�� ��2.131

and the cluster centroid is given by:

wj =
1

nj

n∑
i=1

xiδij j = 1, . . . , nc
�� ��2.132

The k-means algorithm tries to minimize the average distortion cost:

L(X,w) =
1

n

nc∑
j=1

nj∑
i∈Cj

‖xi −wj‖2
�� ��2.133

K-Means algorithm performs this minimization with a simple iterative

scheme:
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Algorithm 1 K-means clustering

Require: A training set of n data, xi
Ensure: Clusters membership m

1: Initialize m with random membershipsmi ∈ {0, 1, ..nc}; mark m as ‘mod-

ified’

2: while m is modified do

3: Compute d(wj,xi)
2, j = 0, 1, .., nc; i = 1, . . . , n

4: mi = arg min
j
d (wj,xi)

2

5: end while

This algorithm, except in pathological situations, converges very fast to

sub-optimum of the distortion cost.

A nice property of k-means is that only the distance function is needed to

perform the iterations, and there is no need to explicitly know the centers wj .

This fact suggests that one can generalize the algorithm to its kernel version:

the key idea underlying kernel-based k-means [74] clustering is indeed that

the actual coordinates of the cluster centroids may not be known explicitly,

as long as one is just interested in the memberships of samples to the various

groups. Under such assumption, one can include the kernel-based approach

into the k-means formulation as follows.

First, one assumes that a function, φ, can maps any element, x, of the

input space into a corresponding position, φ(x), in a Hilbert space. The map-

ping function defines the actual ‘Kernel’, which is formulated as the expres-

sion to compute the inner product:

Kuv = φ(xu) · φ(xv)
�� ��2.134

The Hilbert space spanning vectors φ, as already discussed, can have an

arbitrary dimension (even infinite) and just requires that an inner product be

defined.

The kernel-based version of the k-means algorithm replicates the basic parti-

tioning schema of the baseline k-means in the Hilbert space, where the cen-
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troid positions are given by the averages of the mapping images, φu:

φ(wj) =
1

nj

n∑
i=1

φiδij j = 1, . . . , nc
�� ��2.135

The ultimate result of the clustering process is the membership vector, m,

which determines prototype positions even though they cannot be stated ex-

plicitly. As a consequence, for a sample, xi, the distance in the Hilbert space

from the mapped image, φu, to the cluster Ψj = φ(wj) can be worked out as:

d (φi,Ψj)
2 =

∥∥∥φi − 1
nj

∑n
k=1 φk

∥∥∥2

=

=
(

1
nj

∑n
k=1 φkδkj

)
·
(

1
nj

∑n
k=1 φkδkj

)
+ φi · φi − 2

nj

∑n
k=1 δkj (φi · φk) =

= 1
(nj)2

∑n
k,l=1 δkjδljKkl +Kii − 2

nj

∑n
k=1 δkjKik =

= Kii + 1
(nj)2

∑n
k,l=1 δkjδljKkl − 2

nj

∑n
k=1 δkjKik

�� ��2.136

By using the last expression, which includes only kernel computations,

one can identify the closest prototype to the image of each input pattern, and

assign sample memberships accordingly. The overall feature-space k-means

algorithm can be outlined as follows:

Algorithm 2 The feature-space version of kernel k-means clustering

Require: A training set of n data, xi
Ensure: Clusters membership m

1: Initialize m with random membershipsmi ∈ {0, 1, ..nc}; mark m as ‘mod-

ified’

2: while m is modified do

3: Compute d(Ψj, φi)
2, j = 0, 1, .., nc; i = 1, . . . , n

4: mi = arg min
j
d (Ψj, φi)

2

5: end while

The crucial advantage in moving to a Hilbert space is that a representation

that might be contorted in the original space may turn out to be straight-

forward in the mapping space. Thus, even though individual points are no

longer identifiable explicitly, one is interested in structures among points.
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2.3.2 Plastic Neural Gas

Plastic Neural Gas (PGAS) [76] extends the Neural Gas (NGAS) [76] model of

Vector Quantization, and uses an iterative process to perform Vector Quan-

tization (VQ). The training algorithm processes the representative vectors of

n input patterns {x ∈ Rm} and positions a ‘codebook’ of nc prototypes in

the data space. If one denotes the j-th cluster as Cj and indicates with nj

the number of patterns lying in Cj , PGAS minimizes the total distortion cost

(2.133). The optimization process is necessarily sub-optimal because (2.133)

implies a problem of non-polynomial complexity. PGAS uses a strategy anal-

ogous to simulated annealing [76] to escape from local minima. The PGAS

training strategy offers two significant advantages: first, it can adaptively set

the correct number of VQ prototypes at run time [76]; secondly, it prevents

the occurrence of ‘dead vectors’, i.e., void prototypes that cover empty parti-

tions of the data space.

To use PGAS as a classifier building model, a calibration process [76] com-

pletes the unsupervised training process and labels the tessellation of the

data space induced by the positions of the prototypes. Each partition/prototype

is labeled according to the predominant class; from a cognitive viewpoint,

the latter step aims to reproduce the conditional distribution of classes. After

training and calibration, new samples are classified according to the class of

the nearest prototype.

2.3.3 Spectral Clustering

Spectral Clustering is a recently proposed technique to perform cluster-

ing in a possibly non linear setting. The name of Spectral Clustering SC is

quite misleading because it is not a clustering algorithm but a pre-processing

step followed by a k-means clustering step; thus SC is more technique to pre-

process data. The attribute Spectral derives from the fact the embedding of

the data is get by using the spectrum of the Laplacian of a proper similarity

matrix.

Indeed there are several variants of spectral clustering; here it is presented

the normalized spectral clustering [75]. A typically used similarity metrix is
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that given by the usual Gaussian kernel K. The normalized graph Laplacian

[75] is an approximation of the Laplace-Beltrami operator on a discrite set-

ting; it is defined as:

L = I−D−1/2KD−1/2
�� ��2.137

where D is a diagonal matrix with:

Dii =
n∑
j=1

Kij

�� ��2.138

It is known that if in the data there k clusters, then L has k zero eigenval-

ues, that are also the smallest due to positive definiteness of the Laplacian;

clearly in real problems one check for small eigenvalues, null are impossi-

ble. Roughly speaking one recover the embedding of the data by the spectral

properties of the Laplacian, and then, in that space performs clustering. In

pseucode terms one has:

Algorithm 3 Spectral Clustering

Require: A training set of n data, xi
Ensure: Clusters membership m

1: Build a positive definite similarity matrix K

2: Build the normalized Laplacian according to 2.137

3: Compute the k eigenvectors u1, ...,uk associated to the k smallest eigen-

values

4: Form the matrix U ∈ Rn×k that contains the eigenvectors as colums

5: Normalize U row-wise

6: Perform clustering (e.g. k-means) on U and return the membership vec-

tor m

At first glance it is not clear why such algorithm should work: SC can be

explained from different points of views, mainly from a graph cut and from a

random walk point.

Defining the correct number of clusters is an open problem in clustering the-

ory; an effective rule of thumb in spectral clustering is using the eigengap be-

tweem eigenvalues λ1, ..., λj ; whenever the differnce |λi−λi+1| is more than a

given threshold then one defines the number of clusters as k = i+ 1 and stop
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computing eigenvectors.

Intuitively it seems that Spectral Clustering can be related to kernel k-means.

In SC one build a Gaussian kernel, build the normalized Laplacian and the

perform k-means on the embedding; in KK-Means one builds the Gaussian

kernel, and then on that space perform clustering. It is intuitive the fact that

SC with respecto to KK-Means performs one more step that is the Laplacian

embedding however the algorithms look similar. It has been shown [79], in-

deed, that a form of weighted Kernel K-Means is equivalent to spectral clus-

tering; interestingly weighted Kernel K-Means does not use any (computa-

tionally demanding and not always stable) eigenvalue decomposition, thus

one could use weighted kernel k-means to emulate the behaviour of Spec-

tral Clustering; this is important because Spectral Clustering results are usu-

ally significantly better than that of Kernel K-Means but at the higher cost of

computing eigenvectors. Here by weight one means a weight associated to

each pattern when computing the loss; more explicitly, given weights wi the

cost minimized by a weighted kernel k-means is:

L(X,w) =
1

n

nc∑
j=1

nj∑
i∈Cj

w(xi)‖xi −wj‖2
�� ��2.139

and the clusters centers now are:

Ψj =

∑
i∈Cj w(xi)φ(xi)∑

i∈Cj w(xi)

�� ��2.140

Now the distance d(Ψj, φ(xi))
2 is given by:

Kii +

∑
k,l∈Cj w(xk)w(xl)Kkl

(
∑

k∈Cj w(xk))2
−

2
∑

k∈Cj w(xk)Kik∑
k∈Cj w(xk)

�� ��2.141

In particular it is shown that using as weights the diagonal of D and con-

sidering the kernel K = D−1KgD
−1 where Kg is the original unweighted ker-

nel of kernel k-means then, weighted kernel k-means minimizes the same

cost of the normalized cut problem, that it is one of the formulations of spec-

tral clustering.
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2.3.4 Random Projection

Random Projections represent a recent, increasingly popular approach to

support feature reduction in a simple and efficient way. These methods are

relatively inexpensive (due to the intrinsic parallelism) from a computational

viewpoint and yield reliable results on complex domains [80]; in the present

context, they are used as a data-analysis tool to support visual inspection of

the observed domain.

The RP formalism stems from the following fundamental result on mani-

folds [80]:

Lemma 2.3.1. Johnson-Lindenstrauss lemma (JL-Lemma) [80] For any 0 <

ε < 1 and any integer t, let k be a positive integer such that:

k ≥ 4(ε2/2− ε3/3)−1 ln(t)
�� ��2.142

Then with probability O(1/t2) for any set X of points in Rm, there is a map

f : Rm → Rk such that for all x, z ∈ X

(1− ε) ≤ ‖f(x)− f(z)‖2

‖x− z‖2
≤ (1 + ε)

�� ��2.143

The function f() is rendered by projecting the original data X into the

random subspace spanned by a random matrix R. This matrix is made up of

d rows, k columns, every matrix entry is distributed as N(0, 1) and columns

have unitary length.

The JL-Lemma ensures that, when comparing the distance values between

a pair of patterns in the original space {x,z} and in the mapped space {f (x),

f (z)}, the distortion in distances is less than ε · ‖x− z‖2. To address the pro-

jected space, X̂, one should just build up a random matrix, R, (having size

d × nr) as per JL-Lemma when k = nr. Then the projected space is obtained

from the original space by:

X̂ =
1
√
nr

XR
�� ��2.144

The distance-preserving property makes RP methods quite interesting for

domain inspection. The mapping function, f, is the operational core of the
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overall method; if one imposes that the target space is lower-dimensional

than the original one, (k << m) the overall framework can be regarded as

a dimensionality-reduction compression process. This technique has been

successfully used in text mining domains [81] for clustering purposes. In the

current research, the projection method will be both for feature reduction in

text mining problems and as a visual inspection tool by imposing k = 2.

2.3.5 KWM Classifiers and Prediction Error Estimation

K-Winner machine [77] is a classification algorithm whose Structural Risk

Minimization properties can be defined analytically. The training strategy

of the K-Winner Machine (KWM) model first develops a representation of

the data distribution by means of an unsupervised process, i.e. clustering,

then applies a calibration process to train a supervised classifier. A detailed

outline of the KWM training algorithm is given in [77]. At run time, each

point in the data space is classified locally, under the cognitive assumption

that the risk in the classification outcome for a given point decreases when

more and more neighboring prototypes concur in the classification of that

point. As opposed to conventional ensemble methods, a KWM requires a

complete agreement among the set of best-matching prototypes and does

not involve any majority counting; the smallest set will include the nearest

prototype only.

The advantage of applying Statistical Learning Theory to the KWM model

mainly lies in the computation of generalization bounds at the local level.

The analysis presented in [77] adopted the formulation based on the Vapnik-

Chervonenkis dimension, and derived several analytical properties of KWMs,

including the Vapnik-Chervonenkis dimension and the analytical expression

of the Growth Function of the family of classifiers used in the KWM model.

The resulting theory proves that one can compute an error bound, R[f ],

for each agreement level, k, and more importantly, that such a bound is a

non-increasing function when k increases. This confirms the intuitive notion

that the risk in a classification decision about a given point should be reduced

by the concurrence of several neighboring prototypes.

A crucial feature of the KWM model is that, by using the prototype-agreement
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criterion at run time, any point in the data space is characterized by a local

bound to the classification error. Such a bound, that is the instantiation of

Vapnik bound 2.13 for the KWM case, has been derived analytically [77]: the

main result states that with probability 1− δ and indicating with nh the num-

ber of prototypes, it holds:

χ(k) =
4

n

(⌊nh
k

⌋
ln 2− ln

δ

4

) �� ��2.145

Rk[f ] ≤ Rk
emp[f ] +

χ(k)

2

1 +

√
1 +

4Rk
emp[f ]

χ(k)

 �� ��2.146

As a consequence, unsupervised prototype positioning sharply reduces the

bounding term in (2.146). By contrast, the KWM training algorithm does not

provide any a-priori control over the empirical training error, due to the un-

supervised training mechanism. This brings about the problem of model se-

lection, which is usually tackled by a tradeoff between accuracy (classifica-

tion error in training) and complexity (number of prototypes).
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2.4 Model Selection

Given the previous notions of what is the learning problem, what are the

tools to cope with it the fundamental open problem is how to select the proper

equilibrium between memory (loss function) and abstraction (regularization).

In general one can say that when one has plenty of data a model selection is

purely a computational problem; one can use methods such as k-fold cross

validation, leave-one-out, test set method on generalization bound and they

are all valuable tools from the accuracy of their predictions; problems in this

case can only arise from the very large scale of problems.

Opposite to this situation there is the possibility that the problem is a really

small sample problem and methods based on an hold-out procedure cannot

me practically or reliable applied; in this case using all the available patterns

as training patterns is of paramount importance; to this aim generalization

error bounds, provided that are tight enough, can be powerful tools.

Now a brief overview of hold-out and generalization bounds model selection

methods is give:

2.4.1 Test Set method

In this method the available data is split in two disjoint sets; the training

set and the test set. The training set is used to train the machine and the

test is used to assess the accuracy and select the regularization and/or kernel

parameters. Such a method makes impossible to use all the available data

for training because of the split procedure; so one looses samples with this

procedure. As already mentioned in large scale problems this procedure can

be already reliable.

2.4.2 K-fold cross validation

This procedure is the generalization of the previous one. In this case one

split data in k-groups: perform training one of the group and test on the

others; than iterates this procedure for all the k folds and the average error

rate is taken as estimation of the generalization error. This procedure is re-

liable, however loses more data than the previous one. Moreover, given k
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different training results, what is the model to be used when operating on new

data? There is no clear answer, one should pick a good value of the regu-

larization/kernel parameter and than use it on the whole dataset; this is an

intuitive answer but is not rigorous.

2.4.3 Leave-One-Out

This procedure is the extremization of the previous; all the possible groups

where only one test point is left out, are built and than averaged. This proce-

dure is computationally expensive (except in particular cases such as for RLS

[82]) and suffer from the same problems of the previous method.

2.4.4 Boostrap

The boostrap method [83] is an effective technique for model selection:

the training set is built by extracting n patterns with replacement (duplicates

can exist) from the original training set. The left out patterns can be used

as an independent test set. Boostrap theory shows that, on average, n/e ∼
0.368n patterns are left for test set. The training set with duplicates is called

boostrap replicate and up to Nb =

2n− 1

n

 different replicates can be gen-

erated. Usually Nb = 1e3 are sufficient for effective error estimation. The

estimate of the generalization error is the average of the errors on the test

sets.

2.4.5 Generalization error bounds

A technique frequently used in small sample problems [84][8] is given by

generalization error bounds. Various methods, as MD, Rademacher and PAC-

Bayesian methods are possible. All these bounds have been succesfully em-

ployed for model selection [31][84][8] and are among the most tight for as-

sessing the value of generalization error. Despite this fact, the gap between

true generalization error and its corresponding bound is quite high: this is

the main motivation which inspired most of the theoretical part of this thesis;

in particular the need of structuring the hypothesis space in SRM lead to the

study of two generalization of kernel machines: Tikhonov regularization with
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a generalized regularizer and biased regularization. Both these introduced

and studied generalizations allow to enforce a structure on the hypothesis

space that SRM by itself does not guarantee.



3
Structuring the hypothesis space

This chapter collects what can be considered the theoretical constribu-

tions of this thesis. As first work the regularized mean problem is studied:

this problem is analogous to Tikhonov regularization when fitting a costant

function, i.e. the mean. In this controlled context the notion of oracular reg-

ularization is introduced and neural networks are used to predict the regu-

larization parameter and thus the mean value. The extension of this work

is given by approaching Tikhonov regularization from the oracular point of

view; the main finding is that a more structured hypothesis space is needed

to grant a certain notion of optimality; the regularizer ‖w‖ is substituted by

the general form ‖Tw‖ and allows nice connections with the Vapnik concept

of Universum [7].

Another attempt of structuring the hypothesis space F is given by studying

kernel machines based on biased regularization; first it is shown that MD

for SVM can be considerably shrink by using a Ivanov-like biased regular-

ization term, then using Tikhonov-like regularization terms allows to define

bRLS, bSVM that are the biased versions of RLS and SVM respectively; these

models, although general, are used to efficiently address the semi-supervised

learning problem.

The last section of this chapter constitutes a simple proof on how to obtain

an explicit generalization error bound when dealing with transductive learn-

ing and can be considered a completion and adaptation of a Vapnik result.

The contributions of this chapter are in [4],[5],[6], [8],[10],[11].

59



3.1 The Regularized Mean Problem 60

3.1 The Regularized Mean Problem

Let us consider m samples xi ∼ N(µ, σ2) as the elements of a set X. These

samples are used to define the functional:

=(ξ;X,α) ≡
m∑
i=1

(xi − ξ)2 + αξ2
�� ��3.1

where α ≥ 0 is the regularization parameter. Functional (3.1) can be con-

sidered a generalization of its non regularized counterpart. When α = 0 the

minimum of =(ξ;X, 0)with respect to ξ leads to the usual sample mean esti-

mation. Differently, when α > 0 a regularized mean value is obtained. Define

the regularized mean value x̄ for given (x1, x2, ..., xm) and α as:

x̄(α) ≡ arg min
ξ
=(ξ;X,α)

�� ��3.2

Searching for the minimum of (3.1) leads to:

x̄(α) =

∑m
i=1 xi

m+ α

�� ��3.3

the requisite for which x̄(α) corresponds to the minimum of (3.1) is satisfied

if:

d2=
dξ2

∣∣∣∣
ξ=x̄

> 0⇒ α > −m
�� ��3.4

The non regularized solution is for α = 0; as anticipated, this is the classical

sample mean estimator:

x̄0 ≡ x̄(0) =

∑m
i=1 xi
m

�� ��3.5

Equation (3.3) can be conveniently rewritten as:

x̄ = λx̄0

�� ��3.6

where:

λ ≡ m

m+ α

�� ��3.7
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The term λ is useful to evidence the analogies of the regularized mean prob-

lem with the influential theory of James-Stein [85], as it will be shown later.

The regularized mean, being an estimator, is characterized as usual by bias

and variance. The bias term is simply given by:

bx̄ ≡ EX {x̄} − µ = λEX {x̄0} − µ = (λ− 1)µ
�� ��3.8

Lemma 3.1.1. The variance σ2
x̄ ≡ EX {(x̄− EX {x̄})2} is :

σ2
x̄ =

λ2σ2

m

�� ��3.9

Proof. See Appendix

A criterion to define an optimal value for λ can now be formulated. A possible

functional, according to [85], measuring the closeness of the x̄ estimate to the

expected value µ is:

L(λ;X,µ) ≡ EX

{
(x̄− µ)2

} �� ��3.10

After simple computations it can be shown that:

L(λ;X,µ) = σ2
x̄ + b2

x̄ =
λ2σ2

m
+ (λ− 1)2µ2

�� ��3.11

The value of λ minimizing (3.10) is the oracular value:

λorac = arg min
λ
L(λ;X,µ) =

µ2

µ2 + σ2

m

�� ��3.12

This value could be evaluated only after µ itself is known, which justifies the

term “oracular”. Fig. 3.1 shows an example of the advantage gained estimat-

ing µ as x̄ = λoracx̄0 instead of the unregularized value x̄ = x̄0. On the hor-

izontal axis µ ranges in the interval [-1,+1]; on the vertical axis, the gain ob-

tainable by oracular regularization, y = EX {(x̄0 − µ)2} − EX {(λoracx̄0 − µ)2}
is reported using σ2 = 1, m = 10.

A key quantity in the regularized mean problem is the number df of degrees

of freedom.
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Figure 3.1: Advantage of oracular regularized solutions against non regular-

ized: x axis is µ range, y axis is the quality metric

Lemma 3.1.2. The number of degrees of freedom df of the regularized mean

problem is:

df (λ) = (λ− 1)2(mµ2/σ2 + 1) + (m− 1)
�� ��3.13

Proof. See Appendix

Taking λ = λorac the above expression, after some manipulations, yields:

df (λ
orac) = m− λorac

�� ��3.14

This result evidences a direct connection between the oracular regularizer

and its corresponding number of degree of freedom. It should be also stressed

that, accordingly to [86], df (λ) > m − 1; the lowest df value is m − 1, corre-

sponding to λ = 1, as for the usual variance unbiased estimator.

In order to obtain estimates of λorac, various statistical methods can be con-

sidered. Before doing this the connections between regularization and Stein

[85] theory are developed.
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3.1.1 Links with James-Stein theory

Stein’s theory [85] deals with the so called n-means problem that can be

outlined as follows:

1. Define n unknown parameters, the means vector µ: correspondingly

define n Gaussian probability density functions that share the same

variance σ2

2. Pick one sample for each p.d.f. and denote by X this samples vector.

With these specifications, estimate the µ vector as:

X̄ = arg min
ξ

EX

{
||ξ − µ||22

} �� ��3.15

In [85] it is shown that for n ≥ 3 the estimator X̄ = X is “inadmissible”, that is

X̄ = X is not the best possible estimator of µ for the loss that appears at right

hand side in (3.15).

In [85] it is also proved that for n ≥ 3 the best estimator for the vector µ is:

X̄ =

(
1− (n− 2)σ2

||X||2

)
X

�� ��3.16

In terms of the previously introduced regularized mean problem, this striking

result can be interpreted as a regularized solution in which the coefficient(
1− (n−2)σ2

||X||2

)
plays the role of λ.

Another important consequence of the results in [85] is that, for n = 1, the

‘unregularized’ estimator X̄ = X is “admissible” for every value of µ; “admis-

sible estimator” means “best possible estimator” with respect to (3.15).

The regularized mean problem is analogous to a 1-mean problem where the

unique sample is x̄0. In other terms:

1. Define one unknown parameter, the meanµ and correspondingly a Gaus-

sian density function with variance σ2/m (where m is the number of

samples as per (3.1).

2. Pick one sample from that p.d.f. and call it x̄0
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James-Stein theory states that it does not exist an estimator for µ, linearly-

based on x̄0 , which works better than x̄0 itself for µ ∈ [−∞,+∞] and taking

EX {(x̄− µ)2} as quality measure.

However, thinking x̄0 as the sample mean derived from m samples of the

same Gaussian p.d.f. with variance σ2, one can wonder if, for a finite range of

µ, and using possibly a non linear elaboration of the samples, a better result

than the non regularized one provided by x̄0 can be obtained.

In other words one can try to find an estimate x̄ such that EX {(x̄− µ)2} ≤
EX {(x̄0 − µ)2} at least for µ in a predefined range (next section will clarify on

this issue). Within this intuitive view one can try to apply classical statistical

theory in the attempt of finding a value x̄ = λx̄0 that mimics (3.12) as much

as possible.

Summarizing the above considerations one has that:

1. The regularized mean problem can be linked to Stein theory.

2. Stein theory says that for µ ∈ [−∞,+∞] it is not possible to get a bet-

ter estimation of µ than that provided by x̄0, if only a linear x̄0-based

estimator is used.

3. Intuitively for a limited and pre-defined range of µ one can address the

problem to obtain, from a set of m samples, an estimator for µ better

than x̄0. The problem is to elaborate samples in order to obtain esti-

mates of µ useful for small values of m, i.e., when x̄0 can be unreliable.

In particular the critical situations occur when m and µ2/σ2 are both

small.

Given these observations the following part discusses some fundamental prop-

erties of the regularized mean problem with particular attention on the prior

knowledge on µ.

3.1.2 Fundamental Laws of the Regularized Mean Problem

An important aspect concerns the study of effectiveness of regularization on

the entire space when one has no prior knowledge on the distribution of µ.
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Such a problem leads to analyze the asymptotic properties of:

EµEX

{
(λ(X)x̄0 − µ)2

} �� ��3.17

where the dependence of λ from the sample X has been underlined. In par-

ticular one has to inquiry on the relationship between (3.17) and the non reg-

ularized cost EµEX {(x̄0 − µ)2} = σ2/m. A possible way to study (3.17) is to

assume a uniform prior p(µ) over the range [−γ, γ] and then taking the limit

γ → ∞ (for which the prior becomes improper): the convention Eγ
µ will be

used to indicate an expectation integral computed in the interval [−γ, γ]. For-

mally one has to study the following multiple integral:

Eγ
µEX {(λ(X)x̄0 − µ)2} =

=
∫ +∞
−∞ . . .

∫ +∞
−∞

∫ +γ

−γ [λ(X)x̄0 − µ]2 1
2γ

1
(σ
√

2π)m

∏m
i=1 exp

[
−(xi−µ)2

2σ2

]
dµ dx1 . . . dxm�� ��3.18

The following theorem clarifies a fundamental aspect on (3.18)

Theorem 3.1.1. For any λ(X) < 1 the term Eγ
µEX {(λ(X)x̄0 − µ)2} fulfils the

following properties:

1. if γ →∞ then Eγ
µEX {(λ(X)x̄0 − µ)2}−σ2/m = EµEX {(λ(X)x̄0 − µ)2}−

σ2/m→ 0 from positive values.

2. if γ → 0 then Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m < 0.

3. It exists at least a value γ̂ such that:

(a) For γ < γ̂, Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m < 0

(b) In γ = γ̂, Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m = 0

(c) For γ > γ̂, Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m > 0

Proof. See Appendix

Point a) says that, whatever is the sample based regularization λ(X) over

all the range[−∞,+∞], regularization is not effective. Thus it is not possible
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to compute a regularizer in [−∞,+∞] that always improves on the sample

mean.

Point b), conversely, affirms that regularization when γ → 0 is always conve-

nient; this result is intuitive considering that λ(X) < 1 represents a shrinking

of x̄0 towards 0.

The third result c) is the natural consequence of the two previous ones and

states that for continuity (on γ) a finite range [−γ̂,+γ̂] must exist where regu-

larization is always effective.

The above theorem explicitly links the notion of a priori knowledge on γ̂ pa-

rameter to the effectiveness of regularization. The more the interval [−γ̂,+γ̂]

is tight, the more effective is the regularization. In practice, the problem is

to pick the λ(X) (either linear or non-linear) covering efficiently the widest

[−γ̂,+γ̂] interval.

The behavior of (3.17) can be further evidenced considering the result it gives

when the non sample based oracular value of λ is adopted.

Lemma 3.1.3. Given Eγ
µEX {(λoracx̄0 − µ)2} and for any γ, the inequality

Eγ
µEX {(λoracx̄0 − µ)2} ≤ σ2/m always holds true. In particular if γ →∞ then

EµEX {(λoracx̄0 − µ)2} − σ2/m→ 0 from negative values.

This result confirms that the oracular regularizer (that is not sample based)

is always useful when γ is finite.

In order to obtain a regularization effective for any γ, an ideal regularizer

should depend both on µ and on the sample X : λideal = µ
x̄0

. This fact, that may

seem trivial, shows that effectiveness of regularization not only depends on

oracular properties but also on the sample properties themselves: one more

time the nature of regularization, as a sample-dependent correction strategy

for a mathematical model, emerges.

As a further explanation of the involving phenomena one can show what

happens when a not completely agnostic prior on µ is used. The following

result shows that the a priori knowledge on the sign of µ grants the existence

of an always effective non linear regularizer.

Lemma 3.1.4. For λ(X) = 1(x̄0), given Eγ
µEX {(1(x̄0)x̄0 − µ)2} and the prior

p(µ) = 1(µ)− 1(µ− γ), the inequality Eγ
µEX {(1(x̄0)x̄0 − µ)2} ≤ σ2/m holds for
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any value of γ. In particular for γ →∞ then EµEX {(1(x̄0)x̄0 − µ)2}− σ2/m→
0 from negative values.

Proof. See Appendix.

Summing up, the above discussed results show that regularization with no

prior knowledge on µ has some intrinsic limitations. These limits find full

confirmation in Stein theory. The main outcome of the previous analysis is

that searching for an efficient λ(X) must be done without pretending to cover

the whole range µ ∈ [−∞,+∞] but only a limited one. The following sections

investigate on classical approaches such as leave one out [87] and evidence

maximization, typical under Bayesian approach [88], to predict λ. Further

the analysis is carried with a typical machine learning approach: feature se-

lection followed by a learning paradigm.

3.1.2.1 The Leave One Out approach

This approach can be outlined by first considering the regularized mean

value ξ̄i obtained by removing from X the sample xi. Taking into account

(3.5), the (m− 1)-elements regularized mean ξ̄i is:

ξ̄i(α) =

∑m
i 6=k,k=1 xk

m+ α− 1

�� ��3.19

The sum of the m square error terms (xi − ξ̄i)2 yields the leave one out error

functional:

Lloo(α;X) ≡
m∑
i=1

(xi − ξ̄i)2
�� ��3.20

which can now be minimized with respect to α. Setting aside the mathe-

matical details, which are reported in Appendix, the minimization procedure

on Lloo(α;X) leads to obtain, for the regularization parameter α, the optimal

value αloo reported in Appendix and to write the corresponding value λloo.

Theorem 3.1.2. The leave one out optimal regularizer λloo is:

λloo =
x̄2

0 − S2

m

x̄2
0

�� ��3.21

where S2 = 1
m−1

∑m
i=1(xi − x̄0)2. Proof. See Appendix
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This estimator carries some possible inadequacies: the most evident is that

λloo can become negative, thus changing the sign of the sample mean esti-

mation. Another key point of this result is that λloo depends only on x̄0, ow-

ing to the expression of S2. All information concerning X, except mean and

variance estimation, is ignored. According to Stein theory such an estimator

cannot grant a proper regularized solution because it based only on x̄0.

3.1.2.2 Maximal Evidence

Evidence Maximization has been successfully used in Bayesian approach

to neural networks [88]; here Evidence Maximization is applied to the regu-

larized mean problem in order to find the regularization parameter.

As a first step, functional = in (3.1) is proposed into a generalized form usual

in the Maximal Evidence approach:

ℵ(ξ;X, τ, ϕ) ≡ τ

2

m∑
i=1

(xi − ξ)2 +
ϕ

2
ξ2 = τED + ϕEW

�� ��3.22

clearly, ℵ(ξ;X, τ, ϕ) ≡ τ
2
=(ξ;X, ϕ

τ
). Now the optimal value of ξ for the a poste-

riori maximization of the functional (3.22) can be obtained.

Lemma 3.1.5. The maximum a posteriori of the ℵ functional is obtained for:

x̄MP = arg min
ξ
ℵ(ξ;X, τ, ϕ) =

mx̄0τ

ϕ+mτ

�� ��3.23

Proof. See Appendix

Accordingly the maximum a posteriori cost value is ℵMP = ϕEMP
W + τEMP

D .

With these premises the following result holds:

Theorem 3.1.3. Assuming a Gaussian prior, the optimal maximal evidence

regularizer λme is:

λme =
x̄2

0 − S2

m

x̄2
0

�� ��3.24

Proof. See Appendix

Quite surprisingly, then, λme = λloo. As a conclusion, maximization of

evidence is equivalent to leave-one-out for this problem and shares the same

limitations.
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3.1.3 A Machine Learning Approach to the Mean Value Estimation

3.1.3.1 General Setting

The previous analysis shed some light on the fact that, according to Stein the-

ory [85], classical methods give the regularization parameter a value which is

unsatisfactory in terms of the quality metric (3.10). Now the aim is to analyze

the problem with the usual machine learning perspective; in other terms, a

feature extraction step followed by a training process of a learning machine.

In this study Multiple Kernel Learning [51] and Singular Value Decomposi-

tion are the tools adopted for features extraction, while the training process

uses alternatively a neural network and a rational function to obtain an esti-

mate x̄ of µmore accurate than x̄0. According to the previous considerations,

the feature selection and the training process has been carried considering

the most important case of sample means x̄0 generated by a small numberm

of samples and within a limited range of µ2/σ2.

3.1.3.2 Data Generation for Multiple Kernel Learning

In order to obtain a near oracular regularizer, the λorac term has been defined

as target and the problem thought as a regression problem.

For any m-vector X∼ N(µ, σ2) of samples, the corresponding input data pat-

tern has been defined as a vector v made up of 2m real numbers: the first m

elements are the sample values xi organized in ascending order, the remain-

ing elements are the squares of the previous ones. Then the structure of the

input vector v is:

v = {xMIN , ..xi.., xMAX , x
2
MIN , ..x

2
i .., x

2
MAX}

�� ��3.25

This square preprocessing is reminiscent of the features used as input for the

circular back propagation network [66]. The target is λorac and can be com-

puted by (3.12).

One generates a data matrix V according to the following strategy:

1. Fix the values of σ and m.
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2. Set a range for µ and a uniform sampling of this range where each ele-

ment is µi and the number of elements is nµ; correspondingly, compute

each λoraci . For each µi generate a set of m random elements distributed

as N(µ, σ2). Then write the corresponding vi as in (3.25).

The quantity vi becomes the i-th row of the data matrix V of size nµ× 2m,

which is associated to a vector of targets λ whose nµ elements are λoraci .

3.1.3.3 Multiple Kernel Learning

Multiple Kernel Learning [51] is a powerful technique where, differently from

SVM, the kernel matrix is a convex superposition of single kernel matrices. In

particular the primal problem can be formulated through a generalization of

the usual functional involved in SVM for regression. The functional formula-

tion needs to introduce this set of terms:

1. nk is the number of kernels (in this case nk = 2m as will be later ex-

plained)

2. d is the vector of size nk whose j-th element djis the weight of the j-th

kernel

3. f̂j is the learned function corresponding to the j-th kernel only. Denot-

ing by υi the usual expansion coefficients (based on Representer Theo-

rem [48]) one has:

f̂j(v) =

nµ∑
i=1

υiKj(v, vi)
�� ��3.26

4. The function f(v), that should estimate λorac, is taken as a weighted sum

of the f̂j’s plus a bias term b according to following expression:

f(v) =

nk∑
j=1

dj f̂j(v) + b
�� ��3.27
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Defining fj(v) = dj f̂j(v), the minimization problem to be solved is:

min
d,υ,b,ξi

1
2

∑nk
j=1

1
dj
||fj||2 + C

∑nµ
i=1(ξi + ξ∗i )

s.t. λoraci −
∑nk

j=1 fj(v
(x)
i )− b ≤ ε+ ξi ∀i

−λoraci +
∑nk

j=1 fj(v
(x)
i ) + b ≤ ε+ ξ∗i ∀i

ξi ≥ 0, ξ∗i ≥ 0 ∀i,
∑nk

j=1 dj = 1 , dj ≥ 0∀j

�� ��3.28

Where ξi, ξ∗i are slack variables, ε is the insensitivity parameter [3] and C is

the (inverse) regularization parameter.

In the dual formulation of the problem (3.28) the solution is obtained via a

reduced gradient method getting the coefficients djof the kernel matrices to-

gether with the expansion coefficients υi of the learned function [51].

In order to get a feature selection, one takes a kernel for each feature. This

amounts to work with exactly nk = 2m kernels all with identical parameters

(e.g. width for Gaussian kernel). Thanks to this choice, the magnitude of the

coefficients dj represents the importance of the j-th kernel (feature) in the

prediction of λorac. In other words, a high value of dj means that j-th feature

is important in the prediction of λorac, while small values of dj mean that j-th

feature is not relevant.

For a statistically meaningful result one has to assess what are, on the average,

the features that most influence the prediction function. To this end one can

operatively re-run MKL several times and then consider the vector d̄, defined

as the average of the different vectors d. The d vectors derive from different

runs on different randomly generated data as in the data generation pseudo-

code.

In procedural terms, then, one must consider the following steps:

1. Set a vector d̄ of size 2m all to 0.

2. Generate a data matrix V and targets λ according to the described data

generation procedure

3. Perform MKL regression on V and λ. This procedure outputs a vector d.

4. Compute d̄← d̄+ d
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5. Repeat 2)-4) P times

6. The average weights vector is computed as d̄← d̄/P .

This procedure avoids using a single run of MKL with a high number of pat-

terns, operation that can be computationally demanding [51].

The kernels chosen for this analysis are Gaussian kernels. All of them share

the same width parameter which can simply be set to the variance σ of the

data. In this context Over-fitting is not a major problem because one per-

forms training using the entire population; in this case generalization perfor-

mance of the machine is not a concern.

RBF width and data variance σ are set to 1; C parameter value is 100; sizem of

the samples X is 10 and P = 1e3. The software used is the publicly available

SimpleMKL [51]. Figure 3.2 represents the results obtained generating data in

the range µ ∈ [0, 1] sampled with a step of 0.02 (50 patterns for each run). The

values of the d̄ components are plotted vs. their positional indexes, which

correspond to the indexes of the components of v. The results evidence some

relevant features:

1. Curve on figure 3.2 exhibits two branches, the first of which is concave,

and the other convex. The maximum of the concave branch corre-

sponds to the sample closest to the sample mean x̄0.

2. In the convex branch, maxima are attained at the extremes x2
MIN and

x2
MAX .

3. The d̄i weight at x2
MAX is greater than at x2

MIN . This is due to the asym-

metry of the range µ ∈ [0, 1]. Fig. 3.3 deals with the results obtained in

the range µ ∈ [−1, 0] and shows the expected swap of the roles of x2
MAX

and x2
MIN

This first step of analysis gives an important hint on the significant sam-

ple values that should be used in a regularizer predictor: these values are

x2
MAX ,x2

MIN , or equivalently |xMAX |2, |xMIN |2, and x̄0.
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Figure 3.2: Multiple Kernel Learning average kernel weights values for µ ∈
[0,+1]: x axis is each feature (kernel) and y axis is the average associated

weight

3.1.3.4 The oracular gap: an analysis based on Singular Value Decompo-

sition

In this section the oracular gap will be introduced and studied. This quantity

represents the difference between the oracular regularized mean λoracx̄0 and

the sample mean x̄0. The oracular gap value, when thought as the target for a

function g of the elements in X, gives another perspective by which the fea-

ture selection problem can be studied. This inquiry aims at a deeper insight

into the results of the previous analysis through a completely different math-

ematical tool that takes as target the gap instead of the oracular regularizer.

The oracular gap is defined by:

δorac ≡ λoracx̄0 − x̄0 = −x̄0

σ2

mµ2 + σ2

�� ��3.29

The problem now is to find a function g predicting δorac. The function g

is thought as linear with respect to its arguments, which derive from the

k-th realization of m samples x(k)
1 , ..., x

(k)
m . The arguments are |x(k)|2MIN =
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Figure 3.3: Multiple Kernel Learning average kernel weights values for µ ∈
[−1, 0] x axis is each feature (kernel) and y axis is the average associated

weight

(
min{|x(k)

1 |, ..., |x
(k)
m |}

)2

, |x(k)|2MAX =
(

max{|x(k)
1 |, ..., |x

(k)
m |}

)2

. Then the struc-

ture assumed for g is:

g(|x|2MAX , |x|2MIN) = b1 + b2|x|2MAX + b3|x|2MIN

�� ��3.30

Taking b1, b2, b3 as the components of a coefficient vector b and denoting by X

the matrix whose k-th row is 1, |x(k)|2MAX , |x(k)|2MIN the problem to be solved

corresponds to the linear system:

Xb = y
�� ��3.31

where each component of vector y is yk = −x̄(k)
0

σ2

mµ2+σ2 . Since system (3.31) is

defined by a ‘slim’ matrix X, b is the least square solution vector.

The three components of the least square solution b contribute to estimate

the target vector y in a well defined way, which can be evidenced by consid-

ering the following steps based on the Singular Value Decomposition of the

matrix X:
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1. The SVD of X can be written as X = USVt =
∑3

i=1 siui(vi)
t

2. It follows that Xb =
∑3

i=1 si 〈vi , b〉ui

3. The dominant element in the sum is s1 〈v1 , b〉u1 (where s1 is the largest

singular value). Explicitly one has s1 〈v1 , b〉 = s1 [v1(1)b1 + v1(3)b2 + v1(3)b3]

This scheme allows to look for the importance of the terms |x(k)|2MAX and

|x(k)|2MIN (associated respectively to b2, b3) in the prediction of y: in partic-

ular the terms |s1b2v1(2)| and |s1b3v1(3)| are considered. Some general infor-

mation concerning these contributions can be obtained taking the average

values wMAX and wMIN of the terms|s1b2v1(2)| and |s1b3v1(3)| generated from

different matrices X.

For given values of σ,µ and m, the average behavior of the terms|s1b2v1|, |s1b3v1|
is obtained by the following procedure:

1. Set scalars wMAX = 0, wMIN = 0

2. Generate X for the given set of parameters.

3. Solve linear regression problem (3.31)

4. Compute SVD of X

5. wMAX ← wMAX + |s1b2v1(2)| and wMIN ← wMIN + |s1b3v1(3)|

6. Repeat from 2) to 5) P times

7. Output: wMAX ← wMAX/P and wMIN ← wMIN/P

Resulting wMAX and wMIN give a estimate of the importance of |x(k)|2MAX and

|x(k)|2MIN .

In figure 3.4 we used σ = 1, m = 10, the number of rows of X at each run was

104, P=10 and the range µ ∈ [−1, 1] (step 0.1) was analyzed: this range is the

same range used in the previous analysis performed with MKL.

The obtained results, plotted in fig. 3.4, evidence that:

1. The influence termwMAX is always higher thanwMIN , as expected from

the previous analysis and this result stresses the importance of |x|2MAX .
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2. Both influence terms wMAX and wMIN show an abrupt decrease when

µ ∼= 0.

3. For sufficiently large values of |µ|, wMAX , wMIN and the gap (wMAX-

wMIN ) decrease as |µ| increases. This means that the role of |x|2MAX and

|x|2MIN in the oracular gap estimation becomes less important as |µ| in-

creases, as expected.

Other settings for this analysis lead to analogous results.

Figure 3.4: Dashed line iswMAX andwMIN is continuous line: x axis is µ value

and y axis are wMAX and wMIN .

3.1.3.5 Some summarizing comments

The above results evidence the important role played by the terms |xMAX |2

, |xMIN |2 and x̄0 in the prediction of the oracular regularizer. This role was

evidenced through the MKL analysis and it is confirmed by the SVD-based

discussion, which also yields additional information about the behavior of

|x|2MAX vs. µ and its dominant role with respect to |xMIN |2in predicting λorac.

As a conclusion, the terms x̄0 and |x|2MAX = max(|xMAX |, |xMIN |)2 are the most

reasonable input elements of a nonlinear mean value estimator.



3.1 The Regularized Mean Problem 77

3.1.3.6 Rational non linear regularizers for mean value estimation

In order predict a regularizer one has to cope with the quality metric:

y = EX

{
(x̄0 − µ)2

}
− EX

{
(λx̄0 − µ)2

} �� ��3.32

Observe that a positive value of y means that regularization gives a better

estimation, while y ≤ 0 means that regularization is useless (y = 0) or deteri-

orates the estimation (y < 0).

Owing to Stein theory, a better estimation of x̄cannot be simply based on x̄0.

Following [89] one can approximate λorac with λ̂orac obtained by replacingµ

with x̄0 in expression (3.12). The continuous line in figure 5 represents ex-

pression (3.32) vs µ ∈ [−1,+1] for m=1,σ = 1 using λ̂orac.

From leave-one-out, or equivalently from maximal evidence, analysis one

can define:

λlooht = max

(
0,
x̄2

0 − S2

m

x̄2
0

) �� ��3.33

The modification of (3.21) is due to the non negativity constraint on λ.

Also this regularizer leads to inadequate solutions (see dashed line on 3.5). It

can be observed that these regularizers (λ̂orac,λlooht ) are very similar and both

have wide areas in which the non regularized solution is better than the reg-

ularized counterpart.

Other non linear regularizers could be considered: in particular one can use

|x|2MAX , as suggested in the conclusions of the previous section. Indicating

for simplicity of notation β2 ≡ |x|2MAX one can define two new regularizers.

The first is obtained by substituting x̄2
0 with β2 in (3.21):

λlooβ =
β2 − S2

m

β2

�� ��3.34

while the second is obtained by substituting x̄2
0 with β2 in λ̂orac

λoracβ =
β2

β2 + σ2

m

�� ��3.35
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Figure 3.5: x axis is µ value and y axis is the quality metric (3.32). Continuous

line stands for λ̂orac, and dashed line for λlooht

The rationale behind this choice is twofold: first, β2 has been selected as a

candidate variable by the previous analysis, secondly, this choice produces a

conservative regularizer. Regularizers λlooβ and λoracβ are much closer to one

than λloo and λ̂orac respectively. Then the regularized solutions λlooβ x̄0 and

λoracβ x̄0 are closer to x̄0 than λloox̄0 and λ̂oracx̄0 respectively. So, both regular-

izers λlooβ and λoracβ are conservative because one is using |x|2MAX instead of

x̄0. A conservative approach leads to a less efficient regularization in terms

of expression (3.32) but makes possible to extend the predictor efficiency to

greater values of µ2/σ2.

Finally, by replacing σ2 with S2 in (3.35) another estimator based only on the

sample is considered:

λ̂oracβ =
β2

β2 + S2

m

�� ��3.36

In figure 3.6 (m=10,σ2 = 1,µ ∈ [−1,+1]) λlooβ , λoracβ and λ̂oracβ are studied in

terms of the quality measure (3.32). The behavior is very similar and both

λ̂oracβ and λlooβ can be reasonably used as practical regularizer because they are
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completely sample-based and no knowledge on σ2 is required.

Figure 3.6: Point-Dashed line forλoracβ , continuous line is for λlooβ and dashed

line is for λ̂oracβ : x axis is µ value and y axis is the quality metric (3.32)

Comparing figure 3.5 and 3.6 one can appreciate the advantage of using β2 in

λoracβ ,λlooβ and λ̂oracβ with respect λlooht and λ̂orac that both use x̄2
0. Figure 3.6 shows

the entire family of functions (3.32) where λlooβ is used with varying σ2; if one a

priori knows that, for a given m, the term µ2/σ2 lies inside the positive region

of curve in 3.7, then regularization can be used; otherwise regularization is

not the proper choice.

Two interesting aspects emerge from the analysis of λlooβ ,λ̂oracβ :

1. These regularizers exhibit a linear dependence of the range of µ indi-

viduated by the condition y = EX {(x̄0 − µ)2}−EX {(λx̄0 − µ)2}>0, with

respect to σ. Figure 3.7 shows the behavior of y vs µ when using λlooβ
for values of the σ parameter in the range [0.2, 2] (step 0.2), m=10 and

µ ∈ [−5,+5]. Almost identical curves could be obtained by replacing

λlooβ with λ̂oracβ .

2. Another intriguing feature concerns the behavior of the peaks in Figure

3.7, because the peak values pk versus σ can be precisely represented by
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the parabola pk = 0.0046σ2 (analogous results hold for different param-

eters).

The above results indicate regularity on the behavior of the quality metric

(3.32) with respect to σ when employing the proposed regularizers.

Figure 3.7: Behavior of the quality metric y when using λlooβ :x axis is µ value

with varying sigma in the range [0.2,2] (step 0.2). Highest peak curve corre-

sponds to the highest value of the parameter σ

3.1.3.7 Expected Value Estimation by a Neural Network

In order to define a neural model for the expected value µ, some terms

and conditions have to be defined:

1. Suppose, as hypothesis, to know the range µ ∈ [−µM ,+µM ] and the

value of σ.

2. Suppose using a single hidden layer neural network.

3. Generate several realizations distributed as N(µ, σ2). Set as input of the

NN the values x̄0 and β2 derived from these realizations.



3.1 The Regularized Mean Problem 81

4. Call g the output function of the NN; then the prediction model is:

gµM + x̄0 = x̄
�� ��3.37

The NN has to predict the offset by which x̄0 should be modified to improve

the estimation of µ

1. Set as target values the normalized offset µ−x̄0
µM

2. Set as cost function

L(x̄0, µM , µ) =

(
µ− x̄0

µM
− g
)2 �� ��3.38

The final goal is trying to minimize EX (µ− x̄)2 by using (3.38) in a predefined

range of µ.

This aspect can be clarified considering that:

L(x̄0, µM , µ) =

(
µ− x̄0

µM
− g
)2

=
1

µ2
M

EX (µ− (gµM + x̄0))2 =
1

µ2
M

EX (µ− x̄)2�� ��3.39

This minimization process can be accomplished by a classical back propaga-

tion algorithm. Moreover, due to the number of involved patterns, an on-line

version of back-propagation has been used. The proposed network config-

uration is efficient over a wide range of the expected value µ. However, the

expected symmetry of y around µ = 0 in eq.(3.32) can suffer from some un-

certainties, mainly due to the randomness of the learning process. In order

to avoid this a balancing structure for the prediction has been employed (see

fig.3.8). In this structure, two identical NNs are requested to predict on input

pairs (x̄0,β2) and (-x̄0,β2) producing the respective predictions g1 and g2; the

final x̄ is computed as((g1 − g2)/2)µM + x̄0. This expedient yields symmetric

expectations over a wide range ofµ.

Parameters for the experiments were:

1. A range for µ ∈ [−15,+15] by steps of 0.1, σ2 = 1, and varying number of

samples m = [2, 14].
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Figure 3.8: Neural scheme

2. The number of patterns was 106 and 105 for each µ value, for training

and test respectively.

3. The learning rate was set to 10−4.

4. The number of hidden neurons was 30.

A Matlab version of the software, available under request, has been imple-

mented. It loads pre-computed weights and predicts the regularized mean

value.

The following figures describe the outcomes using the quality measure (3.32);

in particular in the range µ ∈ [−11,+11] regularization induced by the neural

network is effective. This result shows that, working within an a priori known

range and variance, regularization can be always useful; this outcome ulti-

mately confirms the theory developed in previous sections on the prior over

µ.

Given the prediction model gµM + x̄0 = x̄ it is possible to work out the equiv-

alent neural regularizer λnn = 1 + gµM
x̄0

; experiments show that λnn can be



3.1 The Regularized Mean Problem 83

(a) (b)

(c) (d)

(e) (f)

(g)

Figure 3.9: Neural Regularizers results: x axis is µ value and y axis is the qual-

ity metric
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greater than 1. This fact is physiological of the neural network because there

is no explicit mathematical constraint on λnn during the training process.

This first group of experiments aimed at showing that a wide range of µ can

be covered by the developed network. The second group of experiments

deals with the effectiveness and usefulness of the regularized solution in-

duced by the neural network when used in a relatively narrow range. One

can suppose that µM represents a limit for a, possibly normalized, physical

quantity (e.g. voltage, current etc...); thus one can define a normalized limit

asµM = +1 before training the neural network. The settings of the neural net-

work are identical to those defined for the first group of experiments except

for the number of neurons: after a preliminary model selection this number

was set to 5.

As shown in 3.10, the percent gain computed as
(

1− EX{(λnnx̂0−µ)2}
EX{(x̂0−µ)2}

)
∗ 100

is notable; its values strictly depend on the number of samplesm; the lower is

m the higher is the gain. This outcome further stresses that regularization is

extremely useful when one has a limited sample and a a priori knowledge of

the problem is given, i.e. the range of µ. As a last experiment the case m = 50

was tested: figure 3.11 shows that the gain shrinks in a range defined by 2the

gain is still significant considering the high number of samples.

3.1.4 Conclusions

In this first study the regularized mean problem has been introduced and dis-

cussed. Theory showed that, according to James-Stein theory, mean predic-

tion exhibits some intrinsic limitations. These limitations can be mitigated

by a non linear approach to the problem and with a priori knowledge on the

range of the mean value and/or the variance.

A numerical analysis has shown the role played by the biggest and the small-

est sample on a sampling process. SVD and MKL together with a statistical

analysis have been proposed to better understand the importance of each

sample when estimating the expected value. A rational function and a neural

network model have been proposed as viable tools to predict the mean; in

particular the neural network model proved particularly effective. The next

step is analyzing Tikhonov regularization.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 3.10: Neural Regularizers results on the domain µM = 1: x axis is µ

value and y axis is the quality metric
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Figure 3.11: Neural Regularizers results: x axis is µ value and y axis is the

percentual gain for m = 50
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3.2 Generalized Tikhonov

In this work a unifying view of Learning, Regularization, Shrinking and

Filtering is proposed. It is historically clear that such problems are often

studied in diverse mathematical environments and superficially can appear

as separate problems; indeed it will be shown that shrinking, filtering and

learning are specific instances of regularization. A unique general theory pre-

sented here allows to give several insights.

A generalized Tikhonov regularization problem is defined, and the oracular

closed form solution of the regularization matrix T̂ is derived. Throughout

the paper the word oracular will mean that in expectation no better solution

can be achieved.

The central result shows that using only one single regularization constant α

is not sufficient to grant an oracular closed form solution. Among some in-

termediate results a suitable definition of degree of freedom is proposed.

The obtained results link the Regularization problem to Learning, Shrinking

and Filtering. Form the Learning persepective it is shown that the devel-

oped machinery allows to define an ideal Universum of points for regression,

where by Universum one indicates the concept of Universum introduced by

Vapnik in [7]. Then a notion of oracular linear kernel is derived.

In the statistical environment it is shown that shrinking is a particular in-

stance of Tikhonov regularization and that links between Copas Theory [90]

and oracular regularization exist. Further the d-means problem is addressed

and it is shown that Stein paradox, when dealing with oracular quantities,

disappears; from the applicative view-point knowing the structure of oracu-

lar regularization allows to define new shrinkers (i.e. regularizers) different

from the one proposed in James-Stein theory; quite surprisingly one of them

in expectation is significantly better than James-Stein shrinker in a wide sig-

nal to noise ratio range when the sign of the mean vector is constant

Further it is proved that generalized Tikhonov regularization for circulant

matrices (i.e. circular convolution operators) and oracular regularization is

identical to Wiener filtering with ideal Signal to Noise Ratio estimation for

each frequency of the spectrum.
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A final discussion proposes a coherent way to define the encountered differ-

ent levels of regularization and give some insights on a generalized class of

shrinkers and filters.

3.2.1 Generalized Tikhonov and Oracular Regularization

Let xi ∈ Rn m experimental observations each equipped with a label yi ∈
R. Let X the matrix mxn of the data, and y the vector of labels. The variable

y is subject to a noise ε with zero mean and variance σ2
y . The matrix X is not

subject to noise. The dependence relation between x and y is:

y = y∗ + ε
�� ��3.40

y∗ = Xw∗
�� ��3.41

where w∗ ∈ Rn it is the optimal vector of coefficients. If the noise σ2
y is zero,

w∗ represents the obtained solution via pseudo-inversion w∗ = X+y. In the

general case σ2
y 6= 0 then it is convenient to regularize the solution as per:

ŵ = arg min
w

{
‖y −Xw‖2 + α‖w‖2

} �� ��3.42

where α > 0 is the regularization constant. This formulation is known as

ridge regression or Tikhonov regularization. In order to show some statistical

properties of Tikhonov regularization it is necessary to slightly generalize the

functional to :

ŵ = arg min
w
||y −Xw||2 + ||T̂w||2

�� ��3.43

where T̂ is a positive definite square matrix and is the generalized regulariza-

tion operator where regularization parameters are embedded. In particular

T̂ has the following structure:

T̂ = TR
�� ��3.44

Where R is a rotation matrix and T is a diagonal matrix composed by the
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regularization entries θ1, θ2, .., θn.

θ1 0 0 · · · 0

0 θ2 0 · · · 0

0 0 θ3
...

... 0 0
. . . 0

0 0 0 0 θn


�� ��3.45

Using SVD on X one has that:

X = UΣV t
�� ��3.46

• U is an orthogonal matrix mxm

• Σ is a diagonal matrix mxn

• V is an orthogonal matrix nxn

the diagonal values on Σ are the singular values and are indicated as σ1, σ2, ...., σr

where r = rank(X) ≤ {m,n}. Then one has:

X =
r∑
i=1

σiuiv
t
i

�� ��3.47

Then the solution of the system 3.43 is:

ŵ = V (ΣtΣ + V tT̂ 2V )−1ΣtU ty
�� ��3.48

This formulation does not allow an easy manipulation; for this reason the

SVD properties are used to simplify computations. First consider that w lives

on the space spanned by the orthogonal vectors of the matrix V ; in other

words one can define a base β where w = V β is true and consequently every

component βi =< w, vi >, where <,> denotes the scalar product. Then by

definition of T̂ one sets the following relation:

T̂ = TV t
�� ��3.49

With these premises the new solution vector is given by:

β̂ = arg min
β

{
‖y − UΣβ‖2 + ‖Tβ‖2

} �� ��3.50
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That is:

β̂ = A−1ΣtU ty
�� ��3.51

whereA−1 = (ΣtΣ +T 2)−1 is a n×n diagonal matrix where the main diagonal

contains the values 1
σ2
i+θ2i

; then indicate by Dn(·) a diagonal matrix of size n

and entries (·); thus
[
Dn

(
1

σ2
i+θ2i

) ∣∣∣ 0n,m−n] = A−1Σt. From this property one

can obtain the solution ŵ = V β̂.

ŵ = V

[
Dn

(
σi

σ2
i + θ2

i

) ∣∣∣ 0n,m−n]U t(y∗ + ε)
�� ��3.52

Then it follows that the value of the expectation is:

Eε(ŵ) = V Dn

(
σ2
i

σ2
i + θ2

i

)
V tw∗

�� ��3.53

and the bias is:

b = Eε(ŵ)− w∗ = V Dn

(
− θ2

i

σ2
i + θ2

i

)
V tw∗

�� ��3.54

The quantity:

ŵ − Eε(ŵ) = V

[
Dn

(
σi

σ2
i + θ2

i

) ∣∣∣ 0n,m−n]U tε
�� ��3.55

enables to calculate the variance var(ŵ) = Eε [(ŵ − Eε(ŵ))(ŵ − Eε(ŵ))t] as:

var(ŵ) = σ2
yV Dn

(
σ2
i

(σ2
i + θ2

i )
2

)
V t

�� ��3.56

The notion of oracular regularization can now be introduced. Oracular regu-

larization is the regularized solution that, based on the exact solution, gives

the best estimator for w∗ in expectation. That is, the oracular regularizer ma-

trix T minimizes:

Eε(‖y − y∗‖2) = Eε(‖X(ŵ − w∗)‖2)
�� ��3.57

The central result can now be reported:

Theorem 3.2.1. Given a sample set X and the functional (3.43) then a suffi-

cient condition to obtain the best solution ŵ, for the measure Eε(‖(ŵ − w∗)‖2)

and T̂ = TV t, is that the matrix T 2 has each diagonal element as:

(θoraci )2 =
σ2
y

< w∗, vi >2

�� ��3.58
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Proof. See Appendix.

On this basis, then, oracular regularization needs, as shown in the proof, n

independent terms θ2
i ; the choice θ2

i = α ∀i which is the most popular in

Tikhonov regularization cannot yield an oracularly regularized closed form

solution.

3.2.1.1 Oracular Variance Estimator

Further developements of this generalized setting are based on the com-

putation of an ideal variance estimator. The variance σ2
y of y by definition is:

σ2
y =

1

m
Eε{(y −Xw∗)t(y −Xw∗)}

�� ��3.59

It is not difficult to show that the previous formula can be put in terms of

following sum:

mσ2
y = e1 + e2 + e3

�� ��3.60

where the three terms are:

e1 = Eε{‖y −Xŵ‖2}
�� ��3.61

e2 = 2Eε{(y −Xŵ)tX(ŵ − w∗)}
�� ��3.62

e3 = Eε {(ŵ − w∗)tX tX(ŵ − w∗)}
�� ��3.63

Working out the above decomposition leads to obtain the following result:

the oracular unbiased variance estimator s2 is given by:

s2 =
‖y −Xŵ‖2

m− r +
∑r

i=1
(θoraci )2

σ2
i+(θoraci )2

�� ��3.64

Proof. See Appendix.

It should be stressed that this result follows from a rigorous evaluation and

does not need the definition of degrees of freedom. It is now possible to de-

fine the degrees of freedom τ as:

τ = m− r +
r∑
i=1

θ2
i

σ2
i + θ2

i

�� ��3.65
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Thus one can for instance use the Generalized Cross Validation method to

select the best model w:

GCV =
‖Xŵ − y‖2

τ 2

�� ��3.66

Note that when T̂ =
√
αInn then the usual degree of freedom and thus usual

GCV score are obtained.

3.2.2 On Learning

In this section the links between learning theory and oracurarly regular-

ized Tikhonov will be studied. Indeed it is well known the Tikhonov regular-

ization can be used to address learning problems [40] such as regression or

classification. From the machine learning perspective one can define a linear

decision function given by f(x) = wx which maps patterns x to a scalar f(x).

In the learning setting the matrix T̂ can be interpreted as a set of points where

the decision function should be zero; this is due to the regularizer ‖T̂w‖2

which promotes solutions f(x) such that f(T̂ ) = T̂w = 0. We call this set

of vectors T̂ , Agnostic Vectors. In particular when oracular regularization is

applied, this set of points is the best set of points for Tikhonov regularization;

for this reason one can call this set Oracular Agnostic Vectors.

These vectors allow one with a nice link with the concept of Universum in-

troduced in [7]. In [7] it is shown that adding non-examples to the learning

process can lead to better generalization; these samples are called Univer-

sum samples and lead to a functional called Universum SVM or U-SVM. An

open question in that work is: What is a good Universum for learning? In the

work [91] it is shown that a good Universum for U-LSSVM for classification

is that in between the positive and negative clounds of the two classes: this

result says that in the margin the decision function should be agnostic.

Looking at functional (3.43) one can observe that matrix T̂ could be inter-

preted as a samples set, i.e. a Universum. Oracular properties of Tikhonov

regularization show that T̂ must have a particular structure in order to get in

expectation the best result. This means that for Tikhonov regularization one

knows how many and which are the samples of an ideal Universum of points.

These points are equal to n and depend both on X and on the noise level σy.
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Figure 3.12: Agnostic Oracular Vectors for the univariate case and w∗ = 1

In the monodimensional case an intuition of the behaviour of this points can

be given.

Suppose the function to be learned is g(x) = x; then in this case w∗ = 1. For

uniformly sampled points one gets that V matrix of the SVD of X is the con-

stant 1. Being in a monodimensional domain, then T̂ is a scalar term whose

oracular value is:

T̂ = ± σy
< w∗, v >

= ±σy
�� ��3.67

Irrespective of the sign, which is ininfluent owing to the simmetry, σy is the

point in which the decision function should be agnostic, f(σy) = σyw = 0.

Figure F1 depicts the situation: in the absence of noise, the oracular agnostic

point is at (0, 0); this is not a real constraint because the model Xw must

pass through the origin by definition. In the presence of noise the constraint

becomes active and try to force the regression function to pass in (σy, 0): in

other words, the function becomes more smooth and ‖w‖2 gets smaller when

trying to fit (σy, 0). Consistently, when the agnostic point is at infinity, the

noise is infinite and w gets the zero value.

In the general case the matrix T̂ contains the weighted columns of the

matrix V of SVD.
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3.2.2.1 Oracular Linear Kernel

The link between oracular regularization and kernel regularized least square

is now investigated. Generally speaking, the T̂ term induces a Reproducing

Kernel Hilbert Space H. This is true because the norm wtT̂ 2w is a weighted

norm of w, and T̂ 2 is a positive definite matrix. In terms of RKHS the func-

tional with quadratic loss and decision function f ∈ H is:

‖y − f‖2 + ‖f‖2
H

�� ��3.68

It is known [45] that the previous equation can be re-written by giving an

explicit regularization operator P :

‖y − f‖2 + ‖Pf‖2
�� ��3.69

where now the norm is a classical L2 norm. In the linear case f(X) = Xw and

so the functional becomes:

‖y −Xw‖2 + ‖PXw‖2
�� ��3.70

In this equation it is immediate to identify that PX is the analogous of T̂ .

From [45] it is known that the kernel matrix associated to the spaceH can be

obtained by K = (P tP )−1. In the following, for simplicity it will be assumed

that P is one-to-one operator and that X is square and full rank. This leads

to P = T̂X−1. Now the kernel matrix K associated to the space H can be

explicitly computed (see Appendix for the proof):

K = UDm

(
σ2
i

θ2
i

)
U t

�� ��3.71

On this basis, the problem on kernel space can be formulated as:

min
ψ
‖y −Kψ‖2 + ψtKψ

�� ��3.72

where ψ is the variable on the kernel space. The minimizing value ψ̂ of ψ is:

ψ̂ = (K + Im)−1y = UDm

(
θ2
i

θ2
i + σ2

i

)
U ty

�� ��3.73
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Then, by using (3.52) one gets:

ŵ = V Dm

(
σi

σ2
i + θ2

i

)
U ty

�� ��3.74

It is easy to verify that the relation between w and ψ is:

w = V ΣtT−2U tψ
�� ��3.75

In the case T = I as for classical Tikhonov regularization the relation between

ψ and w reduces to the well known result [53]:

w = X tψ
�� ��3.76

With analogy to the previous oracular analysis the notion of oracular linear

kernel can be introduced. This kernel is computed by plugging oracular reg-

ularization (3.58) on K. It follows that the oracular kernel and the oracular

solution are:

Korac = UDm

(
σ2
i < w∗, vi >

2

σ2
y

)
U t

�� ��3.77

ψorac = UDm

(
σ2
y

σ2
y + σ2

i < w∗, vi >2

)
U ty

�� ��3.78

Then the oracular prediction on training data is:

Koracψorac = UDm

(
σ2
i < w∗, vi >

2

σ2
y + σ2

i < w∗, vi >2

)
U ty

�� ��3.79

It is interesting to observe that when the noise level σ2
y = 0 the oracular pre-

diction is y. This is consistent with the fact that one is observing the true

noiseless data y = y∗.

3.2.3 On Shrinking

The generalized form of Tikhonov regularization can be effectively used

in the statistical domain of shrinking; in this setting one is requested to de-

fine the optimal shrinking coefficient such that a statistical estimate (i.e. the

mean) is improved in expectation. Now it is shown how shrinking, and in

particular the d-means problem [92] can beneficiate from the oracular form

of Tikhonov regularization.



3.2 Generalized Tikhonov 96

The first point that can be discussed is that the regularized mean problem

[4] is a particular instance of Tikhonov regularization. The regularized mean

problem poses the following issue: given a gaussian distributionN(µ, σ) from

which n samples are given, deduce the true mean value. The usual sample

mean formula can be used, indeed this is the classical maximum likelihoood

solution; however the work in [4] showed that regularization-inspired solu-

tions be used.

In this context, the regularized mean problem can be seen as a special case

of regression where only a constant term (the mean) is fitted:

• A Gaussian distribution N(µ, σ) produces n samples xi

• X = Inn

• w is a vector with all equal entries ξ

• The y vector of regression is mapped to the samples xi = yi

Then one gets:

x̄ = arg min
w

n∑
i

(xi − wi)2 + ||T̂w||2
�� ��3.80

In this case the optimal vector w∗ is the vector made all of the same scalar µ.

Moreover being X = Inn, T̂ = T . Finally, the oracular regularizer is:

(θoraci )2 =
σ2
y

< w∗, vi >2
=

σ2

nµ2

�� ��3.81

and all thetas are equal.

If one set θ2
(n) = nθ2 a possibile rewriting of (3.80) is :

x̄ = arg min
ξ

n∑
i

(xi − ξ)2 + θ2
(n)ξ

2
�� ��3.82

That is identical to the equation proposed in [4]. One gets that: (θ
(orac)
(n) )2 =

σ2/µ2 that is identical to the result obtained in [4]. Thus the notion of oracular

regularization proposed here is consistent with that in [4].
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3.2.3.1 d−means Problem and James-Stein estimator

In the d-means problem one has d gaussians N(µi, σ) and from each only

one sample is available. The goal is to estimate the vector µ of means µi, ∀i.
The obvious solution is to estimate each mean by the only available sample

of its corresponding distribution, thus ŵ = x; this solution is not the best

in terms of the expected cost Eε‖µ− ŵ‖2; indeed the classical work of James-

Stein showed that a better estimator than that given by ŵ = x can be obtained

by shrinking the samples x.

Mapping this setting to Tikhonv leads to the following specifications:

• d gaussian distributions N(µi, σ), and each produces a sample xi, i =

1, ..., d

• X = Idd

• The y vector of regression is mapped to the samples xi = yi

Given these premises the regularized d−means problem becomes:

x̄ = arg min
w

d∑
i=1

(xi − wi)2 + ‖T̂w‖2
�� ��3.83

The oracular regularizers for such a problem are:

(θoraci )2 =
σ2

< w∗, vi >2
=
σ2

µ2
i

�� ��3.84

From the cost functional of the d−means it is easy to show that x̄i =
(

1
1+θ2i

)
xi.

Using oracular regularization one gets:

x̄i =

(
µ2
i

µ2
i + σ2

)
xi =

(
1− σ2

µ2
i + σ2

)
xi

�� ��3.85

A first surprising aspect regards the case d = 1. In this case it is not true that

the best result is given by the unique sample x, instead its regularized version

is better:

x̄ =

(
1− σ2

µ2 + σ2

)
x

�� ��3.86
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This produces a sort paradox for which, given one sample it is still appropri-

ate to shrink it!

One should observe that (3.85) can be also written as:

x̄i =

(
1

1 +NSRi

)
xi

�� ��3.87

where NSRi = σ2/µ2
i indicates the noise to signal ratio. When written in

this way equation (3.85) resembles the structure of Wiener filter where noise

to signal ratio is the regularizing factor (in the following an entire section is

dedicated to filters and generalized Tikhonov ).

A second interesting aspect of these regularizers emerges when compared to

the regularizer of James-Stein:

x̄JS =

(
1− σ2

‖x‖2/(d− 2)

)
x

�� ��3.88

The James-Stein regularizer depends on the global norm ‖x‖; this means that

each x̄JSi depends on a global quantity. Differently the oracular regularizer

shows that the best estimator can be obtained when each xi is regularized

independently of each other and no global information is used to regularize

each single component of x̄i. This, in turn, means that, from the oracular

point of view, the so-called Stein paradox does not take place because each

component of the best estimator (i.e. oracular) is indipendent from the oth-

ers.

Then the oracular regularization solution, which has independent oracular

components, dominates the James-Stein solution, where each µ2
i +σ2 term is

replaced by the global quantity
∑d
i=1(µi+σεi)

2

d−2
.

Owing to the structure of the oracular regularizers one can try to give regu-

larizers/shrinkers different from that given by James-Stein.

In particular we propose two oracularly-inspired regularizers: the first man-

tains the independent component feauture of oracular regularization:

x̄
(1)
i =

(
1− σ2

x2
i + σ2

)
xi

�� ��3.89

The second one uses the intuition of James-Stein of computing a global quan-

tity: roughly speaking one estimates each µi by the unique crossed sample
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mean x̃0 =
∑n

i=1 xi/n which mix up samples from the different distributions

N(µi, σ):

x̄
(2)
i =

(
1− σ2

x̃2
0 + σ2

)
xi

�� ��3.90

The intuition behind this regularizer is that if the means components of the

mean vector µ are all of the same sign then the crossed sample estimator is

a reasonable estimator of the true means, thus can be used as a proxy of µ in

the regularizer. We analyzed the case d = 3 and the range 1 ≤ ‖µ‖2/σ2 ≤ 14;

the i-th means vector was defined as µi = i/N ∗ {1, 2, 3} where i ∈ [1, N ] and

N = 50. The results are evaluated by computing (via Montecarlo approxima-

tion) the expected normalized gap (1/σ2)[E‖µ− x‖2 − E‖µ− x̄‖2] where x̄ is

either x̄(1) or x̄(2). In figure 3.13 the black line indicates x̄(1) the cyan line indi-

cates x̄(2), green line indicates Stein solution, and red line indicates oracular

solution; the higher the value the more effective is the regularization strat-

egy; a negative value of the gain indicates that the unregularized solution is

better. One should also note that the proposed regularizer can be also used

for d = 2, 1; results in this case show that x̄(2) still gives a useful solution but

in a narrower range of signal to noise ratio.

Results show that the x̄2 regularizer is significantly better than Stein un-

til ‖µ‖2/σ2
y = 10; over this value Stein is more effective and x̄(2) is even a

bit less effective that non regularizing. However, in the interesting region

‖µ‖2/σ2 ≤ 10, where noise is significant, the proposed regularizer shows a

significantly better behaviour than Stein and gives nearly oracular results for

‖µ‖2/σ2 ≤ 2, that is, when noise gets significant with respect to the signal.

Analogous results hold for different values of d; the obtained experimental re-

sults showed that, knowing the closed form solution of the regularizers, lead

to a very effective regularizer that significantly improve the historical James-

Stein result; interestingly the closed form formula of x̄(2) is simple as that of

Stein.

3.2.3.2 Shrinking Extensions to Regression

James-Stein machinery can be extended to regression; in particular Copas

in [90] gave the closed form regularization a la James-Stein for regression;
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Figure 3.13: Regularizers for the d-means problem

now the aim is comparing Copas results to oracular solutions.

Given the data matrix X Copas defines the matrix Vc = 1
n
X tX. Then one

definesM as an orthogonalizing matrix for Vc that isM obeysMV −1
c M t = Inn.

Copas does not give a operative definition of M ; a definition based on SVD

is particularly convenient for the subsequent manipulations. Using the SVD

for X it is easy to show that:

Vc =
1

m
V ΣtΣV t

�� ��3.91

from which it follows that a suitable definition of M is:

M =
1√
m

∆tV t
�� ��3.92

where ∆ = ΣtΣ. M fulfils the orthogonalizing property MV −1
c M t = In Given

these premises and denoting by ŵ0 the unregularized solution, Copas shows

that a Stein-like shrinker can be used to compute the regularized solution :

ŵcp =

(
1−

(n− 2)σ2
y

nŵ0
tM tMŵ0

)
ŵ0

�� ��3.93
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which in terms of the SVD elements becomes:

ŵcp =

(
1−

(n− 2)σ2
y

ŵ0
tV∆2V tŵ0

)
ŵ0

�� ��3.94

It is interesting to study the one dimensional case for Copas regularization.

Starting from (3.94) one gets the univariate Copas regularizer as:

ŵcp =

(
1 +

σ2
y

ŵ0
2v2σ2

1

)
ŵ0

�� ��3.95

where σ1 is the only singular value. It can be rewritten as:

ŵcp =

(
ŵ0

2v2σ2
1 + σ2

y

ŵ0
2v2σ2

1

)
ŵ0

�� ��3.96

An interesting property of this last shrinker follows considering the oracu-

lar regularization in the mono-dimensional case. In this case,X tX is a scalar,

thus the oracular solution ŵorac is simply:

ŵorac =

(
1

X tX + (θorac)2

)
X ty =

(
X tX

X tX + (θorac)2

)
ŵ0

�� ��3.97

Recalling that X tX = σ2
1v

2 and (θoraci )2 =
σ2
y

(w∗)2v2
one obtains:

ŵorac =

(
σ2

1v
4w∗

2

σ2
1v

4w∗2 + σ2
y

)
ŵ0

�� ��3.98

When x is monodimensional then V matrix collpase to the value 1. Thus

equations (3.98) and (3.96) look similar: replacing w∗ with ŵ0 in (3.98) than

one obtains that the oracular shrinker is the reciprocal of the Copas shrinker.

This suggests that Copas shrinking has a complementary behaviour with re-

spect to shrinking induced by a oracular regularizer where ŵ∗ is substituted

by ŵ0. These interesting properties hold for a monodimensional domain;

when the domain is multidimensional the equivalence between regulariza-

tion and shrinking for regression is no more true; indeed shrinking only acts

with a shrinking coefficient λ such that ŵcp = λŵ0, instead in Tikhonov reg-

ularization the relation between ŵ and ŵ0 is ŵ = Lŵ0 where L = (X tX +

T̂ 2)−1X tXŵ0, thus shrinking for regression is less powerful and can be con-

sidered as a form of weak regularization.
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3.2.4 On Filtering

The aim of this section is to show that Tikhonov regularization has a tight

relation with filtering; in particular it will be shown that oracular Tikhonov

corrensponds to the Wiener filter; hence it is shown that filtering is a special

case of regularization/learning where the operator X is a circular convolution

operator. Further, owing to the sensitivity of Tikhonov regularization to out-

liers, an alternative filter to Wiener’s is proposed.

The connections between regularization and filtering can be shown consid-

ering a deconvolution porblem with noise. Given a filter function in time x(t)

and a signal w∗(t), the noisy convolved signal y(t) is defined as:

y(t) = x(t) ? w∗(t) + ε(t)
�� ��3.99

where ε(t) is white Gaussian noise of known variance σ2. Assume that x(t), y(t), w∗(t)

conceptually correspond to the vectors x, y, w∗ defined in the previous sec-

tion where now each component of each vector has the meaning of value

at a time instant and all vectors are of the same length n. From now on the

symbol F(·) will indicate the Fourier transform and F−1(·) will indicate the

inverse Fourier transform; w(t) indicates the filtered signal, additionally one

has the following definitions:

1. X(f) = F(x(t))

2. W (f) = F(w(t))

3. W∗(f) = F(w∗(t))

4. V (f) = F(ε(t))

5. Y (f) = F(y(t))

Given a filter G(f) the operation of filtering in frequency is obtained by:

W (f) = G(f)Y (f)
�� ��3.100

It is well known that the ideal deconvolutive filter using as quality measure

Eε‖w(t) − w∗(t)‖2 (by Parseval theorem the same holds in the frequency do-

main) is the Wiener filter G(f) defined in frequency by:

G(f) =

(
X∗(f)

|X(f)|2 +NSR(f)

) �� ��3.101
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where NSR(f) is the Noise Signal ratio, that in the homoskedastic case is:

NSR(f) =
σ2n

|W∗(f)|2
�� ��3.102

In order to show the equivalence of a particular case of Tikhonov regulariza-

tion with a deconvolution problem, the Fourier matrix Fn of size n × n must

be introduced. Let ω = e−2πj/n where j is the imaginary unit. The Fourier

matrix Fn is defined by:

Fn =



1 1 1 · · · 1

1 ω ω2 · · · ωn−1

1 ω2 ω4 · · · ω2(n−1)

...
...

...
. . .

...

1 ωn−1 ω2(n−1) · · · ω(n−1)2


�� ��3.103

Depending on the definition of Fn a term 1/
√
n is sometimes introduced as a

rescaling of the matrix; in this work, however, the definition (3.103) without

rescaling factor will be used. Fourier matrix has several nice features:

• F t
n = nF−1

n

• W (f) = F(w(t)) = Fnw

• w(t) = F−1(W (f)) = 1
n
F t
nw

• If X is a circulant matrix then it is known that Xw has the same effect

of the circular convolution x(t) ? w(t). In this particular case then the

Fourier matrix Fn diagonalizes X as:

X = F−1
n SFn

�� ��3.104

whereS is the eigenvalues diagonal matrix. The eigenvalues follow from

the Fourier transform of the first column of X, that is:

S = diag(FnX(·, 1))
�� ��3.105
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When analyzing the general case of Tikhonov regularization it was conve-

nient to use as rotation matrix R the matrix V t provided by SVD. In this case

X is a particular matrix, a circulant one, and one can adopt as rotation matrix

the Fourier matrix Fn. Therefore one can define the matrix T̂ as:

T̂ = TFFn
�� ��3.106

where TF is a diagonal matrix and has the same role of T when dealing with

Tikhonov regularization in the general case; thus T̂ 2 = F t
nT

2
FFn. The solution

to the generalized Tikhonov functional is given by solving:

(X∗X + F t
nT

2
FFn)w = X∗y

�� ��3.107

Using the fact that X is a convolution operator one gets:

((F−1
n SFn)∗F−1

n SFn + F t
nT

2
FFn)w = F ∗nS

∗(F−1
n )∗y

�� ��3.108

Racalling that FnF t
n = nInn then:

(
1

n
F ∗nS

∗SFn + F ∗nT
2
FFn)w =

1

n
F ∗nS

∗Fny
�� ��3.109

Collecting and simplyfing one gets:

(S∗S + nT 2
F)Fnw = S∗Fny

�� ��3.110

by using the property that X(f) = Fnx one gets:

(S∗S + nT 2
F)W (f) = S∗Y (f)

�� ��3.111

It follows:

W (f) = S∗(S∗S + nT 2
F)−1Y (f)

�� ��3.112

Noting that both S∗ and (S∗S + nT 2
F) are diagonal, the inversion collapses to

point-wise division. Recalling that: X(·, 1) is the zero padded signal x(t) and

S matrix embeds the Fourier transform of X(·, 1) in its diagonal, then one

gets:

W (f) =
X∗(f)

(|X(f)|2 + nd2
F)
Y (f)

�� ��3.113

where dF is the diagonal in TF .

The obtained result is a Wiener-type filter where NSR(f) = nd2
F .
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Now the term d2
F is studied and its oracular value is derived.

One can bild a parallel between generalized Tikhonov results and the current

special case: in the general case X has the SVD decomposition X = UΣV t;

if X additionally is a circular convolutive matrix, as in this case, then X =

F−1
n SFn; hence Fn and F t

n, in this context, play the role of V t and V respec-

tively; all the given proves for oracular optimality and the general case can be

repeated by using X = F−1
n SFn instead of X = UΣV t. Then one gets that in

the Fourier domain the oracular regularizers are:

θ̂2
i =

σ2
y

|wt∗F t
n(i)|2

�� ��3.114

where F t
n(i) is the i-th column of F t

n. Note that θ̂2
i are the elements on the

diagonal of T 2
F and thus they form the vector d2

F .

The meaning of the scalar elements |wt∗F t
n(i)|2 can be evidenced as follows:

|wt∗F t
n(i)|2 = |Fn(i)w∗|2 = |W∗(fi)|2

�� ��3.115

where Fn(i)w∗ is the i−th component of the Fourier transform Fnw∗ and Fn(i)

indicates the i−th row of Fn. This means that:

θ̂2
i =

σ2
y

|W∗(fi)|2
�� ��3.116

Pluggin this equation into the Tikhonov solution (3.113) and letting f = [f1, ..., fn]

the vector of the frequencies one gets:

W (f) =
X ∗ (f)

|X(f)|2 +
nσ2

y

|W∗(f)|2
Y (f)

�� ��3.117

That is exactly the Wiener filter.

3.2.5 Non linear extensions

On the basis of the equivalence Tikhonov-Wiener one can observe that

some of the non desirable aspects of Tikhonov regularization reflect the Wiener

filter. For instance, a severe drawback of Tikhonov regularization is that, due

to the square loss, Tikhonov is quite sensitive to outliers, where outliers are

the patterns presenting anomalies such as spiking noise for signals. In the
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presence of outliers, Wiener filter can give unsatisfactory results. One can try

to improve the results by modifying Tikhonov loss function. An example of

modified functional is:

min
w

n∑
i=1

L̂(ri) + α‖w‖2
�� ��3.118

where γ is a parameter, ri = yi − w · xi and:

L̂(ri) = |ri| − e−γr
2
i

�� ��3.119

The loss in the previous equation rejects well outliers because weights big er-

rors much less than the Tikhonov quadratic loss; other possible examples are

norm one loss, Huber loss, bi quadratic etc..

The functional (3.118) can be minimized by employing Iteratively Reweighted

Least Squares (IRLS): as usual in IRLS [93] W is the diagonal weights matrix

whose weights are the derivatives on ri of the loss function L̂ divided by the

error ri. Thus one gets:

W (i, i) =
sign(ri)

ri
+ 2γe−γr

2
i

�� ��3.120

The steps employed by the algorithm are the following:

1. Set as initial solution w the solution obtained by Wiener filter, that cor-

responds to unitary weights.

2. Set wold = w, compute the residuals r = Wy −WXw

3. Build the diagonal matrix W whose i-th diagonal element as per equa-

tion (3.120) where

4. Update the solution by solving (X tWX + αI)w = X tWy

5. Stop if ‖wold − w‖2 ≤ τ , where τ is a tollerance or a max number of

iterations is reached. Else goto 2

This kind of approach can be used in a deconvolution with noise plus out-

liers problem. To simulate the presence of outliers in a phisically plausible
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Figure 3.14: Wiener vs Robust filtering

way one can imagine a device which during the convolution process some-

times stop working in non predictable way. In practical terms this means

that a convolved signal has outliers where outliers are points where no signal

is present; in terms of images this in turn could mean that camera has some

broken CCD pixels, in other terms pixels that produce black points.

In the monodimensional domain, as an example, suppose that t ∈ [−π,+π],

w(t) = sin(t) and x(t) = cos(t). Suppose that y(t) = x(t) ? w(t) + ε(t), where

ε(t) is white gaussian noise distributed as N(0, 1). To simulate the presence

of phisically plausible outliers, at certain time instance some data of y(t) is

nullifyed thus simulating a device badly working. The filter in (3.118) has two

parameters, one is α and the other is γ; the first is to n (that is the size of x(t))

and γ is set to 1. Figure 3.14 show the results obtained with the filter (3.118)

and the ideal Wiener where NSR is estimated at each frequency; in other

words robust filtering is using one regularization term, instead Wiener filter

is using multiple regularization terms.

Robust filtering is more effective than Wiener filter in such situation. Called

wW (t) the Wiener reconstructed signal and wr(t) the robustly reconstructed
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Figure 3.15: Wiener vs Robust filtering 2D

signal one gets that ‖w∗ − wW (t)‖ = 3.6923 and ‖w∗ − wr(t)‖ = 1.8744.

The same reasoning can be carried for images. In this case the images are

vectorized and everything is recast as a one dimensional problem; now α =

1e− 5 ∗nwhere n is the size of the vectorized image (included zero padding),

γ = 1 and the convolution matrix is a motion blur. Also in this case the re-

construction is more robust than the Wiener filter (see figure 3.15): ‖w∗ −
wW (t)‖ = 844 and ‖w∗ − wr(t)‖ = 348.

This brief example showed how on the basis of the equivalence between

learning regularization and filtering than one is able to bring ideas from a

field to another; for instance, as shown here, an easy way to cope with Tikhonov

sensitivity to outliers is to exponentially weight the errors; this approach would

have been impossible while directly working in frequency; indeed one can

observe that IRLS cannot be carried in frequency but must be performed in
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X matrix L(y,X,w) Ω(w) Problem/Algorithm

Any ‖Xw − y‖22 ‖Tw‖22 Regularization/Tikhonov Learning

Any (Xw − y)ε ‖Tw‖22 SVM Learning

Any
∑n
i log(1 + exp (−yi(w · xi))) ‖w‖22 Logistic Regression

Identity ‖Xw − y‖22 ‖Tw‖22 Shrinking

Convolutive ‖Xw − y‖22 ‖Tw‖22 Deconvolution

Measurement matrix ‖Xw − y‖1 ‖w‖1 Compressed sensing

Any ‖Xw − y‖22 ‖w‖1 Lasso

Table 3.1: Regularization, Learning, Filtering, and Shrinking functional form

time; whenever non linearity is used the frequency domain is lost.

3.3 Discussion and Conclusion

It has been shown how a generalized approach to Tikhonov allows to give

insights on regularization itself but also in shrinking, on filtering and learn-

ing. Lastly it has been shown how a generalization of Tikhonov regularization

immediately leads to an effective remedy against outliers; this is not the only

possibility and other generalizations are possibile. Owing to the equivalence

of Tikhonov and Wiener one can further generalize Tikhonov functional to

the form:

ŵ = arg min
w
L(y,X,w) + αΩ(w)

�� ��3.121

where L(y,X,w) indicates an arbitrary loss function, and Ω(w) is an arbitrary

regularizer. Within this formulation several learning and filtering problems

can be summarized depending on L,Ω(w) and the meanining ofX. Table 3.1

summarizes the different problems depending on the exposed factors.

In table 3.1 a Measurement matrix is matrix that mimicks the measure-

ment of a signal; an example of such matrices are Random Projections ma-

trices that are matrices that follows the Restricted Isometry Property, that

is they are quasi-orthogonal (see [94]) and (Xw − y)ε indicates the SVM ε-

insensitive loss. Hence the same functional (3.121) allows to explain together

a large number of algorithms and problems in different statistical, mathe-

matical engineering domains.

The contamination among these generalized models can lead to generalized

notions of shrinking and filtering and the reciprocal convergence of method-
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Figure 3.16: Tikhonov equivalence scheme and generalized learn-

ing,shrinking and filtering

ologies can be beneficial for all the fields; thus one can envision the general

scheme in figure 3.16 where generalized notions are used.

Summarizing we showed how Tikhonov functional is able to explain dif-

ferent issues in different domains; moreover the central obtained result on

oracular regularization made us able to give insights on shrinking and on the

behaviour of James-Stein regularizer; in particular, we gave an effective non

uniform improvement over James-Stein regularizer. Notably oraculr proper-

ties showed that James-Stein paradox, at the optimum, vanishes. From the

learning point of view a notion of oracular linear kernel was introduced, in

addition in the filtering domain the complete adherence of Wiener filtering

to generalized Tikhonov was estabilished. Lastly a general view of the regu-

larization, learning, shrinking and filtering problem is given in which disci-

plines contaminate each other; as exemplum of this contamination by mod-

ifying Tikhonov loss function a robust filter for deconvolution is proposed.
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3.4 Biased Regularization for Controlling Capacity

Learning machines acquire knowledge by adjusting a model empirically

in compliance with training data, hence the correct selection of the model

parameters is a crucial issue. That choice is usually driven by predicting the

generalization performances that are associated with the possible model set-

tings. From a most general viewpoint, the bound to the generalization error,

R[f ], results from the sum of two terms: the empirical error on the training

sample, Remp[f ], and a penalty term, CF , associated with the complexity:

R[f ] = Remp[f ] + CF
�� ��3.122

In the case of Support Vector Machines for classification [3], the literature of-

fers a variety of theoretical approaches to attain an (usually upper-bounded)

estimate of the generalization error [3]. This proves especially useful in the

presence of limited training samples, when classical techniques such as Cross-

Validation [95] may waste samples because one has to exclude training pat-

terns from the parameter adjustment. The Maximal-Discrepancy (MD) ap-

proach [26] is often effective in those cases for estimating the generalization

penalty, CF . The computation of the latter quantity requires several, inde-

pendent training processes on random label configurations. In most theo-

retical approaches, however, the resulting bounds may prove quite loose be-

cause the assumptions involved are, in general, strongly conservative. This

typically leads to large values of the penalty terms, CF , of the bounds them-

selves.

Within that framework, this section introduces a novel model called VQSVM:

this machine is an auxiliary machine that supports the computation of tighter

penalty terms, CF for SVM. The method sets two fixed references: the SVM

solution of the classification problem with the original classes, and an unsu-

pervised representation of the training patterns. In the computation of the

penalty term for the basic classifier, any contribution is generated by a set of

possible hypothesis that are constrained by these two references.

The unsupervised analysis of training data is based on Kernel Vector Quanti-

zation (VQ) for unsupervised clustering; hence an implicit cluster hypothesis
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is made on data to get tighter bounds. This hypothesis is typical of semi-

supervised learning approaches [96, 97]; in the present research (and also in

[98, 77]) this hypothesis is used only on labeled data and does not involve the

usual dichotomy between labeled and unlabeled data. Finally the MD ap-

proach is used as a tool to compute the penalty term.

Summarizing, VQSVM is an instance of Ivanov-like biased regularization, where

the biasing is induced by the clustering process: the VQSVM methodology,

however, features a wider general validity and could be used to enhance other

learning machines.

Results shows that the method always improves on, or at least is equivalent to

the classical Structural Risk Minimization paradigm [3], whose results reduce

to a special (worst-)case of the VQSVM predictions.

At the same time, the convexity of the VQ-constrained problem formulation

is proved; the (global) optimal solution is always achieved when one mini-

mizes the VQSVM functional to compute the generalization bound. Finally,

an efficient procedure to compute the penalty term under the unsupervised-

constrained assumption is derived.

The method effectiveness is demonstrated on different, real-world testbeds:

the NIST dataset [99], the Newsgroup-20 text-mining dataset [100], and sev-

eral other UCI datasets [100]. The former two cases are significant because

of the high-dimensional nature of the data space, the large size of the sample

and the full compliance to the cluster hypothesis. Empirical results show that

the VQSVM method succeeds in improving model selection whenever possi-

ble, and always yield tighter generalization bounds than those predicted by

conventional MD methods.

3.4.1 Constraining SVM Capacity by Unsupervised Analysis

The VQSVM method is effective in the estimation process of the penalty

term CF , which is estimated by solving a battery of SVM training problems.

The main idea is to set the result of unsupervised Vector Quantization as a

reference solution to constrain the capacity of each SVM in that battery.

This section shows that adding a suitable constraint to the SVM formulation

leads to a refined model (VQSVM), which replaces the original SVM problem
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setting in the computation of the penalty term on random target configu-

rations. It is worth stressing that the VQSVM approach does not affect the

first term, in the generalization estimate, which always depends on training

data (n samples) and is computed by training a classical SVM on real classes.

Instead, the proposed method contributes to the computation of the sample-

based, target-independent evaluation of the penalty term; it does not affect

the complexity of the classifier trained on real labels, but reduces the com-

plexity of the several classifiers that are involved in the computation of the

bounding term.

3.4.1.1 Unsupervised learning in the kernel space

The kernel-based unsupervised representation in the feature space follows a

two-step process:

1. A classical unsupervised clustering (in fact, a dichotomy) of training

patterns.

2. A Support Vector-based representation of the clustering results.

Step 1) The Kernel k-means algorithm (see 2.3.1) [78, 74] divides the projec-

tions, φi, of input data into two clusters,Cj, (j = 0, 1). The algorithm operates

on distance values that are computed by using the kernel trick without the

explicit coordinates of cluster centroids, Ψj . Let the “membership vector”

m ∈ {0, 1}n encode the partitioning of input patterns into the two clusters:

mi = 0 if φi ∈ C0 and mi = 1 if φi ∈ C1, i = 1, . . . , n. Each prototype lies in

the centroid of its associate partition, hence the membership vector m deter-

mines the prototypes’ positions even though they are not stated explicitly.

Step 2) The pair of clusters obtained from step 1) supports an (artificial) clas-

sification problem in which the cluster membership of each pattern sets the

provisional class of the pattern itself. In this respect, one cannot decide a pri-

ori which artificial label {+1,−1} should be assigned to either cluster, thus

one builds up an artificial training set, Z+, whose elements are labeled as:

Z+ = {(xi, y(KM)+
i ); i = 1, ..., n; y

(KM)+
i = 2mi − 1}. This set undergoes a con-

ventional SVM training process. The resulting hyper-plane, w(KM)+, is given
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by:

w(KM)+ =
n∑
i=1

y
(KM)+
i α

(KM)+
i Φ(xi)

�� ��3.123

where the coefficients {α(KM)+
i } are associated with cluster-related provisional

classes, y(KM)+
i .

Then one builds up the dual training set, which supports the opposite label-

ing schema:

Z− = {(xi, y(KM)−
i ); i = 1, ..., n; y

(KM−
i = 1− 2mi}, and obtains the alternative

parameters, w(KM)−, as:

w(KM)− = −w(KM)+
�� ��3.124

To choose between the two alternatives {w(KM)+, w(KM)−}, one follows the

Structural Risk Minimization principle, and picks the labeling schema that

better constrains complexity. If one denotes with w(TG) the solution obtained

by using real labels, and with w(KM) the unsupervised “reference” solution,

the latter parameter set that further constrains SVM capacity is:

w(KM) = arg min(‖w(KM)+ −w(TG)‖, ‖w(KM)− −w(TG)‖)
�� ��3.125

Upon completion of the unsupervised analysis, it is convenient to use the

reference solution, w(KM), and the artificial target settings, y(KM), adopted to

attain the unsupervised SVM training, to compute the following quantities:

βi = yi

n∑
j=1

α
(KM)
j y

(KM)
j K(xi,xj) i = 1, . . . , n

�� ��3.126

This set of parameters will be used later in the theoretical treatment.

3.4.1.2 Using unsupervised clustering to constrain SVM capacity during

bound computation

The result (3.125) of the unsupervised analysis is used in the computation of

the MD bound on random targets, and sets a reference to arrange the family

of classifiers within the hypothesis space, F .

The quantity ruling the ordering of classifiers is the distance, in the weight
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space, between a given SVM solution, w, and the reference configuration,

w(KM):

ρw = ‖w −w(KM)‖
�� ��3.127

Such an unsupervised-reference approach offers a straightforward inter-

pretation: whenever the result of clustering matches the true distribution

of pattern classes, the unsupervised separation surface, w(KM), and the real

classification surface, w(TG), must coincide. Of course, the opposite case may

occur, in which the target distribution is totally uncorrelated with the ob-

tained clusters; The varying displacements obtained from empirical results

can give useful information about the complexity of the specific classifica-

tion problem. Such a distance-based ordering is profitable in any bound

computation method. For a given value of ρw, only the classifier configura-

tions lying within the hypersphere having radius ρw, and centered in w(KM),

will be considered to compute the complexity term of the MD generalizatio

bound. Larger and larger spheres enable the training algorithm to pick the

optimal weight set, w, from among wider and wider families of classifiers. As

the chance of fitting the various random target settings increases, the associ-

ated generalization bounds widen accordingly. The radius, ρw, of the sphere

is the crucial quantity driving the SRM principle, and the proper setting of

such a regularization parameter is of paramount importance. The VQSVM

approach, in order to be an auxiliary machine for SVM, uses the SVM so-

lution, w(TG), obtained on the real labels to delimit the valid portion of the

weight space for the admissible solutions. The regularization parameter is

locked and set to:

ρ0 ≡ ‖w(TG) −w(KM)‖
�� ��3.128

In other words, every solution, w, obtained during the MD estimation pro-

cess must obey the distance-based criterion:

ρw ≤ ρ0

�� ��3.129

and the optimization problem to be solved is expressed by the usual SVM

cost under the additional Ivanov-like constraint (3.129).
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The choice of this regularization parameter is critical: choosing ρ0 in this way

means that whenever VQSVM is trained on original labels y, then the original

solution w(TG) can be re-obtained: thus VQSVM for original labels is equiv-

alent to SVM because the constraint is not active; the constraint activates

whenever other labels, such as random labels of MD, are used; this allows

a different behaviour of SVM and VQSVM when computing the bound. The

more the space of solutions is constrained the less is the VQSVM fitting ca-

pability. One notes that ρ0 should be set a priori, instead here ρ0 is a function

of bothX and y; strictly speaking observing y invalidates the theory support-

ing generalization error bounds; to be fully theoretical compliant the sam-

ples used to set wKM should be different from that used for learning; despite

this the aim here is assessing the shrinking of the bounds and final empiri-

cal effectiveness of the approach is the goal; moreover using one single set

of data is more practical. Roughly speaking one uses an aggressive, not fully

theoretically justified, strategy to shrink bounds and obtain effective model

selection.

This method, moreover, poses two major questions. The first question re-

gards the effectiveness of constraint (3.129) in bounding the generalization

error. In the most favorable case, one has w(TG) ≡ w(KM): the separating

surface drawn by unsupervised clustering on artificial targets coincides with

that obtained with real targets, hence one has: max{ρw} = 0. When the em-

pirical classifier matches the natural distribution of data, the number of al-

lowed family members reduces to one, and the associate complexity term,

(CF), theoretically vanishes. By contrast, the worst situation occurs when

‖w(TG) − w(KM)‖ ≈ ∞. As the hypersphere encompasses the entire weight

space, all classifiers inF are admissible, hence one must pay the price of test-

ing the whole set of alternatives within the family. In this case, the generaliza-

tion bound gets back to the basic prediction provided by classical Structural

Risk Minimization. This proves that the VQSVM approach is consistent with

(and, on average, improves on) the conventional sample-based SRM, whose

prediction is taken as the worst-case option.

The second, operational question concerns the availability of an effective op-
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timization process to solve the reformulated problem SVM+(3.129). The cru-

cial issue is that (3.129) involves a quadratic constraint, hence the optimiza-

tion problem cannot be expressed any longer as a conventional SVM training.

The following sections derive an iterative approach to the augmented formu-

lation SVM+(3.129), which can still take advantage of a Quadratic-Programming

formulation and ensure convergence to the global, optimal solution.

3.4.1.3 Including the additional constraint into the SVM optimization prob-

lem

The modified Primal formulation includes the quadratic constraint (3.129) in

the SVM basic problem setting, and can be written as:

min
w,b,ξ

PM =
‖w‖2

2
+C

n∑
i=1

ξi−
n∑
i=1

αi{yi(wxi+b)−1+ξi}−
n∑
i=1

γiξi−
λ

2

[
ρ2

0 − ‖w −w(KM)‖2
]

�� ��3.130

where PM stands for Modified Primal, and λ is the Lagrange multiplier

associated to the constraint (3.129). One derives a Dual problem formulation

by nullifying the partial derivatives with respect to the optimization variables

(xi indicates the i-th component):

∂PM
∂wi

= wi −
∑n

j=1 αjyjΦ(xj)
i + λ(wi − w(KM)i) = 0

∂PM
∂b

=
∑n

j=1 αjyj = 0

∂PM
∂ξi

= C − αi − γi = 0

�� ��3.131

By solving the first KKT on w :

w =

∑n
i=1 αiyiΦ(xi) + λw(KM)

(1 + λ)

�� ��3.132

When the multiplier λ is zero, constraint (3.129) is inactive and the solution,

w, takes back the form of the basic SVM parameters; this means that the so-

lution lies inside the sphere (3.129). In the following, the symbol w(λ=0) will

denote the weight vector associated with this case:

w(λ=0) =
n∑
i=1

αiyiΦ(xi)
�� ��3.133
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Expression (3.133) holds for any class configuration {yi}, and embeds the

part of the solution which does not consider the quadratic constraint (3.129).

Rewriting problem PM into its Dual formulation leads to the optimization

problem:

min
α,λ

DM =
(
‖w(λ=0)‖2

2
−
∑

i αi

)
+ λ

2

[
ρ2

0 −
‖w(λ=0)−w(KM)‖2

(1+λ)

]
def
= DM,SVM +DM,λ

subject to :


0 ≤ αi ≤ C ∀i = 1, . . . , n∑

i αiyi = 0 ∀i = 1, . . . , n

λ ≥ 0 �� ��3.134

The cost function in (3.134) comprises two terms: the left term, denoted

as DM,SVM , identifies the portion of the total cost that only depends on pa-

rameters αi; it coincides with the ‘classical’ SVM Dual cost. The additional

right term, defined as DM,λ, is parameterized by λ and takes into account the

contribution of the quadratic constraint:

min
α,λ

DM = min
α,λ

[DM,SVM (α) +DM,λ (α, λ)]
�� ��3.135

After simple derivations and substitutions the dual optimization problem

is eventually written as:

min
α,λ

{(
‖w(λ=0)‖2

2
−
∑n

i=1 αi

)
+ λ

2

[
ρ2

0 −
‖w(λ=0)−w(KM)‖2

(1+λ)

]
−
∑

i µiαi −
∑

i ξi (C − αi)

+b
∑

i αiyi − δλ �� ��3.136

The additional variables in (3.136) embed the constraints (3.129); δ en-

sures non-negative values of the basic Lagrange multiplier, λ. To find the so-

lution to the Modified Dual, one first computes the (classical) SVM solution

without the additional constraint, then check if condition (3.129) is fulfilled;

this may result in three different cases, depending on the position of the so-

lution vector, w.

• Case 1) (3.17 first) The solution lies inside the sphere (3.129), hence the
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constraint is inactive and λ = 0. The Modified problem (3.134) reduces

to the conventional form, and the vector w is a valid solution.

• Case 2) (3.17 second) Both λ and δ vanish, hence the SVM solution lies

exactly on the sphere surface and the constraint is inactive. In this case,

too, the solution w is a valid solution.

• Case 3) (3.17 third) The solution is out of the sphere, λ > 0, the con-

straint is active, and one has:

‖w −w(KM)‖2 > ρ2
0

�� ��3.137

In this case, to reach a valid solution one requires an ad-hoc optimiza-

tion process, which will be presented in the following Section.

Figure 3.17: Relative positions of the solution vector, w, with respect to the

unsupervised reference, w(KM), from left: Case 1): Within the hypersphere;

Case 2): on the hypersurface; Case 3): Out of the hypersphere

3.4.2 Algorithm for Constrained Optimization

The optimization of the training problem involved by eq.(3.134) is in fact

straightforward. As it will be shown in the following, the problem is convex

and allows one to reach a global solution, since any gradient descent-based

algorithm can support the optimization task. This Section proposes a sim-

ple two-step procedure that optimizes (3.134) and relies on any off-the-shelf
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SVM optimizer (e.g. SMO [60]), thus yielding a straightforward algorithmic

implementation.

3.4.2.1 Optimization theory for the modified Dual problem

A prerequisite to ensure that the minimum of DM can always be found is

to verify that the functional (3.134) is convex. The following Theorem con-

firms this fact by proving that the associate Hessian matrix, H, is positive

semi-definite. It is convenient in the following to use a compact notation

and define the matrix Q, having size n × n, as the matrix composed by the

elements:

qij = yiyjK(xi,xj)
�� ��3.138

Theorem 3.4.1. The Modified Dual functional (3.134) is convex, and its min-

imization implies a convex optimization problem that admits a global solu-

tion.

Proof : for the sake of brevity, the proof is given in the Appendix. The Modi-

fied Dual cost does not benefit from the straightforward quadratic form that

characterizes conventional SVMs, hence no classical SVM-training algorithm

applies directly to solve (3.134) under Case 3). The VQSVM framework in-

cludes an ad-hoc algorithm that offers two advantages: it ensures conver-

gence to the global minimum, and it allows one to reuse efficient SVM train-

ing algorithms. The algorithm proceeds by alternating two steps. The first

step minimizes DM,λ and works out the optimal value, λ̃, of the Lagrange

multiplier when the parameters, α, remain fixed in (3.134). The following

Lemma gives the analytical expression of λ̃:

Lemma 3.4.1. The optimal value, λ̃, that minimizes DM,λ for a fixed set of

parameters,α, is:

λ̃ =

√
αtQα+ ‖w(KM)‖2 − 2[w(λ=0)]tw(KM)

ρ2
0

− 1.
�� ��3.139

Proof : the proof is given in the Appendix.
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The second step minimizes the functional (3.134) over the parameters, α,

while λ̃ keeps fixed. The following Lemma proves that, in the latter case, the

cost takes on the typical formulation of SVM with a minor correction to the

linear term; this allows one to use efficient, conventional algorithms for SVM

training to support the second step.

Lemma 3.4.2. For a fixed value λ̃, the quadratic convex cost DM to be mini-

mized can be written as:
1
2
αtQα−

∑n
i=1(1 + λ̃(1− βi))

0 ≤ αi ≤ C ∀i = 1, . . . , n∑n
i=1 αiyi = 0 ∀i = 1, . . . , n

�� ��3.140

Proof : the proof is given in the Appendix. In the following, b̂ will de-

note the Lagrange multiplier associated with the linear constraint in prob-

lem (3.134); this multiplier is worked out as a side result of the minimization

process of (3.134). The procedure alternating Lemma 3.4.1 and Lemma 3.4.2

iterates until a solution lying within the hypersphere (3.129) is found. The fol-

lowing Theorem proves that such a procedure always converges to the global

minimum.

Theorem 3.4.2. A procedure alternating the partial optimizations as per Lemma

3.4.1 and Lemma 3.4.2, always reaches the global minimum of the Modified

Dual cost eq.(3.134).

Proof Lemma 3.4.1 and Lemma 3.4.2 ensure the minimization of DM,SVM

and DM,λ when the multiplier λ̃ and the parameters, α, remain constant, re-

spectively. This implies that at least one term in the summation (3.134) de-

creases. Therefore, at the i-th iteration alternating Lemma 3.4.1 and Lemma

3.4.2, one always has: D(i)
M < D

(i−1)
M , and the process necessarily minimizes

cost (3.134). Theorem proves that that cost is convex, hence the minimum

is global, and the sequence {D(1)
M , D

(2)
M , D

(3)
M , ...D

(n)
M } converges to the global

minimum of (3.134). The following pseudocode summarizes the overall op-

timization procedure:

In the pseudocode, τ is a tolerance threshold to detect when the solution

is close enough to the surface of the hypersphere.
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Algorithm 4 VQ-SVM Optimization Algorithm for the Modified Dual

Require: Hessian matrix Q, ρ0, C, y, τ

Ensure: Vectorα, λ

1: α = arg minDM,SVM , λ = 0

2: while
∣∣‖w −w(KM)‖2 − ρ2

0

∣∣ ≤ τ do

3: α̃ = arg minαDM(λ̃) (3.140)

4: λ̃ = arg minλDM,λ(α̃) (3.139)

5: end while

3.4.2.2 Operational aspects in the optimization procedure

The most computation-intensive phases of the above algorithm are the opti-

mization processes at. It has been proved [101] that the computational cost

of SMO is roughly a quadratic function of the number of patterns; the com-

putational cost of (3.139) is a quadratic function of the number of support

vectors that result from the modified SVM solution. Thus, if one denotes with

k the number of iterations of the optimization algorithm, the complexity can

be worked out as:

O((nsv)
2 + kn2)

�� ��3.141

Since the iterations are performed on the same dataset, the kernel matrix

can be computed once and offline. The tolerance-based stopping criterion

is not critical, as with a typical tolerance threshold τ = 1e − 3 the quadratic

constraint is found to be satisfied easily. The only crucial aspect in the proce-

dure is to attain a ‘precise’ solution in the SVM-based inner loop; this means

that the Karesh-Kuhn-Tucker conditions must be fulfilled with a tolerance no

larger than τ .

Finally, an important aspect concerns the decision function to classify new

input patterns. This function can be obtained from problem DM by using

(3.132), and is written as:

sign(w · Φ(xj) + b) =

= sign
(∑

i αiyiΦ(xi)+λw
(KM)

(1+λ)
· Φ(xj) + b

) �� ��3.142
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or equivalently:

sign(w · Φ(xj) + b) =

sign
(

1
1+λ

(∑n
i=1 αiyiKij + λ

∑n
i=1 α

(KM)
i y

(KM)
i Kij

)
+ b
) �� ��3.143

When λ = 0, the regularization is no more biased and the problem re-

duces to the classical SVM decision function. The bias term in eq.(3.143)

obeys the following Lemma:

Lemma 3.4.3. Let b̂ be the Lagrange multiplier derived from minimizing prob-

lem (3.134): then the bias b appearing in the decision function (3.143) is b =

b̂/(1 + λ).

Proof: for clarity, the proof is given in the Appendix.

3.4.2.3 A synthetic review

The basic idea to control the complexity of a Support Vector Machine is to

reduce the space of admissible classifiers by a (sample-based) reference solu-

tion. In the present approach, constraint (3.129) implements an unsupervised-

based reference criterion. The resulting, additional constraint turns the con-

ventional SVM learning process into a Quadratic-Constrained, Quadratic-

Programming optimization problem. The theoretical and practical frame-

works prove that the described approach solve that problem effectively, as

it can find the global minimum and, at the same time, re-use existing effi-

cient algorithms for SVM training. One can efficiently use VQSVM (instead of

SVM) within the computation of the Maximal-Discrepancy bound, and attain

model-selection results that always are equal (at worst) or better that those

provided by classical Structural Risk Minimization.

3.4.3 Experimental Results

The empirical validation of the proposed method involved extensive exper-

iments on real-world datasets, namely, the MNIST numerical recognition

testbed [99], text-classification problems drawn from the “Newsgroup-20”

dataset [100]; reference UCI datasets “Heart”, “Ionosphere”, “Sonar”, and “Pima

Indian Diabetes” [100] were also tested.
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3.4.3.1 Experimental procedure

A version of SMO with RBF kernel supported the model presented in [62] with

first-order selection of the working set. In the iterated procedure, the toler-

ance value for both SMO training and the Vector-Quantization constraint-

based version (see pseudocode) always was τ = 1e− 3. The model-selection

approach scanned wide ranges of hyper-parameter settings; this lead to a

huge number of SVM training cycles. For each cycle, the input quantities

were:

• the specific settings of the SVM hyper-parameters {C, σ};

• a training set, Z, of labeled data. In the bound estimation, classes were

set at random in compliance with the MD procedure.

• a validation set, ZV AL, of patterns whose labels always coincided with

the true classes, which was used to verify the accuracy in predicting

generalization performance.

The latter steps allowed one to compare directly the two bound estimates,

and to get a sound verification of the effectiveness of the additional con-

straint in two ways: first, by assessing the contribution of the VQ-induced

constraint in shrinking the theoretical bound; secondly, by measuring the

actual reduction in classification error on unseen data.

The outputs of the procedure included:

• the generalization error bound, R(TG), that resulted from summing the

training SVM error,Remp, with the conventional MD-based penalty term

computed as usual;

• the generalization error bound, R(V Q−TG), that resulted from summing

the training SVM error, Remp, with the MD-based penalty term subject

to the quadratic constraint (3.129);

• the “true” empirical generalization error, RV AL, measured on the vali-

dation set, ZV AL.
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Algorithm 5 VQSVM Experimental Protocol

Require: Training set Z, validation set ZV AL hyperparameters, C, σ2, n,

NumIter

Ensure: Generalization error estimations: R(TG),R(V Q−TG), RV AL.

1: Build the kernel matrix K on training data, Z.

2: Train an SVM on training data (original classes)→{w(TG), b}
3: Compute the empirical training error R(TG)

emp , using y, K {w(TG), b}
4: Perform clustering of data in Z,→{m,Ψ0,Ψ1}
5: Apply an artificial labeling schema: y(KM)+ ≡ {Ψ0 → +1,Ψ1 → −1}
6: Train an SVM on training data and artificial labels y(KM)+ →
{w(KM)±, b(KM)±}.

7: Select unsupervised reference w(KM), y(KM), b(KM) according to (3.125)

8: Compute Maximal Discrepancy generalization bounds:

9: R̂MD = 0, R̂V Q−MD = 0.

10: for i = 1 : NumIter do

11: Apply random-swap labeling schema y(MD)

12: Train an SVM on training data using classes y(MD)→w(MD), b(MD)

13: Compute MD training error R̂emp using w(MD), b(MD) and y(MD).

14: Train a constrained SVM on Z with classes y(MD) →
w(V Q−MD), b(V Q−MD)

15: Compute the MD training error R̂(V Q)
emp using w(V Q−MD), b(V Q−MD) and

y(MD)

16: R̂(MD) = R̂(MD) + R̂emp

17: R̂(V Q−MD) = R̂(V Q−MD) + R̂
(V Q)
emp

18: end for

19: R̂(MD) = R̂(MD)/NumIter

20: R̂(V Q−MD) = R̂(V Q−MD)/NumIter

21: Compute generalization error bound (conventional SVM):

22: R(TG) = R̂
(TG)
emp + (1− 2R̂(MD))

23: Compute generalization error bound (constrained SVM):

24: R(V Q−TG) = R̂
(TG)
emp + (1− 2R̂(V Q−MD))

25: Evaluate validation error (conventioal SVM)RV AL on ZV AL using w(TG), b.
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3.4.3.2 MNIST Experiments

The MNIST testbed involved a 10-digit character recognition problem. The

experimental procedure covered all pairs of digits exhaustively, thus involv-

ing 45 independent problems. For each problem, the training set included

200 patterns; at the same time, each experiment included a validation set

holding a separate group of 6000 patterns. Using a small training set and a

much larger test set made it possible to verify the method’s effectiveness in

a limited-sample scenario, yet benefiting from a reliable estimate of the true

generalization error.

To complete model selection for each binary problem, the training process

was repeated for a set of hyper-parameter settings, {C, σ}, whose admissible

values were: C ∈ {1, 10, 102, 103, 104}, and 2σ2 ∈ {102, 103, 104, 105, 106}. This

required to solve about one million of QP problems, each having complexity

n = 200. Each row in Table 3.2 addresses one of the 45 binary OCR problems

and gives:

1. the most promising hyper-parameters, (C, 2σ2), resulting from the model-

selection process;

2. the associate generalization bounds, for both the conventional and the

constrained MD approach;

3. the validation error, R(TG)
V AL , measured when using the model selection

suggested by the conventional MD bound;

4. the validation error, R(V Q−TG)
V AL , measured when using the model selec-

tion suggested by the constrained-SVM MD bound.

The constrained approach almost always yielded tighter generalization bounds.

Even more importantly, the validation errors reduced accordingly, thus show-

ing that the unsupervised reference also led to a better model selection. To

demonstrate the different properties of either approach, Figure 3.18 gives

the progression of the generalization bound (in the hyper-parameter space)

for the problem ‘1’ vs‘7’, which proved quite difficult due to the similar ap-

pearances of the digits. The graphs clearly show that the constrained ap-
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(a) (b)

(c)

Figure 3.18: Model selection surfaces in the hyper-parameter space: a)

Conventional-SVM MD-bound surface . b) Constrained-SVM MD bound sur-

face c) Validation-error surface
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proach succeeded in approximating accurately the shape of the validation-

error surface; moreover, the predicted bounds always were lower than their

conventional-SVM counterparts. Similar results were obtained for the other

digit-pair problems.

(a) (b)

Figure 3.19: Comparison of conventional and constrained SVM model selec-

tion methods. a) Generalization bounds b) Validation error

The effectiveness of the constrained-SVM method can also be assessed by

analyzing the results of Table 3.2 in a graphical way. Figure 3.19 compares the

theoretical generalization bounds, one derived with a conventional Maximal-

Discrepancy procedure, the other obtained by including the additional con-

straint. The graph shows that the latter, constraint-based prediction always

kept lower than the conventional bound. A similar result was obtained when

measuring the run-time error performances on unseen validation data; the

curves for both approaches (3.19b) confirmed the effectiveness of the constraint-

based approach, as the constrained classifier model selection method further

reduced the actual generalization error.

An intriguing aspect of the obtained results was that the hyper-parameters

selected by VQSVM seemed more ‘aggressive’ than those selected by con-

ventional MD bounds on SVM. Maximum Discrepancy tends to select hyper-

parameters that are prone to under-fitting data; by using VQSVM such a trend
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was mitigated. As compared with the conventional model-selection proce-

dure, the hyper-parameters settings prompted by VQSVM were larger in C

and/or smaller in σ. As a consequence, the deviations in both hyper param-

eters contributed to make up for under-fitting.

The VQSVM approach cannot yield any analytical prediction of the eventual

hyper-parameter settings, yet the overall model behavior seems to suggest

some global, marked trend that might be useful in a classifier design process.

In particular, VQSVM seems to provide a good countermeasure against data

under-fitting; from a general viewpoint, the model-selection results resem-

bled those obtained when using large samples of patterns and/or applying

k-fold cross-validation to make robust estimates.

3.4.3.3 Newsgroup-20 experiments

This experimental campaign involved bi-class problems from the Newsgroup-

20 dataset for text mining [100]. Patterns were represented by text docu-

ments, whose pre-processing phases included stop-words removal (i.e., the

elimination of semantically non-selective expressions from the text) and Porter’s

word stemming [102] (to group derived lexical instances). Thus, a docu-

ment D eventually consisted in a sequence of significant tokens called ‘in-

dex terms’. The associate vector-space model [103] spanned a T -dimensional

dictionary, and represented each documentD as a vector of real-valued weight

terms. Each component of the T -dimensional vector is a non-negative weight

term that denotes the relevance of the term itself within the document D,

(e.g., its term frequency). The text processing adopted the methods and paradigms

presented in [17]. The experiments involved the following five binary classi-

fication problems: sci.electronics VS rec.sport.baseball, sci.space VS sci.med,

alt.atheism VS sci.crypt, rec.sport.hockey VS rec.sport.baseball, talk.politics.guns

VS talk.politics.mideast. Table 3.3 summarizes the experimental set-up for

the involved tests. For each problem, a set Z of 200 training documents were

randomly drawn for each class; the remaining documents were used to mea-

sure the generalization error. The settings of hyper-parameters were C ∈ {10–

3, 10–2, 10–1, 1, 10, 102, 103}, and 2σ2 ∈ {1, 10, 102, 103, 104, 105}.
The reported results confirmed some significant properties that have been
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Problem Conventional SVM Constrained SVM Theoretical Bound Validation Error

C(TG) 2
[
σ(TG)

]2
C(VQ−TG) 2

[
σ(VQ−TG)

]2
R(TG) R(V Q−TG) R

(TG)
V AL R

(V Q−TG)
V AL

0 vs 1 1 1e6 1e3 1e6 6.20% 5.70% 0.65% 0.63%

0 vs 2 1 1e6 1 1e2 6.80% 5.23% 1.42% 0.65%

0 vs 3 1 1e6 1e4 1e6 7.01% 5.47% 0.55% 0.42%

0 vs 4 1 1e6 1 1e2 6.78% 5.83% 0.27% 0.22%

0 vs 5 1 1e6 1e3 1e6 6.32% 5.70% 1.23% 0.92%

0 vs 6 1e3 1e6 1e2 1e4 6.51% 5.62% 0.98% 0.60%

0 vs 7 1 1e6 1 1e2 6.69% 5.64% 0.43% 0.35%

0 vs 8 1 1e6 10 1e3 6.83% 5.68% 2.07% 0.77%

0 vs 9 1 1e6 1e4 1e6 6.73% 5.48% 0.97% 0.68%

1 vs 2 1 1e6 1e3 1e6 8.68% 7.64% 2.97% 1.65%

1 vs 3 1 1e4 1e3 1e6 6.91% 6.40% 0.87% 0.83%

1 vs 4 10 1e4 1 1e3 9.21% 8.59% 3.28% 3.28%

1 vs 5 1 1e3 1 1e3 7.26% 6.24% 1.67% 1.67%

1 vs 6 1 1e4 1 1e6 6.30% 6.04% 0.95% 0.95%

1 vs 7 1 1e6 1e4 1e6 6.62% 5.64% 1.15% 1.02%

1 vs 8 10 1e4 1 1e2 7.92% 6.48% 1.73% 1.65%

1 vs 9 1 1e3 1 1e3 6.27% 6.17% 0.80% 0.80%

2 vs 3 1 1e3 1e4 1e6 8.54% 6.40% 2.93% 2.38%

2 vs 4 1 1e6 1e3 1e6 7.47% 6.96% 1.32% 0.90%

2 vs 5 10 1e4 1e3 1e6 8.55% 7.19% 2.53% 2.53%

2 vs 6 1 1e3 1e3 1e6 7.10% 6.34% 1.40% 1.40%

2 vs 7 1 1e6 10 1e3 7.36% 5.61% 1.68% 0.58%

2 vs 8 1e3 1e6 1 1e2 7.97% 5.98% 2.57% 1.90%

2 vs 9 1 1e6 1 1e2 7.25% 5.65% 1.55% 0.82%

3 vs 4 1 1e6 1e3 1e6 6.97% 6.33% 0.52% 0.30%

3 vs 5 1 1e3 1 1e2 8.19% 5.74% 3.07% 1.47%

3 vs 6 1 1e6 1e3 1e6 6.46% 5.70% 0.38% 0.28%

3 vs 7 1 1e6 10 1e3 6.82% 5.64% 1.15% 0.63%

3 vs 8 1 1e6 1e3 1e6 9.02% 7.92% 5.50% 4.95%

3 vs 9 1 1e6 1e4 1e6 6.22% 5.48% 1.47% 0.80%

4 vs 5 1e2 1e5 1e3 1e6 7.79% 6.59% 0.88% 0.88%

4 vs 6 10 1e4 1 1e2 8.23% 6.76% 1.12% 0.88%

4 vs 7 1 1e6 1e3 1e5 7.36% 6.32% 1.55% 0.82%

4 vs 8 1 1e6 10 1e3 7.88% 6.16% 2.15% 1.25%

4 vs 9 1e2 1e5 1 1e3 7.89% 6.67% 4.77% 4.83%

5 vs 6 1 1e6 1e4 1e6 7.47% 6.05% 1.90% 1.02%

5 vs 7 10 1e4 1e3 1e6 7.24% 6.14% 0.78% 0.78%

5 vs 8 1 1e3 1 1e3 8.16% 7.28% 3.73% 3.73%

5 vs 9 1 1e6 1e3 1e2 6.91% 5.59% 2.05% 0.83%

6 vs 7 1 1e6 10 1e3 6.80% 5.56% 0.13% 0.17%

6 vs 8 1 1e6 1e4 1e6 6.25% 5.62% 1.12% 0.57%

6 vs 9 1 1e6 1 1e2 6.65% 5.48% 0.42% 0.43%

7 vs 8 10 1e4 1e3 1e6 7.31% 6.25% 1.22% 1.22%

7 vs 9 1 1e6 1 1e2 7.86% 6.75% 4.27% 2.57%

8 vs 9 1 1e3 1e4 1e6 7.36% 5.79% 2.55% 2.02%

Table 3.2: MNist digit recognition. Model-Selection results, bounds, and ac-

curacy of conventional svm and constrained svm.
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Problem Dataset #Training #Test

1 sci.electronics VS rec.sport.baseball 200 1775

2 sci.space VS sci.med 200 1777

3 alt.atheism VS sci.crypt 200 1590

4 rec.sport.hockey VS rec.sport.baseball 200 1793

5 talk.politics.guns VS talk.politics.mideast 200 1650

Table 3.3: Newsgroup-20 binary problems

Problem Conventional SVM Constrained SVM Theoretical Bound Validation Error

C(TG) 2[σ(TG)]2 C(V Q−TG) 2[σ(V Q−TG)]2 R(TG) R(V Q−TG) R
(TG)
V AL R

(V Q−TG)
V AL

1 1 1 1000 10 24.0% 6.3% 24.0% 5.9%

2 1 1 1000 10 8.6% 6.4% 8.1% 4.9%

3 10 1000 10 1 16.2% 5.4% 12.5% 4.1%

4 10 1 1000 10 34.0% 7.8% 7.4% 7.2%

5 10 1 1000 10 16.89% 5.3% 4.24% 3.64%

Table 3.4: Newsgroup-20 results

observed in the MNIST experiments. First, the conventional and VQSVM-

based generalization estimates lead to different model selection outcomes,

and, overall, the latter method leads to higher settings of hyper-parameter

C. This witnessed the fact that the models chosen by the VQSVM model ap-

pear less conservative as compared with the classical one. More importantly,

for the Newsgroup-20 testbed, too, a significant reduction in the bound val-

ues coincided with more effective model-selection choices in matching the

actual generalization errors.

3.4.3.4 Experiments on limited-sample UCI datasets

The experimental verification of the VQSVM approach involved an additional

set of reference datasets from UCI [100], namely, Spec “Heart”, “Sonar”, Pima

Indian “Diabetes” , and “Ionosphere”. In all cases the testbeds were chosen

mainly for their particular (limited) distributions of the training sets, in the

presence of possibly intricate decision surfaces.
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The experiments involving Spec “Heart” maintained the original partitions of

data, including 80 training patterns and 187 test patterns. The “Sonar” sam-

ple was used for training entirely, due to the very small number of patterns

(n = 208). The patterns for Pima Indian “Diabetes” were randomly split into

a training set holding 230 patterns, and a test set including 538 patterns. The

“Ionosphere“ dataset was split into a training set of 251 patterns and a test

set of 100 test patterns.

In all testbeds, the model-selection grid of tested hyper-parameter settings

was made by: C ∈ {0.01, 0.1, 1, 10, 100} 2σ2 ∈ {10−2, 10−1, 1, 10}. Tables 3.5,3.6,3.7,3.8,

3.9 presents the obtained results; The Tables compare the predictions for

both classical and VQSVM-based error bounds, and report, whenever pos-

sible, the outcomes of the model-selection processes in terms of measured

generalization performance.

Empirical evidence highlights the complex nature of the classification prob-

lems involved; in the VQSVM framework that complexity partially invalidated

the “cluster assumption”. This feature, in conjunction with the limited empir-

ical sample, led to bound values that were objectively quite high for both the

classical MD and the VQSVM-based approach.

As expected from theory, even in such this situation (where the fundamen-

tal cluster hypothesis is not completely or partially true) the bounds pre-

dicted by the VQSVM paradigm always kept at most equal or lower that those

obtained by the conventional MD procedure. The fact that the outcomes

of model selection mostly coincided for the classical and the VQSVM ap-

proaches witnesses the relative advantage of the latter method within the

framework of the Structural Risk Minimization principle.

3.4.4 Conclusions

The search for the best-fitting model is a crucial issue in designing a learn-

ing machine. The solution of this problem depends on an accurate estima-

tion of the generalization error or, at least, on the characterization of the

trend of the error with respect to the configuration parameters. The Maximum-

Discrepancy (MD) probabilistic method for assessing a classifier’s generaliza-

tion ability features a sound theoretical background and can provide analyti-
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Table 3.5: “Heart” testbed. Comparison between classical MD and VQSVM

generalization bounds

2σ2 C

0.01 0.1 1 10 100

R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG)

1e-2 51.5% 51.5% 51.47% 51.42% 86.05% 75.42% 86.05% 74.7% 86.05% 71.97%

1e-1 51.47% 51.47% 51.47% 51.42% 86.05% 75.42% 86.05% 74.7% 86.05% 71.97%

1 50.77% 50.77% 50.77% 50.77% 86.05% 75.55% 86.05% 74.7% 86.05% 71.97%

10 35.75% 35.75% 35.75% 35.75% 79.4% 65.07% 86.05% 79.82% 86.05% 79.42%

Table 3.6: “Heart” testbed. Measured test error for model selection validation

2σ2 C

0.01 0.1 1 10 100

1e-2 6.41% 6.41% 10.16% 10.16% 10.16%

1e-1 6.41% 6.41% 10.16% 10.16% 10.16%

1 6.41% 6.41% 10.16% 10.16% 10.16%

10 10.69% 10.69% 19.78% 21.92% 21.92%

Table 3.7: “Ionosphere” testbed. Comparison between classical MD and

VQSVM generalization bounds

2σ2 C

0.01 0.1 1 10 100

R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG)

1e-2 43.06% 43.06% 43.06% 43.06% 100% 99.52% 100% 100% 100% 98.42%

1e-1 43.06% 43.06% 43.06% 43.06% 97.88% 96.57% 100% 97.76% 100% 97.96%

1 43.06% 43.06% 43.35% 43.24% 78.48% 72.49% 95.88% 76.15% 99.47% 73.99%

10 43.06% 43.06% 13.36% 12.53% 46.86% 40.58% 67.72% 54.62% 85.62% 66.91%

Table 3.8: “Ionosphere” testbed. Measured test error for model selection val-

idation

2σ2 C

0.01 0.1 1 10 100

1e-2 29% 29% 28% 28% 28%

1e-1 29% 29% 28% 28% 28%

1 29% 29% 11% 10% 10%

10 29% 5% 5% 3% 5%
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Table 3.9: “Sonar” testbed. Comparison between classical MD and VQSVM

generalization bounds

2σ2 C

0.01 0.1 1 10 100

R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG)

1e-2 57.06% 57.06% 57.06% 57.06% 100% 100% 100% 100% 100% 100%

1e-1 57.06% 57.06% 57.06% 57.06% 100% 100% 100% 100% 100% 100%

1 56.97% 56.97% 56.97% 56.95% 99.16% 98.88% 100% 99.89% 100% 99.89%

10 53.72% 53.72% 37.85% 37.85% 63.28% 62.04% 96.62% 78.62% 100% 78.41%

Table 3.10: “Diabetes” testbed. Comparison between classical MD and

VQSVM generalization bounds

2σ2 C

0.01 0.1 1 10 100

R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG) R(TG) R(V Q−TG)

1e-2 46.64% 46.64% 46.64% 46.64% 100% 97.76% 100% 89.10% 100% 84.73%

1e-1 45.63% 45.63% 45.63% 45.63% 96.6% 91.83% 100% 95.92% 100% 96.36%

1 42% 41.58% 42.31% 42.06% 55.57% 49.84% 80.4% 74.81% 99.47% 89.88%

10 41.42% 41.07% 41.42% 41.06% 36.82% 34.46% 43.28% 41.44% 85.62% 50.02%

Table 3.11: “Diabetes” testbed. Measured test error for model selection vali-

dation

2σ2 C

0.01 0.1 1 10 100

1e-2 34.75% 34.75% 34.75% 34.75% 34.75%

1e-1 34.75% 34.75% 34.57% 34.01% 34.01%

1 34.75% 34.75% 25.65% 26.95% 34.20%

10 34.75% 34.75% 25.65% 23.42% 24.72%
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cal bounds [26]. Thus MD-based estimation provides the basic approach for

assessing the run-time performance of Support Vector classifiers. A signif-

icant drawback of this method lies in the fact that, in real applications, the

resulting MD estimates often does not well track the validation error.

To overcome this hindrance this study has proposed a criterion to iden-

tify and sort a subset of admissible functions within the considered general

model. The method uses unsupervised learning to derive a ‘reference’ clas-

sifier, and the SVM parameters trained on the actual targets to set a limiting

boundary. Only the SVM classifiers that lie within that boundary, with respect

to the reference, are admissible when computing the generalization bound.

The section has described an express procedure for implementing the opti-

mization process under the constrained-capacity mechanism.

The effectiveness of the method has been illustrated by using real world

datasets; results confirmed that the constraint-based approach leads to op-

timal hyper-parameters and featured tighter bounds than the conventional

SVM method. Moreover, the predicted optimal models proved more accurate

in terms of validation error, as compared with those obtained by applying

the Maximal Discrepancy estimation to classical SVM’s when a cluster hy-

pothesis exists and when the vector quantization algorithm proves effective

in identifying the clusters structure.

In this work, the constraining method was applied to SVM by using VQ

results as a reference. In fact, the methodology has a wider general validity,

and the approach can extend to other classifier models. Since choosing a

certain reference solution is equivalent to choosing a ‘prior’, other reference

solutions than VQ can be adopted. The work presented here mainly aimed to

set a starting point on the refinement of SRM, by using biased regularization

for the computation of generalization bounds.

Next section will investigate the effect of applying biased regularization

to various learning machines with the aim of obtaining a Semi-Supervised

learning scheme: this means studying VQSVM and its extensions as a learn-

ing tool and no more only as a support tool for SVM tight bounds computa-

tion.
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3.5 Semi-Supervised Learning by Biased Regularization

Inductive bias is of fundamental importance in learning theory, as it in-

fluences heavily the generalization ability of a learning system. From a math-

ematical point of view, the inductive bias can be formalized as the set of as-

sumptions that determine the choice of a particular class of functions to sup-

port the learning process. Therefore, it represents a powerful tool to embed

the prior knowledge on the applicative problem at hand.

This work addresses the advantages and the issues of introducing an induc-

tive bias in kernel machines when semi-supervised classifications problems

are being tackled. In semi-supervised classification, one exploits both unla-

beled and labeled data to learn a classification rule/function empirically; the

semi supervised approach should improve over the classification rule that is

learnt by only using labeled data.

The interest in semi-supervised learning has increased recently, especially

because application domains exist (e.g., text mining, natural language pro-

cessing, image and video retrieval, and bioinformatics), in which large datasets

are available but labeling is difficult, expensive, or time consuming.

Biased regularization provides a viable approach to implement an induc-

tive bias in a kernel machine, as confirmed by the generalized ’Represen-

ter Theorem’ [48]. Biased regularization of Support Vector Machines (SVMs)

has been adopted in [104] for a personalized handwritten system. Ivanov-

like biased regularization was adopted in the previous section to shrink the

generalization error bounds for SVMs under the so called cluster hypothe-

sis (see [105] for a very in depth analysis). A similar result was obtained in

the PAC Bayesian framework [106]. The research presented here shows that

semi-supervised learning can benefit from biased regularization, too. First, a

novel, general biased-regularization scheme is introduced that encompasses

the biased versions of two powerful kernel machines, namely, SVMs and Reg-

ularized Least Squares (RLS). Then, the paper proposes a semi-supervised

learning model, which is based on that biased-regularization scheme and fol-

lows a two-step procedure. In the first step, an unsupervised clustering of the

whole dataset (including both labeled and unlabeled data) obtains a refer-
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ence solution; in the second step, the clustering outcomes drive the learning

process in a biased RLS (bRLS) machine or a biased SVM (bSVM) to acquire

the class information provided by labels. The ultimate result is that the over-

all learned function exploits both labeled and unlabeled data. The integrated

framework applies to both linear and non linear data distributions: in the for-

mer case, one works under a cluster assumption on data; in the latter case,

one works under a manifold hypothesis [107]. As a consequence, for a suc-

cessful semi-supervised learning, unlabeled data are assumed to carry some

intrinsic geometric structure, e.g., in the ideal case, a low-dimensional, non-

linear manifold.

The biased semi-supervised approach exhibits several features, such as mod-

ularity in the procedure that generates a biasing solution, convexity of the

cost function, predictable complexity, and out-of-sample extension. More-

over, the paper shows that the framework allows one to perform model se-

lection based on generalization bounds; this property proves especially use-

ful in the presence of small labeled dataset (i.e., less than 50 patterns), and

seems to represent an interesting novelty point in the scientific landscape

of semi-supervised learning models. The experimental verification of the

method involved both linear and non linear datasets. Experimental results

confirmed the effectiveness of the approach for both bSVM and bRLS and

proved that the proposed semi-supervised learning scheme compares pos-

itively with state-of-the-art algorithms, such as LapRLS, LapSVM [107], and

Transductive SVM (TSVM) [3]. 1

3.5.1 Biased Regularization

In the linear domain one can define a generic convex loss function, l(X, Y,w),

and a biased regularizing term; the resulting cost function is:

l(X, Y,w) +
λ1

2
‖w − λ2w0‖2

�� ��3.144

where w0 is a “reference” hyper-plane, λ1 is the classical regularization

1 A Matlab implementation of the routines performing the comparison be-

tween the proposed framework, LapRLS, LapSVM and TSVM is available at

http://www.sealab.dibe.unige.it/biased learning
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parameter that controls smoothness (e.g., 1/C in SVM), and λ2 controls the

adherence to the reference solution w0. Expression (3.144) is a convex func-

tional and thus admits a global solution. From (3.144) one gets:

l(X, Y,w) +
λ1

2
‖w − λ2w0‖2 = l(X, Y,w) +

λ1

2
‖w‖2 − λ1λ2w ·w0

�� ��3.145

which actually involves two regularization parameters, λ1 and λ2; this prob-

lem setting differs from the one proposed for SVM in [104], where only one

regularization parameter was defined, obtaining l(X, Y,w) + λ1 ‖w −w0‖2.

The latter expression and (3.145) coincide in the special case λ2 = 1.

Figure 3.20 (a,b,c) explicates the role played by parameter λ2 in three dif-

ferent cases. In all those figures, a black square denotes the reference hyper-

plane, w0, and a grey square indicates the ’true’ optimal solution w∗. For the

sake of clarity, and without loss of generality, the examples assume that:

1. λ1 is set to a fixed value (i.e., λ1 = 1).

2. The distance ‖w − λ2w0‖ is constant for any λ2.

3. wλ2=0 (black triangle) is the best solution one can obtain from the un-

biased learning (i.e., λ2 = 0). Here, ‘best solution’ refers to the solu-

tion that is closest to w∗ among all the possible w that lies at a distance

‖w − λ2w0‖ from w0 (the dashed circumference).

Figure 3.20(a) refers to the situation in which the reference w0 is closer to

the true solution w∗ than wλ2=0. The Figure shows that when λ2 decreases

from 1 to 0, the centre of the ideal circumference, which encloses the even-

tual solution wλ2 , drifts. When λ2 → 0, wλ2 moves toward the origin w = 0,

which represents the condition ‘no reference is exploited.’ Indeed, the draw

highlights that, when w0 gives a reliable reference, one can take full advan-

tage of biased regularization, as the best solution for λ2 = 1, wλ2=1, definitely

improves over wλ2=0.

Figure 3.20 (b) illustrates the opposite case: the reference w0 is more dis-

tant from the true solution w∗ than wλ2=0 (it is worth to note that the relative

position of w∗ and wλ2=0 with respect to the origin w = 0 remains unchanged
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(a)

(b)

(c)

Figure 3.20: Role of λ2 in biased regularization
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when compared with Fig. 3.20(a)). In this situation, one would obtain the

best outcome by setting λ2 = 0, thus neutralizing the contribution of the bi-

ased regularization. Hence, w0 does not represent a helpful reference.

Finally, Fig. 3.20(c) illustrates another situation in which the reference

w0 is more distant from the true solution, w∗, than wλ2=0. In such a pecu-

liar situation biased regularization remains useful, as by adjusting λ2 (i.e., by

modulating the contribution of the reference w0) one eventually obtains a

solution wλ2 that improves over wλ2=0. As a result, one can take advantage of

biased regularization even when the reference solution is not optimal.

The extension of (3.144) to non linear models is straightforward by consider-

ing a Reproducing Kernel Hilbert Space H. In that case one has a reference

function f0 and the functional (3.144) becomes:

l(X, Y, f) +
λ1

2
‖f − λ2f0‖2

H ,
�� ��3.146

where now the norm of the regularizer is taken inH as usual. Eventually, one

obtains the models for the biased RLS (bRLS) and the biased SVM (bSVM),

respectively, by adopting the proper loss function l(X, Y,w):

bRLS :
∑l

i=1(yi − f(xi))
2 + λ1

2
‖f − λ2f0‖2

H

bSVM :
∑l

i=1(1− yif(xi))+ + λ1
2
‖f − λ2f0‖2

H

This framework can be arbitrarily extended to n-layered networks. In the

case of a two layered neural network, one should additionally constrain the

hidden layer weights matrix: W0 denotes the reference of the hidden weights

matrix and ‖W‖2
F is the Frobenius norm of matrix W. Then a suitable func-

tional to be minimized is:

l(X, Y,w,W) + λ1 ‖W − λ2W0‖2
F +

λ1

2
‖w − λ2w0‖2

In the following, the paper only considers networks such as kernel meth-

ods, where the hidden layer is not subject to empirical learning.
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3.5.2 Biased SVM

The following Theorem formalizes the dual form of SVM that include a regu-

larizing bias (bSVM). The formulations do not explicitly use the conventional

scalar bias ‘b’ because it is implicitly considered by adding the value ‘1’ at the

end of each pattern.

Theorem 3.5.1. (bSVM): Given a reference hyperplane w0 (or a reference func-

tion f0), a regularization constant C, and biasing constant λ2, the dual form

of the learning problem:
min
ε,w

C
∑l

i=1 εi + 1
2
‖w − λ2w0‖2

yi(w · xi) ≥ 1− εi ∀i

εi ≥ 0 ∀i

�� ��3.147

is written as:  min
α

1
2
αtQα−

∑l
i=1 αi(1− λ2yif0(xi))

0 ≤ αi ≤ C ∀i

�� ��3.148

The model of the data is:

f(x) =
l∑

i=1

αiyiK(x,xi) + λ2f0(x)
�� ��3.149

Proof. See Appendix.

The minimization problem in (3.148) does not involve a linear constraint,

hence it differs from the conventional SVM formulation [3]. The problem

(3.148) can be optimized by an SMO version that uses only one Lagrange

multiplier at each iteration. An ad-hoc, one-variable SMO algorithm can be

easily derived from [108] or [104]. In such a new procedure, the gradient inte-

grates the new reference based-term and the regularization parameter. The

gradient value for the i-th pattern is:

Gi = yi

l∑
j=1

αjyjK(xj,xi)− 1 + λ2yif0(xi)
�� ��3.150
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Then, as usual, the projected gradient PG is computed and the KKT opti-

mality conditions are checked on this value. The algorithm runs till the KKT

conditions are satisfied. In the following the pseudo-code of the algorithm is

presented.

Algorithm 6 bSVM Solver

Require: Q, λ2, C, y, τ

Ensure: α

1: α = 0, flag=0

2: while !flag do

3: flag = 1

4: for i=1,. . . ,l do

5: G = yi
∑l

j=1 αjyjK(xj,xi)− 1 + λ2yif0(xi)

6: PG =


min(G, 0) if αi = 0

max(G, 0) if αi = C

G if 0 < αi < C

7: if |PG| > τ then

8: αi = min(max(αi −G/kii, 0), C)

9: flag=0

10: end if

11: end for

12: end while

The above pseudo-code can be considerably accelerated by updating the

gradient only when necessary, and by using shrinking and random permuta-

tions of indexes of patterns at each iteration [108].

3.5.3 Biased RLS

The following theorem formalizes the linear biased version of RLS.

Theorem 3.5.2. Given a reference hyperplane w0, a regularization constant

λ1, and a biasing constant λ2 , the problem:

min
w
‖Xw − y‖2 + λ1 ‖w − λ2w0‖2

�� ��3.151
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has solution:

w = (XtX + λ1I)
−1(Xty + λ1λ2w0)

Proof. See Appendix.

The following theorem gives the dual form of biased RLS (bRLS):

Theorem 3.5.3. Given a reference hyperplane w0 (or a reference function f0), a

regularization constant λ1, and a biasing constant λ2, the dual of the problem:

min
w
‖Xw − y‖2 + λ1 ‖w − λ2w0‖2

is:

min
β
‖Kβ + λ2f0(x)− y‖2 + λ1β

tKβ

which has solution:

β = (K + λ1I)−1 (y − λ2f0(X))
�� ��3.152

The model of the data is:

f(x) =
l∑

i=1

βiK(x,xi) + λ2f0(x)

Proof. See Appendix.

From a computational point of view, the choice between the primal or the

dual solution depends on the characteristics of the available data. If samples

lie in a low-dimensional space and can be separated by a linear classifier,

the primal form is preferable because it scales linearly with the number of

features. Conversely, when the number of patterns is lower than the number

of features, the dual form should be used.

3.5.4 Semi-Supervised Learning by using Biased Regularization

Kernel machines exploiting biased regularization can effectively support

semi-supervised classification. This Section proposes the semi-supervised

classification scheme, and discusses the appealing advantages provided by

adopting the bSVM or the bRLS model as a learning machine in that frame-

work.
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3.5.4.1 A Semi-Supervised Learning Scheme Based on Biased Regulariza-

tion

Let X be a dataset composed by l labeled patterns and u unlabelled pat-

terns; let Xl denote the first subset, y denote the corresponding vector of la-

bels, and Xu denote the second subset. Then the proposed semi-supervised

learning scheme can be formalized as follows:

1. Clustering: Perform unsupervised clustering (bi-partite in the simplest

case) of the dataset X by adopting any algorithm supporting that task.

2. Calibration: For each cluster, set the cluster label by adopting a ma-

jority voting scheme that exploits the labeled samples. Then, for each

cluster, assign to each sample the cluster label. Let ŷ denote this new set

of labels.

3. Mapping : Given X and ŷ, train the selected learning machine and ob-

tain the solution w0.

4. Biasing: Given Xl and the true labels y train the biased version of

learning machine (biased by w0. The eventual solution w endows infor-

mation from both the labeled data Xl and the unlabeled data Xu.

In this procedure, ‘Biasing’ step, is fully supported by the biased-regularization

scheme previously introduced. The extension of the procedure to the non

linear domain is straightforward: one should simply substitutew0 andw with

their kernel representations. The procedure has similarities to that adopted

in deep learning architectures [109]. In that case the training algorithm per-

forms a preliminary unsupervised stage, then uses labels only to adjust the

network for the specific classification task; the eventual representation mostly

reflects the outcome of the learning process completed in pre-training phase.

Likewise, in the proposed framework, a pre-training phase builds w0 and a

final adjustment derives the final w. The semi-supervised learning scheme

possesses some interesting features:

1. The learning scheme is general, as it applies both to linear and non lin-

ear domains. Any regularization based learning machine can be used:
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neural networks with weight decays [38], random neural networks [70]

plus regularization terms, kernel methods [1] and so on.

2. The semi-supervised learning task is tackled by separating the two ac-

tions: clustering, and biasing. One can control and adjust a specific ac-

tion separately, e.g., by adopting a particular solution or by designing a

new algorithm. This may be the case for the clustering task, which can

take advantage from methodologies that address effectively complex,

non linear domains.

3. If the learning machine is a single layer learning machine whose cost is

convex then convexity is preserved and a global solution is granted.

4. Every clustering method can be used to build the reference solution.

It has been proved that simple optimization algorithms (bSVM) or stan-

dard linear system solvers (bRLS) can be used to run the learning algorithm

for two powerful and reliable (biased) classification machines. Hence, bSVM

and bRLS represent two consistent candidates for tackling biased learning

in the semi-supervised classification framework. Indeed, the use of bSVM

or bRLS can also lead to other interesting outcomes concerning the eventual

computational complexity of the method and the model selection procedure.

Those aspects are addressed in the following.

3.5.4.2 bSVM and bRLS for Semi-Supervised Learning: Computational

Complexity

The semi-supervised learning scheme presented above involves three com-

putationally intensive steps: clustering, mapping and biasing. The clustering

task can be accomplished by several, different clustering algorithms, which

in turn are characterized by different computational complexities. Thus, the

complexity of this task will be denoted generically asOC . In principle, though,

some efficient and effective solutions to implement powerful clustering algo-

rithms such as K-Means or Spectral Clustering are available [75].

In the second step, mapping, the time complexity is entirely determined

by the learning machine applied to all the l+u available samples. For RLS this
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would mean a complexity ofO((l+u)3), i.e. the solution of the usual system of

linear equations. When adopting SVM as learning machine, one can exploit

the SMO algorithm, which scales in between O(l + u) and O((l + u)2)[101].

The third step, biasing, requires one either to solve a linear system or us-

ing an SMO-like algorithm. In both cases, one also need to pre-compute once

the predictions of the reference model f0(x) for all the labeled patterns (with

d-dimensional patterns the eventual cost is O(ud). As a result, when bRLS is

adopted as learning machine, the computational complexity is:

ObRLS = OC +O(( l + u)3) +O(ud) +O(l3)

In ObRLS the dominant terms are O(( l + u)3) and possibly the complexity

OC associated to the clustering task. When instead bSVM is used, the com-

putational complexity is:

ObSVM = OC +O(( l + u)2) +O(ud) +O(l2)

where the dominant terms are O((l + u)2) and, again, the complexity OC .

In this case, one assumes thatO(ud) < O((l+u)2); this is a reasonable hypoth-

esis, except for those cases where the data lie in a highly dimensional space.

Therefore, the complexity of the training procedure roughly scales with the

same complexity of the original learning machine. SVM scales approximately

as O(l2), and its semi-supervised version (bSVM) scales as O((l + u)2); a sim-

ilar behavior characterizes RLS and bRLS. Some final considerations can be

added to the discussion concerning computational complexity:

1. Provided that the clustering engine scales well, the proposed semi-supervised

learning scheme is able to address large scale problems. In specific

domains such as text mining where linearity and data sparsity can be

exploited, adaptations [108] of the learning algorithm can lead to ex-

tremely fast learning algorithms, which are able to deal with hundreds

of thousands of patterns in few seconds [108].

2. New, unseen test patterns can be managed effectively since the class

assignment exploits the closed form function (3.149).
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3.5.4.3 Biased Regularization for Semi-Supervised Learning Supports Ef-

fective Model Selection

The proposed semi-supervised learning framework extends the supervised

classification scheme presented in the previous section (VQSVM). That work

showed that, when a cluster hypothesis holds, using clustering to set a refer-

ence solution leads to a sharp reduction of the space of possible functions.

Such result is noteworthy in that it eventually leads to tight generalization

bounds. Tight generalization bounds are in turn a necessary condition for

supporting an effective model selection. To extend the scheme of VQSVM to

semi-supervised learning, the present framework involves both labeled and

unlabeled data in the clustering step. Indeed, the effectiveness of model se-

lection is improved by adopting a formulation of biased regularization that

fully exploits parameters λ1 and λ2. These quantities actually implement the

model discussed in [110], which analyzed the implication of using a strong

bias or a weak bias on the hypothesis space.

Figure 3.21 considers four cases, and analyzes the relative positions of the

origin w = 0, the reference, w0 and the true solution, w∗. Figure 3.21 (a)

exemplifies the case “good reference / weak bias,” whereas Fig. (b) illustrates

the case “good reference / strong bias.” In both situations, the reference solu-

tion w0 is not far from the true solution w∗. However, in the first case, a weak

bias is adopted, and the biasing step is allowed to explore a relatively wide

portion of space around the reference (the lighter circumference, which rep-

resents the space of functions). Conversely, the second case refers to the use

of a strong bias, hence a smaller portion of space is explored. Eventually, the

area explored by adopting a strong bias does not include w∗.

Figure 3.21 (c) refers to the case “bad reference / weak bias.” The reference

w0 is quite distant from the true solutionw∗; by adopting a weak bias, though,

one can still exploit biasing to reach w∗. Finally, Figure 3.21 (d) presents the

case “bad reference / strong bias.” In this situation, by adopting a strong

bias one restricts the space to be explored to a small region around w0. As a

result, the proposed solution will be very distant from the true solution w∗.

Overall, the four examples confirm that by modulating the biasing mecha-
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(a) (b)

(c) (d)

Figure 3.21: Inductive Bias and Hypothesis space
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nism through the parameters λ1 and λ2 one can take full advantage of the

semi-supervised scheme and support the model selection procedure prop-

erly. Eventually, the proposed framework involves a novel semi-supervised

classification scheme, which supports a fully automated model selection and

can be applied also when the size of the labeled dataset is small (l < 50). Such

feature will be analyzed experimentally by exploiting the MD approach to as-

sess true generalization errors.

3.5.4.4 Comparison with Other Semi-Supervised Classification Methods

A considerable number of semi-supervised clustering methods have been

proposed in the past years [3][111][112][113][114]. Among them the most

spread approaches include the co-training method [115], Transductive SVM

(TSVM) [3], the semi-supervised generative model based on the Expectation

Maximization (EM) algorithm [112], the cluster kernel method [113], mani-

fold regularization [107], and Semi Parametric Regularization [114]. The pro-

posed framework can provide attractive features when compared with these

methods. First, the reference function can be worked out by exploiting any

clustering algorithm. Such flexibility is not supported by the approaches

discussed above, which in fact embed their own methodology for compute

the reference function. Second, biased regularization can support effectively

model selection, since tight generalization bounds can be attained [8]. This

feature is crucial indeed, in particular when a model with few labeled data

is addressed. Other approaches to semi-supervised learning do not provide

this attribute. Furthermore, the present framework exploits a convex cost

function. In fact, such feature is not supported by TSVM and the EM-based

approach. As a major consequence, optimization represents a difficult task

in both approaches. Actually, an efficient learning scheme for TSVM can be

attained by exploiting Convex Concave Procedure [116]; analogously, some

effective strategies are proposed in [112] to avoid local minima.

The proposed framework also ensures satisfactory performance in terms of

computational complexity. Such aspect is highlighted in Table 3.12, which

reports for each approach computational complexity, the implicit hypothe-

sis made on data distribution in the feature space, the functional kind, and
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Method Complexity Cluster Hypothesis Functional Generalization Bound

bRLS OC +O(l + u)3 flexible convex yes

bSVM OC +O(l + u)2 flexible convex yes

bSVM linear OC +O(d(l + u)k) linear convex yes

bSVM linear sparse OC +O(d̄(l + u)k) linear convex yes

LapRLS O(l + u)3 manifold convex no

LapSVM O(l + u)3 manifold convex no

LapSVM linear O(d)3 linear convex no

Cluster kernel O(max(l, u)3) flexible convex no

TSVM O(k(l + 2u)2) non dense region cuts non convex no

EM Based - mixture models non convex no

Co-training - - classifier dependent yes

Semi Parametric O(l + u)3 KPCA induced convex no

Table 3.12: Comparison among semi supervised classificatio methods

the availability of generalization bounds. Computational complexity is for-

malized by using the number of labeled patterns, l, the number of unlabelled

patterns, u, the dimensionality of the data, d, the number of iterations of the

learning algorithm, k, the complexity of the clustering algorithm, OC . The

Table also reports the computational complexity of bSVM linear under the

hypothesis of sparse data; in that case, d̄ represents the average number of

non null data. For the proposed biased learning machines, complexity has

been formalized by assuming the use of efficient SMO-like routines. The Ta-

ble shows that the present semi-supervised learning scheme can attain sat-

isfactory performances in terms of computational complexity whenever the

clustering algorithm scales as (or better than) the adopted biased machine.

In this regard, bSVM appears especially appealing as it scales quadratically,

or even linearly if the underlying problem has particular characteristics. In-

deed, one should take into account that the term OC represents the addi-

tional cost to be paid to gain in flexibility.

3.5.5 Experimental Results

The experimental section aimed at evaluating the accuracy performances

of the proposed methods on unseen data, i.e. to assess induction perfor-

mances. First, the results obtained on a toy dataset, two moons [117], are pre-

sented. Then, the performance of bSVM and bRLS are analyzed in a text min-

ing problem. In particular, the ability of the proposed framework to support
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effective model selection is showed. Finally, a comparison between bSVM,

bRLS, LapRLS, LapSVM and TSVM is proposed.

3.5.5.1 Two-Moons Synthetic Dataset

The Two Moons dataset [117] includes 200 patterns, which lie on a bidimen-

sional space. Figure 3.22 compares the results obtained on this synthetic

dataset by exploiting two different semi-supervised classification approaches.

Figure 3.22 (a) shows the classification rule learned by a conventional RLS

machine fed with two labeled samples, one for each class; the two labeled

patterns used in the experiment are marked in the figure. Obviously, RLS

failed in finding out a satisfactory classification rule. Figure 3.22(b) reports

the classification rule learned by adopting the proposed semi-supervised clas-

sification scheme; the same two patterns were used as labeled samples. In

this case, bRLS was exploited as learning machine and linear k-means was

adopted as clustering tool. Figure 3.22 (b) shows that the semi-supervised

classification tool could not attain a reliable classification rule. Indeed, Fig.

3.22(c) gives the eventual result obtained by adopting a different configura-

tion in the semi-supervised classification framework. In this set up, the clus-

tering procedure was supported by Spectral Clustering, while bRLS still was

used as learning machine; the regularization parameters were set as follows:

λ1 = λ2 = 1 and σ = 0.2. The graph in Fig. 3.22 (c) proves that the semi-

supervised framework was able to learn the correct classification rule when

adopting the latter configuration.

Figure 3.22 (b) and 3(c) allow one to understand the crucial advantage

provided by flexibility in the semi-supervised classification scheme. The un-

satisfactory result illustrated in Fig. 3.22 (b) is caused by a poor performance

of the clustering tool (linear k-means), which was not able to capture the non

linear structure of the dataset. As a major consequence, the eventual refer-

ence solution could not support properly the classification scheme. Con-

versely, when a suitable clustering tool is exploited (in this example, Spectral

Clustering) biased regularization can lead to effective results, even when only

two labeled patterns are available (Fig 3.22 (c)).
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(a) (b) (c)

Figure 3.22: Two moons semi supervised learning

3.5.5.2 A Text Mining Problem

Text mining represents an important application domain for semi-supervised

learning. Hence, the well known Newsgroup20 dataset was used as testbed to

evaluate the performance of the proposed semi-supervised learning scheme

on text mining problems. In the Newsgroup20 dataset text documents are

represented as vectors of real-valued weight terms. First, each document un-

dergoes a pre-processing phase, after which a document D eventually con-

sists in a sequence of significant tokens called ‘index terms.’ The correspond-

ing vector-space model spans a T -dimensional dictionary, and represents

each document D as a vector. Each component of the T -dimensional vec-

tor is a non-negative weight term that denotes the relevance of the term itself

within the document D (e.g., the term frequency). The patterns included in

the Newsgropup20 dataset are partitioned across 20 different newsgroups,

each corresponding to a specific topic. The present experimental session

involved four binary classification problems: rec.autos vs rec.motorcycles,

rec.sport.baseball vs rec.sport.hockey, sci.med vs sci.electronics and soc.religion.christian

vs talk.politics.mideast. A pre-processing stage based on random projec-

tions [17] was applied to data to shrink the patterns dimensionality; eventu-

ally, the space dimension was reduced to 3000 features. The first experiment

adopted conventional cross-validation to support the search for the best pa-

rameter setting. Four different learning machines were involved in the ex-
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periment: SVM, RLS, semi-supervised learning by bRLS and semi-supervised

learning by bSVM. The ranges for the model selection were set as follows: C ∈
{2−8, 28}, λ1 ∈ {2−8, 28} and λ2 ∈ {2−8, 28}. The primal form was adopted for

the training of bRLS, while bSVM was trained using the dual form. The linear

k-means algorithm was exploited as clustering tool in the semi-supervised

learning scheme. That choice was motivated by the intrinsic linear structure

of text mining problems. The experiment was conducted as follows. For each

classification problem, 1000 randomly selected patterns were used for the

training and cross-validation procedure; the remaining patterns (about 1000

samples) were collected in the validation set. Training and cross-validation

involved different runs. In each run, the complete set of 1000 patterns com-

posed the unlabeled dataset to be used in the clustering phase; conversely,

only a subset of these patterns was considered labeled and thus available for

the training phase. The labeled samples not involved in the training were

indeed used as cross-validation set. Hence, eventually, different runs were

developed by increasing progressively the number of labeled data involved

in the training phase. The results are presented in Figure 3.23: each graph

compares, for the single classification problem, the performance of the four

learning machines involved in the experiment; the graph gives on the y-axis

the classification error on the validation set and on the x-axis the number of

labeled patterns used in the training phase. Figure 3.23 proves that the pro-

posed semi-supervised classification scheme improves over powerful learn-

ing techniques such as RLS and SVM. In particular, the classification error

dramatically decreases when a very small number of labeled patterns is avail-

able for training. Nonetheless, the semi-supervised scheme attains remark-

able performance even when more than 500 labeled patterns are available.

The second experiment was designed to test the ability of the semi-supervised

learning to perform effective model selection by exploiting generalization

error bounds. Therefore, the best model was selected by choosing the pa-

rameter setting that led to the best generalization error, which was assessed

by adopting the MD approach (details on the computation of generalization

bounds are given in [8]). As before, the experiment involved different runs,

corresponding to different sizes of the labeled dataset in the training phase.
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(a) (b)

(c) (d)

Figure 3.23: Semi-supervised text mining
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Figure 3.24 presents the results obtained with the experiment. Each graph

compares, for the single classification problem, the performance of SVM with

that attained by the semi-supervised scheme exploiting bSVM; the reference

performance obtained by bSVM with the conventional cross-validation pro-

cedure is also given. The graph gives on the y-axis the classification error on

the validation set and on the x-axis the number of labeled patterns used in

the training phase. In this experiment the range of labeled samples has been

limited to 50, as conventional model selection based on cross validation is

unreliable in particular when very small dataset are involved. Results con-

firm that the proposed semi-supervised scheme supports a reliable model

selection procedure based on generalization bounds. The eventual classifi-

cation error of the selected model is obviously worse than that attained with

conventional model selection. However, the performance is still satisfactory.

3.5.5.3 Comparison with LapRLS, LapSVM and TSVM

The last experimental session was designed to compare the proposed semi-

supervised scheme with other semi-supervised framework proposed in the

literature: LapRLS, LapSVM [107], and Transductive SVM (TSVM) [3]. To per-

form a fair comparison, the experiments involved the datasets already ad-

dressed by those approaches: USPS [118] and Isolet [100]. Different config-

urations of the semi-supervised scheme were compared. In particular, four

different clustering tools were used: k-means with Manhattan distance, k-

means with Euclidean distance, spectral clustering, and Expectation Maxi-

mization. As publicly available Matlab code is provided for LapRLS, LapSVM

and TSVM [117], experiments involving the proposed semi-supervised learn-

ing scheme were developed by embedding the new code into those routines.

As a result, the experiments also exploited the data preprocessing designed

by the authors of those approaches. To this aim, the conventional Matlab

routine of the k-means algorithm was used, while publicly available Matlab

versions of the EM algorithm [119] and of spectral clustering [75] were ex-

ploited. The corresponding Matlab code is freely available at:

http://www.sealab.dibe.unige.it/biased learning. The first experiment ad-

dressed the USPS dataset, which is a OCR dataset collecting digits images.
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(a) (b)

(c) (d)

Figure 3.24: Semi-supervised MD text mining
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The experiment involved all the 45 bi-class problems that can be generated

from the dataset. For each problem, the experimental set up followed that

adopted in [107]: the first 400 images are inserted in the training set and pre-

processed by PCA, which is exploited to obtain a feature space with dimen-

sion 100; the remaining images compose the test set. For each class, 2 sam-

ples randomly selected were labeled, while the others were left unlabeled.

Polynomial kernel was used of degree ‘3’. The parameters setting in [107] de-

notes that geometry information is very important to correctly address this

problem, as a 9:1 ratio in the regularizers settings results in a predominance

of the geometric term induced by the Graph Laplacian. Therefore, parame-

ters λ1 and λ2 were set accordingly in all the experiments involving Spectral

Clustering (whose solution is induced by the Graph Laplacian): λ1 = 0.1 (i.e,

C = 10) and λ2 = 1. These settings result in a configuration that gives high

confidence to the reference solution provided by clustering. Different set-

tings were used in the experiments not involving Spectral Clustering: λ1 = 0.1

(i.e.,C = 10), λ2 = 0.1; this configuration smoothes the importance of the ref-

erence solution. Such set up was the result of preliminary experiments on the

dataset.

Figure 3.25 presents the comparison between the eight different configu-

rations adopted for the proposed semi-supervised learning scheme. Fig. 3.25

(a) refers to the four configurations based on bSVM: the y-axis gives the clas-

sification error, while the x-axis enumerates the different classification prob-

lems involved in the experiment. Analogously, fig. 3.25 (b) presents the re-

sults obtained with the four configurations based on bRLS. The plots clearly

show that the configurations that attain the best performance are those ex-

ploiting spectral clustering as clustering tool.

Figure 3.26 compares the performances of the two configurations based

on spectral clustering with those attained by LapRLS, LapSVM and TSVM.

In particular, fig. 3.26(a) gives the results attained by bRLS and LapRLS and

fig. 3.26(b) gives the results attained by bSVM, LapSVM and TSVM. All the

results refer to the accuracy values obtainable at the break-even points in the

precision-recall curves; such set up follows the one adopted in [107] and al-

lows a fair comparison between the different approaches. Numerical results
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(a) (b)

Figure 3.25: USPS Comparison with different reference clusterings

show that most of the time the proposed semi-supervised scheme improves

over the other methods. Indeed, in some cases the gain in classification error

obtained with bRLS or bSVM is significant.

(a) (b)

Figure 3.26: USPS Comparison with LapRLS, LapSVM, TSVM

The second experiment addresses the Isolet dataset; this dataset collects

letters of the English alphabet spoken in isolation by 150 subjects [100]. The

speakers are grouped in 5 sets of 30 speakers each (isolet1, isolet2, etc). Also

in this case the experimental design followed the one adopted in [100]. Thirty

speakers (the subset isolet1) are used for training, thus obtaining 1506 train-
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ing patterns; the test set is composed by the isolet5 subset, which contains

1559 examples. The binary classification task consists in dividing the first 13

letters of the alphabet from the last 13. A total of 30 classifications problems

are considered; each problem corresponds to a different data split where 52

utterances of one speaker were labeled, while the others remain unlabeled.

The RBF kernel was exploited in this experiment; the kernel width σ was set

to 10. In [107] the geometric regularization reference term was chosen to be

one order of magnitude smaller than the first regularization term. Such set-

ting clearly indicates that the confidence in the geometric information is low;

this in turn suggests that semi-supervised learning may not be effective. In-

deed, inductive results in [107] show a marginal gain over the conventional

supervised solution.

(a) (b)

Figure 3.27: Isolet Comparison with LapRLS, LapSVM, TSVM

Figure 8 compares the performance of LapRLS, LapSVM, and TSVM with

those attained by the proposed semi-supervised learning scheme (using spec-

tral clustering as clustering tool). The regularization parameters were set as

follows: λ1 = 0.1 and λ2 = 0.1. Also in this case the results refer to the

accuracy values obtainable at the break-even points in the precision-recall

curves. The plots show that the proposed semi-supervised learning method

does not seem able to attain better performance than LapRLS or LapSVM for
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this dataset. An analysis of the underlying data structure can indeed give an

explanation for that outcome. The Spectral Clustering procedure seems un-

able to achieve a satisfactory division of patterns that actually lies in different

classes. As a major consequence, the semi-supervised learning scheme suf-

fers from such ineffective clustering. Better performances could be obtained

with a clustering algorithm able to perform a different projection (if any);

e.g., one may change the affinity matrix in the Spectral Clustering procedure

to get a different mapping of the data.

3.5.6 Conclusions

The present research proves that using biasing techniques in kernel ma-

chines can lead to an effective, yet simple learning scheme for semi-supervised

classification. The eventual framework is characterized by several appealing

features. First, the semi-supervised learning task is tackled by separating the

two actions: clustering, and biasing. Therefore, one can control and adjust a

specific action separately, e.g., by adopting a particular solution or by design-

ing a new algorithm. This may be the case for the clustering task, which can

take advantage from methodologies that address effectively complex, non

linear domains. Second, if the employed learning machine supports a convex

optimization problem, the learning scheme preserves convexity. Moreover,

the present semi-supervised learning scheme can support an accurate esti-

mation of the generalization bounds; as a major result, effective model se-

lection can be achieved even when small dataset are involved. The proposed

framework also performs effectively in terms of computational complexity.

In principle, the overall computational cost is affected by the additional cost

brought about by clustering to be paid to gain in flexibility. Indeed, that ad-

ditional term may be neglected provided that the clustering engine scales

well with the number of samples. Two future activities can stem from the

present work. The first addresses the use of biased regularization in other

kernel machines or even in neural networks. The second aims at developing

new biasing schemes that may improve the generalization ability of regular-

ized learning machines.
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3.6 Explicit Transductive bound

3.6.1 Induction, Transduction and Semi-Supervised learning

In recent years, approaches alternatives to full induction have reached an

always increasing attention from the machine learning research community.

Inductive methods find a global solution from empirical data and build gen-

eral model applicable all over the population.

Beside inductive learning schemes, exist the so called transductive learning

[3]: in this environment is not required generalization for every possible in-

put, instead only achieving the best possible performance on a particular

and known test data. This, intuitively, makes transduction simpler than in-

duction, since what is request are values at given points [3] and not a global

predictive function.

Transduction and semi-supervised learning are quite different concepts:

in the first setting one is interested in finding values at given points and no

more, in semi-supervised learning one is interested in producing a decision

function by using labelled and unlabelled data: a transductive algorithm can

perform predictions only on working set, a semi-supervised one can predict

all over the population so it is completely inductive.

The importance of transduction is due to different reasons: one of them is

its fundamental part over the inductive approach itself. Well known Vapnik

classical bound, somehow implicitly makes use of transduction when con-

cerned with ghost set. In transductive setting, the ghost set is real and is

the set of given points in which predictions are performed. Another reason

stems from the possibility to take advantage of this new simpler setting to get

tighter bounds on generalization error over a particular working set. In this

work this second aspect will be studied: adapting the machinery of Theorem

4.2 [3] and a relatively recent result [120] an explicit formula will be obtained

for overall risk minimization bound.

In the first part of this section computational issues will be discussed over

the numerical evaluation of transductive bound in its implicit original form

and a closed form formula will be obtained; in the second one the result will
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be compared to other existing bounds. The same symbolic conventions of

[3] will be used throughout this work:

• l + k is the total number of patterns; l are labelled and k are unlabelled

• ντ is the transductive error (the error over test or working sample); ν is

the error on training set; ν2 is the error on the ghost set; than we call

ν0 = ν l
l+k

+ ντ
k
l+k

, and να = ν+ν2
2

• m is the total numnber of errors and can be epxressed as νl + ντk

• G(l+k) is the Grow Function computed for l+k;HΛ
ann(2l) is the annealed

Entropy

• 1− δ is the confidence level of the bound

• Cr
m is the binomial coefficient

• Γl,k(ε,m) is a quantity derived from the hypergeometric distribution;

than we call Γl,k(ε) = maxm Γl,k(ε,m); E(Γ) is the expectation of the hy-

pergeometric ; Nl+k is the finite number of equivalence classes

• the function spaceF is composed by the functions f(x, α) parametrized

by α parameters that belong to the space of parameters Λ.

3.6.2 Overall Risk Minimization

The Overall Risk Minimization framework is part of the more general Sta-

tistical Learning Theory and is one of the possible approaches to transduc-

tion. In [3] transduction is introduced and two possible settings (Setting 1

and Setting 2) are exposed: it can be shown that both of them are equiva-

lent [3]. The fundamental idea, on which ORM is built up, is that is useless

solving a more difficult problem when a simpler one is needed to be solved.

From a mathematical point of view in ORM we are endowed with a training

labeled set, an unlabelled working set on which one wants to perform predic-

tions and it is allowed to use both of them during training. This fundamental

theorem gives an implicit bound for transduction error
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Theorem 3.6.1. (Theorem 8.2 in [3]) Let the set of decision rules f(x, α), α ∈ Λ

on the complete set of vectors have Nl+k equivalence classes. Then the proba-

bility that the relative size of deviation for at least one rule in f(x, α), α ∈ Λ

exceeds ε is bounded by:

P

{
sup
α∈Λ

|ν − ντ |√
ν0

> ε

}
< Nl+kΓ(ε)

�� ��3.153

Now, as said in the introductory section, one wants to link the equipment

of induction to Theorem 8.2 [3]: in Statistical Learning Theory the main in-

ductive result is Theorem 4.1 [3]; the key part in which one now is interested

in, is Lemma 4.2 [3].

(Lemma 4.2 in [3]) For any l > ε−2 is valid the following bound:

P

{
sup
α∈Λ

|ν2 − ν1|√
να + 1/(2l)

> ε

}
< exp

{
HΛ
ann(2l)− ε2l

4

} �� ��3.154

further by using the property HΛ
ann(2l) < G(2l) for right hand side one gets

exp
{
G(2l)− ε2l

4

}
. To make ORM approach consistent with machinery of Lemma

4.2 one needs to replace original Vapnik gamma function argument ε
√

m
l+k

with ε
√

m+1
l+k

(as in Lemma 4.2 [3] proof where one had ε
√

m+1
2l

). This marginal

modification leads also to modify (3.153) into:

P

sup
α∈Λ

|ν − ντ |√
ν0 + 1

l+k

> ε

 < Nl+kΓ(ε)
�� ��3.155

and the final explicit formula becomes:

ντ ≤ ν +
kε2

2(l + k)
+ ε

√[
kε

2(l + k)

]2

+ ν +
1

l + k

�� ��3.156

This modification makes Theorem 8.2 [3] consistent with Lemma 4.2 [3] at

price of adding the term 1/(l + k) over the original formulation; as will be

seen later this adaptation open the possibility to build up a plain proof that

makes ε term explicit.

After this simple variation one can try to appraise the implicit bound de-

rived in Theorem 8.2 [3]. For its evaluation one has to find the smallest solu-

tion of lnNl+k + ln Γ(ε) < ln δ and plug it into the bound; so one has to solve



3.6 Explicit Transductive bound 164

this equation for trials performing discretization on ε. Before proceeding it is

necessary to explicitly compute the number of equivalence classes: for this

purpose one can use the fact that lnNl+k < G(l + k). This approach presents

some performance problems when the number of patterns (l or k) is over 1e3.

The main issue consists in the explicit evaluation of the gamma function: its

calculation plans the evaluation of three binomial coefficients. This function

was implemented using Stirling and Ramanujan formulas and logarithmic

representations, but despite this, the execution time is quite high when deal-

ing with data mining problems.

As suggested by Vapnik itself, gamma function can be tabulated but it should

be preferable having a simpler and explicit way of computing the bound. Al-

though these concerns, evaluation of the bound has been possible via itera-

tive search of the solution. For the exposed reasons a more practical solution

consists in deriving an explicit bound.

3.6.3 Bound derivation

The subsequent theorem is the central result of this section: it follows

Vapnik demonstration for the classical inductive bound (Theorem 4.2 [3],

Lemma 4.2 [3]) and readapts it to the transductive issue (Theorem 8.2 [3])

using a quite recent statistical result [120].

Theorem 3.6.2. (Explicit bound). Assured that G(l+ k)− ln δ > 6, and setting

ε2 = G(l+k)−ln δ+2
2(lk)2

(l + k)3, with probability 1− δ, the bound in (3.156) is valid.

Proof. Suppose having a population of l + k patterns in which there are m

misclassified patterns. One selects randomly l of them. The probability that

among the selected patterns there are r errors equals
CrmC

l−r
l+k−m

Ckl+k
. The probabil-

ity that the frequency of misclassified patterns in the first group (l) deviates

from the frequency of errors in the second group (k) by the amount exceeding

ε̄ equals:

P

{∣∣∣∣rl − m− r
k

∣∣∣∣ > ε̄

}
=
∑
r

Cr
mC

l−r
l+k−m

Ck
l+k

= Γl,k(ε̄, m)
�� ��3.157

Where the sum is taken over the value of r such that:

max(0,m− k) ≤ r ≤ min(l,m),

∣∣∣∣r − lm

l + k

∣∣∣∣ > ε̄
lk

l + k

�� ��3.158
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Note that both sides are always greater than 0. From [120] is known that: if

r − E(Γ) ≥ 2
�� ��3.159

is true, than:

ln Γl,k(ε̄, m) < −2α((r − E(Γ))2 − 1)
�� ��3.160

whereα = max
(

1
l+1

+ 1
k+1

, 1
m+1

+ 1
l+k−m+1

)
. Knowing thatE(Γ) = ml

l+k
one gets:

Γl,k(ε̄, m) < exp

(
−2α

(
r − ml

l + k

)2

− 1

) �� ��3.161

Expressing ε̄ = ε
√

m+1
l+k

one gets:
∣∣r − ml

l+k

∣∣ > ε lk
l+k

√
m+1
l+k

. Note that beacause

ones needs the square in (3.161), by using (3.158)
(
r − lm

l+k

)2
>
(
ε̄ lk
l+k

)2
holds.

For proceeding one has to assure that the hypothesis on hypergeometric bound

(3.159) and (3.158) both hold. A simple way for achieving this goal is to re-

quest that:
(
r − lm

l+k

)2
> max

((
ε̄ lk
l+k

)2
, 22
)

. Now observe that asking ε̄ lk
l+k

> 2

is a sufficient condition to refer to the only
(
r − lm

l+k

)2
>
(
ε̄ lk
l+k

)2
original con-

dition; in this way, at the end of the proof, one will have to check for what

values the expression ε̄ lk
l+k

> 2 is true. With these hypothesis one can bound

the hypergeometric on (3.155) getting:

P

{
supα∈Λ

|ν−ντ |√
ν0+ 1

l+k

> ε

}
< Nl+k maxm

{
exp

{
−2α

((
r − ml

l+k

)2 − 1
)}}

than one

gets:

P

sup
α∈Λ

|ν − ντ |√
ν0 + 1

l+k

> ε

 < Nl+k max
m

exp

−2α

(ε lk

l + k

√
m+ 1

l + k

)2

− 1


�� ��3.162

It can be easily shown that hypergeometric dependent part of the previous

formula is maximized form = 0 (as happens in Vapnik inductive proof). This

fact (m = 0) makes α = max
(

1
l+1

+ 1
k+1

, 1 + 1
l+k+1

)
, that is equivalent to assert

that α > 1; for this reason one can replace α with 1. Observe that this oper-

ation on α slightly affects the quality of the bound, in facts in almost all real

world problems (e.g l, k > 10) α ' 1 holds.

Setting m = 0 and recalling that lnNl+k < G(l + k) one obtains:

P

sup
α∈Λ

|ν − ντ |√
ν0 + 1

l+k

> ε

 < exp

(
G(l + k)− 2

(
ε2 (lk)2

(l + k)3
− 1

))�� ��3.163
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Remember that the right part of the above inequality is δ. So expressing

all in terms of ε2, one gets: ε2 = G(l+k)−ln δ+2
2(lk)2

(l + k)3. Pluggin this formula in

(3.156) one gets the final expression of the bound where ε2 is explicit.

Finally one has to check the correctness of ε̄ lk
l+k

> 2 hypothesis. In other

terms one has to verify that ε2 > 4 (l+k)3

(lk)2
. Then ε2 = G(l+k)−ln δ+2

2(lk)2
(l+k)3 > 4 (l+k)3

(lk)2

that produces the condition of the theorem: G(l + k)− ln δ > 6.

3.6.4 Valuation and experimental results

The obtained result is valid when the Grow function is explicitly known. If

Grow Function is not exactly known, Sauer lemma can be used to get a bound

in terms of Vapnik-Chervonenkis dimension dvc that leads to:

ντ ≤ ν +
β

4(l2k)
(l + k)2 +

√
β

2(lk)2
(l + k)3

√
ν + k2

β

8(lk)2
(l + k)

�� ��3.164

where β = dvc

(
1 + ln l+k

dvc

)
− ln δ + 2.

Note also that a when typical confidence value of .95 is used, the theorem

hypothesis is G(l + k) > 3, that is very likely to happen in practice.

There are others aspects that need analysis: first of all it is appropriate to

observe that for k = l the bound becomes:

ντ ≤ ν +
G(2l)− ln δ + 2

l
+ 2

√
G(2l)− ln δ + 2

l

√
ν +

G(2l)− ln δ + 2

4l

�� ��3.165

From a cognitive and mathematical point of view keeping k = l and request-

ing l, k big enough makes the above bound quite similar to original Vapnik

inductive bound; these bounds became very similar when the Grow Function

is far less, in absolute value, than the number of patterns (e.g. this can hap-

pen in clustering based classifiers). For completeness of information original

Vapnik formulation was:

π ≤ ν+2
G(2l)− ln δ + 2 ln 2

l
+2

√
G(2l)− ln δ + 2 ln 2

l

√
ν +

G(2l)− ln δ + 2ln2

l �� ��3.166

It is important to note down that in this case (k = l) the obtained bound is

always convenient over induction (see 3.28). Roughly speaking explicit trans-

duction bound is convenient over induction in this case because one did not
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pay the price of the ghost set, because ghost set in this setting exists and it

is represented by k patterns. When k and l are unbalanced this advantage is

lost due to the behaviour of the hypergeometric distribution. One can verify

[11] that the obtained results are quite loose; however a tighter version of this

bound exists [121] due to a refined measure of concentration of the hyperge-

ometric distribution; moreove rademacher complexity can be used to build

a transductive bound [122]

Figure 3.28: Experiment for k = l variable. Note the advantage of transduc-

tive bound (red line) over induction (blue line)

Here a possible approach for building an explicit and simple to use trans-

ductive bound by using only Vapnik theory and without requiring any bayesian

approach was presented. This result is far from the best possible transductive

bound, instead the aim is to underline the critical role of the hypergeometric

distribution on the Vapnik approach.



4
Applications

This chapter collects an etherogenous group of findings and applications

of kernel methods and unsupervised learning in different applicative domains.

A first work deals with text clustering methods: the discussed framework has

been presented/used in several works

[17],[18],[19],[20],[21],[22] and it is now under the name of SLAIR, acronym

of SeaLab Adavanced Information Retrieval.

Next an analogical circuit able to perform SVM training is developed [12],[13].

Further three algorithmic contributions are presented: a fast approximate

solution method for RLS for classification particularly useful in power-constrained

devices [14], some improvements on Random Neural Networks [23] and an

efficient method to detect non stationarity of given data by using clustering

[15],[16]. A last work [24],[25], consists in the application of machine learning

methods for classification of magnetic signals for port protection.

168
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4.1 Text Clustering for Security Applications

Text-mining methods have become a key feature for homeland-security

technologies, as they can help explore effectively increasing masses of digital

documents in the search for relevant information. The automated surveil-

lance of information sources is of strategic importance to effective home-

land security [123],[124],[125]. The increased availability of data-intensive

heterogeneous sources provides a valuable asset for the intelligence task, but

such a situation poses the major issue of sifting security-relevant information

from clutter. Data-mining methods have therefore become a key feature for

security-related technologies,[125],[126] as they can help explore effectively

increasing masses of digital data in the search for relevant information. In

fact, the pristine view of using mining methods for pinpointing critical sit-

uations is progressively fading away due to the unattainable classification

accuracy [127] by contrast, the use of data-mining tools for the discovery

and acquisition of strategic information is more and more widely accepted

[123],[126],[128].

Text mining techniques provide a powerful tool to deal with the large amounts

of text data [129],[130],[131],[132],[133] (both structured and unstructured)

that are gathered from any multimedia source (e.g., from Optical Character

Recognition, from audio via speech transcription, from web-crawling agents,

etc.). The general area of text-mining methods comprises various approaches

[133]: detection/tracking tools continuously monitor specific topics over time;

document classifiers label individual files and build up models for possible

subjects of interest; clustering tools process documents for detecting rele-

vant relations among those subjects. As a result, text mining can profitably

support intelligence and security activities in identifying, tracking, extract-

ing, classifying and discovering patterns, so that the outcomes can generate

alerts notifications accordingly [134],[135],[136],[137].

This work addresses document clustering and presents a dynamic, adap-

tive clustering model to arrange unstructured documents into content-based

homogeneous groups. Clustering tools can support security applications in

the development of predictive models of the observed phenomenon that au-
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tomatically derive the thematic categories from the data. Hence, intelligence

analysis can exploit the unsupervised nature of document clustering to tackle:

• scenarios that cannot rely on a set of predefined topics or

• scenarios that cannot be properly modeled by a classifier because of the

non-stationary nature of the underlying phenomenon, which requires

continuous updating for incorporating unseen patterns.

This section presents a model for document clustering that arranges un-

structured documents into content-based homogeneous groups. The over-

all paradigm is hybrid because it combines pattern-recognition grouping al-

gorithms with style-based processing. First, a hybrid metric measures dis-

tances between documents, by combining a content-based with a text-style

analysis; the metric considers both lexical properties and the structure and

styles that characterize the processed documents. Secondly, the model re-

lies on Kernel K-Means for clustering. As a result, the major novelty aspect

of the proposed approach is to exploit the implicit mapping of RBF kernel

functions to tackle the crucial task of normalizing similarities while embed-

ding text-style information in the whole mechanism. In addition, the present

work exploits several real-world benchmarks to compare the performance

of the conventional kernel k-means algorithm and the here proposed ker-

nel k-means clustering schemes, which apply Johnson-Lindenstrauss-type

random projections for a reduction in dimensionality before clustering. Ex-

perimental results show that the document clustering framework based on

kernel k-means provide an effective tool to generate consistent structures for

information access and retrieval in particular in security related domains.

4.1.1 Document Clustering in Text Mining and Security

Huge quantities of valuable knowledge are embedded in unstructured texts

that are gathered from heterogeneous multimedia sources, ranging from hard-

copy documents via Optical Character Recognition, to audio via speech tran-

scription, to link analysis mining via web-crawling agents, etc. The result-

ing mass of data gives law-enforcement and intelligence agencies a valuable
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asset, but also poses the major issue of extracting and analyzing structured

knowledge from unstructured texts. Text-mining technologies in security ap-

plications [128],[134],[135],[136],[137] can automate, improve and speed up

the analysis of existing datasets, with the goal of preventing criminal acts by

the cataloguing of various threads and pieces of information, which would

remain unnoticed when using traditional means of investigation. In gen-

eral, the text-mining process may involve different sub-goals, such as in-

formation extraction, topic tracking, summarization, categorization, clus-

tering, concept linkage, information visualization, and question answering.

For prevention, text mining techniques can help identify novel “information

trends” revealing new scenarios and threats to be monitored; for investiga-

tion, these technologies can help distil relevant information about known

scenarios whose actors, situations and relations must be completed, struc-

turing them in patterns really usable for end-users in conjunction with the

instruments and methods they daily use.

Within the text mining framework, the present work addresses document

clustering, which represents one of the most effective techniques to orga-

nize documents in an unsupervised manner. Clustering tools can support

the development of predictive models of the observed phenomena, and de-

rive automatically the thematic categories embedded in the data. Therefore,

such an unsupervised framework makes document clustering a promising

solution for those intelligence tasks that either lack a set of predefined top-

ics, or cannot rely on an exhaustive training set. Clustering can be used to

refine and continuously maintain a model of a known distribution of doc-

uments, and therefore supports investigation activities by a tracking action.

At the same time, clustering can pinpoint emerging, unknown patterns by

identifying people, objects, or actions that deserve resource commitment or

attention, and thereby support prevention by a novelty-detection capability.

When dealing with text documents, clustering techniques exploits ma-

chine learning, natural language processing (NLP), information retrieval (IR),

information extraction (IE) and knowledge management to discover new, pre-

viously unknown information by automatically extracting information from

different written resources. [138] In the following, the document retrieval
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Figure 4.1: A generic process model for a document-clustering application

model is outlined, then, the specific document clustering problem is addressed.

4.1.1.1 Document Indexing

A text mining framework should always be supported by an information

extraction (IE) model,[139],[140],[103] which is designed to pre-process dig-

ital text documents and to organize the information according to a given

structure that can be directly interpreted by a machine learning system; in

this regard, Fig. 4.1 sketches a generic process model for a document-clustering

application. Actually, IE defines how a document and a query are represented

and how the relevance of a document to a query is computed.

Document retrieval models typically describe a document D as a set of

representative tokens called index terms, which result from a series of op-

erations performed on the original text. Stop-words removal and stemming

typically are among those operations: the former takes out frequent and se-

mantically non-selective expressions from text; stemming simplifies inflec-

tional forms (sometimes derivationally related forms) of a word down to a

common radix form (e.g., by simplifying plurals or verb persons).

Thus, a document D is eventually reduced to a sequence of terms and is

represented as a vector, which lies in a space spanned by the dictionary (or

vocabulary) T = {tj; j = 1, .., nT}. The dictionary collects all terms used to

represent any document D, and can be assembled empirically by gathering

the terms that occurs at least once in a document collectionD = {D1, ..., Dn}.
As a consequence, by this representation one loses the original relative order-

ing of terms within each document. Different models [139],[140],[103] can
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be used to retrieve index terms and to generate the vector that represents a

document, D. The classical Boolean model involves a binary-valued vector,

v = {bj; j = 1, .., nT}, in which each bit component, bj ∈ {0, 1}, just indicates

the presence (absence) of term tj in the document. This approach is most

effective for fast searching but proves inaccurate when content-based anal-

ysis is required, because it does not render the actual distributions of terms

within the considered documents.

The vector space model [103] is the most widely used method for text min-

ing and, in particular, for document clustering. Given a collection of docu-

ments D, the vector space model represents each document D as a vector of

real-valued weight terms v = {wj; j = 1, .., nT}. Each component of the nT -

dimensional vector is a non-negative term weight, wj , that characterizes the

j-th term and denotes the relevance of the term itself within the document

D.

Several approaches have been proposed to compute term weights [141].

The popular tf-idf weighting scheme [141],[142] relies on two basic assump-

tions:

• the number of occurrences of a term t in a document D is proportional

to the importance of t within D (term frequency, tf );

• the number of occurrences of t across different documents is inversely

proportional to the discriminating power of t, i.e., a term that appears

frequently throughout a set of documents is not effective in localizing a

specific document in the set (inverse document frequency, idf ).

Weights computed by tf-idf techniques are often normalized so as to contrast

the tendency of tf-idf to emphasize lengthy documents. Document index-

ing is a necessary and critical component of any text mining tool, especially

because it allows a system to filter out irrelevant information and attain an

efficient and cogent representation of content. Such results may be used for

document retrieval, as is the case for typical search engines in the security-

related applications that are the scope of this framework, however, the index-

based representation constitutes an intermediate step for comparing docu-
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ments and arranging them into homogeneous groups, which is the ultimate

purpose of the clustering engine.

4.1.1.2 Document Clustering

Clustering is conventionally ascribed to the realm of pattern recognition

and machine learning [76]. When applied to text mining, clustering algo-

rithms are designed to discover groups in the set of documents such that

the documents within a group are more similar to one another than to doc-

uments of other groups. As opposed to text categorization [133] in which

predefined categories enter the learning procedure, document clustering fol-

lows an unsupervised approach to search, retrieve, and organize key topics

when a proper set of categories cannot be defined a-priori. The unsuper-

vised paradigm can address challenging scenarios, in which local episodes of

interest can fade away in the clutter of very large datasets, where events or

profiles are ambiguous, unknown, or possibly changing with respect to the

original models.

The document clustering problem can be defined as follows. One should

first define a set of documents D = {D1, ..., Dn}, a similarity measure (or

distance metric), and a partitioning criterion, which is usually implemented

by a cost function. Flat clustering creates a set of clusters without any a-

priori assumption about the structure among clusters; it typically requires

that the number of clusters to be specified in advance, although adaptive

methods exist for determining the cluster cardinality adaptively. Hence, one

sets the desired number of clusters, K, and the goal is to compute a mem-

bership function f such that minimizes the partitioning cost with respect to

the similarities among documents. On the other hand, hierarchical cluster-

ing arranges groups in a structural, multilevel fashion and does not require a

pre-specified number of clusters, instead a branching policy is needed. Hier-

archical clustering need not define the cardinality, K, because it applies a se-

ries of nested partitioning tasks, which eventually yield a hierarchy of groups.

In addition to that choice between a flat or a hierarchical scheme, three main

issues should be addressed when designing the overall clustering framework.

The first issue is the curse of dimensionality. When using a vector-space
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approach, d ocuments lie in a space whose dimensionality typically ranges

from several thousands to tens of thousands. Nonetheless, most documents

normally contain a very limited fraction (1%–5%) of the total number of ad-

missible terms in the entire vocabulary, hence the vectors representing doc-

uments are very sparse. This can make learning extremely difficult in such

a high-dimensional space, especially due to so-called the curse of dimen-

sionality. It is typically desirable to project documents preliminarily into a

lower-dimensional subspace, which preserves the semantic structure of the

document space but facilitates the use of traditional clustering algorithms.

Several methods for low-dimensional document projections have been pro-

posed, [75] such as spectral clustering, clustering using the Latent Semantic

Index (LSI), clustering using the Locality Preserving Indexing (LPI), and clus-

tering based on nonnegative matrix factorization [143]. Those methods are

quite popular but also exhibit theoretical and practical drawbacks. Both the

LSI and the LPI model rely on Singular Value Decomposition (SVD), which

optimizes a least-square criterion and best performs when data are charac-

terized by a normal distribution. In fact, the latter assumption does not hold

in the general case of term-indexed document matrixes. Besides, LSI, LPI

and spectral clustering all require the computation of eigenvalues; as such,

these methods often prove both heavy from a computational viewpoint and

quite sensitive to outliers. Nonnegative matrix factorization (NMF) differs

from other rank reduction methods for vector spaces, especially because of

specific constraints that produce nonnegative basis vectors. However, the

iterative update method for solving NMF problem is computationally expen-

sive and produces a non-unique factorization.

The second issue in setting up an effective clustering process is the defi-

nition of the similarity measure. Since the partitioning criterion often relates

strictly to the similarity measure, the choice of the underlying metrics is crit-

ical for getting meaningful clusters. For documents, it is normal to address

some content-based similarity, and most clustering tools adopt the vector-

space model because such a framework easily supports the popular cosine
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similarity:

sim(Di, Dj) =
vi · vj
|vi| |vj|

�� ��4.1

where vi is the vector representation of the document Di and the operator (·)
denotes the conventional inner product in the vector space. The normaliza-

tion implied by the denominator in (4.1) prevents that two documents having

similar distributions of terms appear distant from each other just because

one is much longer than the other. In fact, the cosine similarity seems to

not outperform the conventional Euclidean distance when high dimensional

spaces are concerned [144]

The third issue in clustering for text mining concerns the specific algo-

rithm to be implemented. Although the literature offers a wide variety of

clustering algorithms, the majority of research in text mining involves three

approaches, namely, k-means clustering, Self Organizing Maps (SOMs), and

the Expectation-Maximization (EM) algorithm. Alternative approaches in-

clude models based on fuzzy clustering techniques [145],[146]. Furthermore,

on a slightly different perspective, the works of Hammouda et al. [147] and

Chim et al. [148] proposed document-clustering schemes exploiting a phrase-

based document similarity. The former scheme [147] exploits the Document

Index Graph (DIG), which indexes the documents while maintaining the sen-

tence structure in the original documents; the latter scheme [148] is based on

the Suffix Tree Document (STD) model [149].

4.1.2 Hybrid Approach to Kernel K-Means Clustering

The hybrid approach described in this Section combines the specific ad-

vantages of content-driven processing with the effectiveness of an established

pattern-recognition grouping algorithm. The ultimate goal of the clustering

process is to group a set of documents into a (possibly adaptive) structure

of clusters, which contain documents that are affine for both contents and

structural features. The presentation of the method will mostly address the

three main issues discussed in the previous section.
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With respect to the dimensionality problem, the method extends a con-

ventional vector-space representation, mostly because that approach was

shown to suffer from curse-of-dimensionality problems even in the presence

of sparse matrixes. Even though a document is represented by the set of com-

posing terms annotated with frequency and positional information, the sub-

sequent processing steps do not involve any matrix-intensive computation

such as SVD-related methods. This is intentionally done to reduce sensi-

tivity to outliers; moreover, the dimensionality problem is strictly related to

the effectiveness of the actual clustering strategy adopted, and the proposed

approach facilitates kernel-based implementations as will be clarified in the

following.

Document similarity is defined by a content-based distance, which com-

bines a classical distribution-based measure with a behavioural analysis of

the style features of the compared documents. The involved metric thus con-

siders lexical properties, the structures, and some style features that charac-

terize the processed documents. The method intentionally does not con-

sider semantic-based information (such as the use of ontologies and deduc-

tive methods

In the following, D = {Du;u = 1, .., Dn} will denote the corpus, holding

the collection of documents to be clustered. The set T = {tj; j = 1, .., nT}will

denote the vocabulary, which is the collection of terms that occur at least one

time in D after the pre-processing steps of each document D ∈ D (e.g., stop-

words removal, stemming). Accordingly, d will represent the document D as

a sequence of indexes; thus du =
{
d

(u)
q ; q = 1, .., n

(u)
E

}
, where d(u)

q is the index

in T of the q-th term in Du and n(u)
E is the number of terms in document Du.

Obviously, the order of the indexes in du matches the relative ordering of the

terms in the document.

4.1.2.1 Document distance measure

A novel aspect of the method described here is the use of a document-distance

that takes into account both a conventional content-based similarity metric

and a behavioral similarity criterion. The latter term aims to improve the
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overall performance of the clustering framework by including the structure

and style of the documents in the process of similarity evaluation. To sup-

port the proposed document distance measure, a document D is here repre-

sented by a pair of vectors, v’ and v”. Vector v’ actually addresses the con-

tent description of a document D; it can be viewed as the conventional nT -

dimensional vector that associates each term t ∈ T with the normalized fre-

quency, tf, of that term in the document D. Therefore, the k-th element of the

vector v’ is defined as:

v′k,u =
tfk,u∑nT
l=1 tfl,u

�� ��4.2

where tfk,u is the frequency of the k-th term in document Du. Thus v’ rep-

resents a document by a classical vector model, and uses term frequencies

to set the weights associated to each element. Thanks to its local descriptive

nature, v’ can be worked out without using global properties of the corpus D

such as the idf measure.

From a different perspective, the structural properties of a document, D,

are represented by a set of probability distributions associated with the terms

in the vocabulary. Each term t ∈ T that occurs in Du is associated with a dis-

tribution function that gives the spatial probability density function (pdf) of

t in Du. Such a distribution, pt,u(s), is generated under the hypothesis that,

when detecting the k-th occurrence of a term t at the normalized position

sk ∈ [0, 1] in the text, the spatial pdf of the term can be approximated by a

Gaussian distribution centered around sk. In other words, the proposed be-

havioral similarity criterion supposes that if the term tj is found at position

sk within a document, another document with a similar structure is expected

to include the same term at the same position or in a neighborhood thereof,

with a probability defined by a Gaussian pdf. Although empirical, the (prac-

tically reasonable) assumption is that the spatial probability density function

of a term t in a document can characterize the document itself. In fact, one

must be aware that such an assumption may not hold for heavily unstruc-

tured text data. In this respect, the eventual distance value, ∆(Du, Dv) be-

tween two documents should properly mix the relative contribution of the
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two similarity criterions according to the applicative scenario; such aspect

will be addressed later in this section. Actually, the ultimate validation of the

document-distance measure will only stem from testing the empirical per-

formance of the clustering framework on the experimental domain.

To derive a formal expression of the pdf, assume that the u-th document,

Du, holds no occurrences of terms after simplifications; if a term occurs more

than once, each occurrence is counted individually when computingno, which

can be viewed as a measure of the length of the document. The spatial pdf

can be defined as:

pt,u (s) =
1

A

no∑
k=1

G (sk,λ) =
1

A

no∑
k=1

1√
2πλ

exp

[
−(s− sk)2

λ2

] �� ��4.3

where A is a normalization term.

In practice, one uses a discrete approximation of (4.3) first by segment-

ing evenly the document D into S sections. Then, an S-dimensional vector

is generated for each term t ∈ T , and each element estimates the probability

that the term t occurs in the corresponding section of the document.

As a result, v”(D) is an array of nT vectors having dimension S. Figures

4.2,4.3 sketches the procedure that supports the computation of v” for a term

tj . First, the document is evenly segmented into S parts; then, the term fre-

quency for each segment d(s)
i is worked out. Finally, the vector v” is built up

as a superposition of Gaussian distributions. The behavioral component, as-

cribed to term t, of the style-related distance between a pair of documents

can therefore be computed as the distance between the two corresponding

pdf’s:

∆
(b)
t (Du, Dv) =

∫
Z

[pt,u (z)− pt,v (z)]2 dz
�� ��4.4

Vector v’ and vector v” support the computations of the frequency-based

distance, ∆(f) and the behavioral distance, ∆(b), respectively. The former

term is usually measured according to a standard Minkowski distance, hence
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Figure 4.2: A document partitioned in 3 sections and terms. T =

tj; j = 1, .., nT Gaussian densities in each section

the content distance between a pair of documents (Du, Dv) is defined by:

∆(f)(Du, Dv) =

[
nT∑
k=1

∣∣v′k,u − v′k,v∣∣p
]1/p �� ��4.5

The present approach adopts the value p = 1 and therefore actually im-

plements a Manhattan distance metric. The term computing behavioral dis-

tance, ∆(b), applies an Euclidean metric to compute the distance between

probability vectors v. Thus:

∆(b)(Du, Dv) =

nT∑
k=1

∆
(b)
tk

(Du, Dv)
�� ��4.6

Both terms (4.5) and (4.6) contribute to the computation of the eventual

distance value, ∆(Du, Dv), which is defined as follows:

∆(Du, Dv) = α∆(f)(Du, Dv) + (1− α)∆(b)(Du, Dv)
�� ��4.7



4.1 Text Clustering for Security Applications 181

Figure 4.3: A document partitioned in 3 sections, terms . T = tj; j = 1, .., nT

and vector v′′ representation Gaussian densities in each section

where the mixing coefficient α ∈ [0, 1] weights the relative contribution of

∆(f) and ∆(b). It is worth noting that the distance expression (4.7) obeys the

basic properties of non-negative values and symmetry that characterize gen-

eral metrics, but does not necessarily satisfy the triangular property.

4.1.3 The document-clustering framework

In the following, a comprehensive overview of the eventual document-clustering

framework will be presented. Furthermore, the issue of curse of dimension-

ality will be addressed by proposing a dimensionality reduction model based

on Random Projections . Finally, the computational complexity of the pro-

posed framework will be analyzed.

4.1.3.1 The document-clustering algorithm

The proposed framework for document clustering combines the previously

describred metric with pattern-recognition grouping algorithms. The follow-

ing pseudocode outlines the complete framework:

The framework can support both flat clustering and hierarchical cluster-

ing. When flat clustering is addressed, the algorithm partitions the set of

documents D into K clusters, where K is an input parameter; however, no

explicit structure is produced that would relate clusters to each other. Con-

versely, the hierarchical clustering model applies a top-down paradigm to

generate a cluster hierarchy. Hence, the procedure starts with all the docu-

ments in single cluster. Then, the cluster is split using the flat clustering tech-
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Algorithm 7 The document-clustering procedure

Require: A corpus of n documents,D
Ensure: Clusters membership m

1: ∀Di ∈ D gets D̄i as follows:

1. Apply stop-words removal

2. Apply stemming

2: Build the vocabulary T = {tj; j = 1, .., nT} as the set of terms that occurs

at least one time in the corpus.

3: ∀Di ∈ D

1. build v′
D̄i

as per (4.2)

2. build v′′
D̄i

as per (4.3)

4: Build the rbf dot matrix Kof elements K(D̄i, D̄j) = e−[∆ij ]
2

5: Run Kernel K-Means on K and return the membership m

nique; this procedure is applied recursively until some stopping criterion is

met. In the present work, only flat clustering is used for experiments.

4.1.3.2 Dimension reduction for document clustering by using random

projections

As anticipated the curse of dimensionality represents a crucial issue when

dealing with document clustering. By adopting the vector space model, the

total number of unique terms in a text data set represents the number of di-

mensions, which is usually in the thousands. Nonetheless, sparsity is an ac-

companying phenomenon of such data representation model. Therefore, in

the recent years several works have addressed the problem of dimensionality

reduction for document clustering tools [150], [151], [152], [153], [154], [155].

The present research tackles this significant aspect by comparing the per-

formance of the conventional kernel k-means algorithm with that of a ker-

nel k-means clustering scheme recently proposed by Biau et al. [156], which

exploits random projections for a reduction in dimensionality before clus-

tering. In that work, a notable theoretical discussion led to the conclusion
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that Johnson-Lindenstrauss-type random projections to lower-dimensional

subspaces are particularly well suited for clustering purposes, as they can

outperform other dimension reduction schemes based on factorial meth-

ods (e.g. Principal Component Analysis). Over the years, the probabilistic

method of Random Projections has allowed for the original proof of John-

son and Lindenstrauss to be greatly simplified, while at the same time giv-

ing conceptually simple randomized algorithms for constructing the embed-

ding [80] (see Chapter 1 for brief introduction to Random Projections). Obvi-

ously, the choice of the random matrix R is one of the key points of interest.

Although the elements rij of R are often Gaussian distributed, the present

research exploited the theoretical results proposed by Achlioptas,[81] which

showed that there are simpler ways of producing Random Projections. Thus,

R can be generated as follows:

rij =
√

3 ·


+1 with probability 1/6

0 with probability 2/3

−1 with probability 1/6

�� ��4.8

In this work, random projections for reduction in dimensionality are ap-

plied to the term-by-document matrix that results from working out vector

v’(D̄i) for every Di ∈ D. Therefore, X is a set of n documents lying in a nT
dimensional space and R is a nT × nr matrix computed as indicated above

where nr is the number of desired dimensions after the projection.

The following section presents experimental results with and without ran-

dom projections on different real world text mining domains: Enron database

[157], Reuters dataset [100] and Newsgroup 20 collections [100].

4.1.4 Experimental Results

Three real-world benchmarks provided the experimental domains for the

proposed document-clustering framework: the Reuters database [100], the

well known Newsgroup 20 emails collection [100], and the largest real email

corpus in the public domain, the Enron mail dataset [157]. The former and

the second were chosen to assess the method performance on a public source
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of information, which represents a typical framework of today’s trends in

data gathering and analysis for security and intelligence. The latter dataset

made it possible to validate the operation of the clustering principle in a set

of complex scenarios involving non-trivial security issues.

The Reuters-21578 corpus includes 21,578 documents, which appeared

on the Reuters newswire in 1987. One or more topics have been manually

added to each document. Actually, the whole database involves 135 different

topics derived from economic subject categories; indeed, only 57 topics have

at least twenty occurrences. The Reuters-21578 corpus represents a standard

benchmark for content-based document management. This work exploits

such corpus to show that the document clustering framework based on ker-

nel k-means provide an effective tool to generate consistent structures for

information access and retrieval.

The 20 Newsgroups corpus includes 20,000 messages collected by using

as source 20 different newsgroups. Accordingly, 20 topics have been used to

categorize the documents in the corpus. In this case, the documents are al-

most evenly distributed over the different topics. The 20 Newsgroups database

provided the second experimental domain for the proposed framework. The

experiments involved two different corpora, DN1 and DN2, worked out from

such database. CorpusDN1 and corpusDN2, were generated by using the cri-

teria proposed in the work by Jing et al [158]. Thus,DN1 included all the docu-

ments (3894 elements) associated to the categories: comp.graphics, rec.sport.baseball,

sci.space, and talk.politics.mideast ;DN2 included all the documents (3929 el-

ements) associated to the categories: comp.graphics, comp.os.ms-windows,

rec.autos, and sci.electronics.

On the other hand, the Enron mail dataset provides a reference corpus to

test text-mining techniques that address intelligence applications. The En-

ron mail corpus was posted originally on Internet by the Federal Energy Reg-

ulatory Commission (FERC) during its investigation on the Enron case. FERC

collected a total of 619,449 emails from 158 Enron employees, mainly senior

managers. Each message included: the email addresses of the sender and

receiver, date, time, subject, body and text. The original set suffered from

document integrity problems, hence an updated version was later set up
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by SRI International for the CALO project. Eventually, William Cohen from

Carnegie Mellon University put the cleaned dataset TM22 for researchers in

March 2004. Other processed versions of the Enron corpus have been made

available on the web, but were not considered in the present work because

the CMU version made it possible fair comparison of the obtained results

with respect to established, reference corpora in the literature.

The set of messages covered a widest range of topics, originating from

a vast community of people who did not form a closed set. A few people

wished to conceal both the extent of their connections and the contents of

their discussions; at the same time, by far the large majority of messages

were completely innocent. As a result, the Enron data set provided a good

experimental domain to evaluate the ability of a text mining framework in a

‘needle-in-a-haystack’ scenario, which closely resembled a typical situation

in security-related applications such as counterterrorism.

4.1.4.1 Reuters-21578

The experimental session based on the Reuters-21578 database involved a

corpus DR including 8,267 documents out of the 21,578 originally provided

by the database. The eventual corpus DR was obtained by adopting the cri-

terion already used in the work of Cai et al. [154]. First, all the documents

with multiple topics were discarded. Then, only the documents associated

to topics having at least 18 occurrences have been included in DR. As a re-

sult, the corpus featured 32 topics. The clustering performance of the pro-

posed methodology was evaluated by analyzing the results obtained in three

experiments. In the experiments, a flat clustering paradigm partitioned the

documents in DR, by using three different settings of the metric weight pa-

rameter, α = {0.3, 0.5, 0.7}, as per (4.7). When adopting α = 0.3 or α = 0.7

in (4.7), either component ∆(f) or ∆(b), was predominant; in the experiment

featuring α = 0.5, the quantities ∆(f) and ∆(b) evenly contributed to the mea-

sured distance between each pair of documents.

Table 4.1 outlines the results obtained with the setting α = 0.3. The per-

formances of the proposed clustering framework were evaluated by using the

purity parameter. Let nj denote the number of elements lying in a cluster Cj
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K purov purl(k) purh(k) ψ

20 0.712108 0.252049 1 109

40 0.77138 0.236264 1 59

60 0.81154 0.175 1 13

80 0.799685 0.181818 1 2

100 0.82666 0.153846 1 1

Table 4.1: Clustering performances obtained on Reuters-21578 with α = 0.3

and let nmj be the number of elements of the class m in the cluster Cj . Then,

the purity pur(j) of the cluster Cj is defined as follows:

pur(j) =
1

nj
max
m

(nmj)
�� ��4.9

The overall purity of the clustering results is defined as follows:

purov =
∑
j

nj
n
· pur(j)

�� ��4.10

where n is the total number of elements.

The purity parameter (a.k.a classification accuracy) was preferred to other

measures of performance (e.g. the F-measures) because it is widely accepted

in machine learning classification problems [138].

The evaluations were conducted with different number of clusters K, rang-

ing from 20 to 100. For each experiment, four quality parameters are pre-

sented:

1. the overall purity, purov, of the clustering result;

2. the lowest purity value purl(k) over the K clusters;

3. the highest purity value purh(k) over the K clusters;

4. the number ψ of elements (i.e. documents) associated to the smallest

cluster.
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K purov purl(k) purh(k) ψ

20 0.696383 0.148148 1 59

40 0.782267 0.222467 1 4

60 0.809121 0.181818 1 1

80 0.817467 0.158333 1 1

100 0.817467 0.139241 1 2

Table 4.2: Clustering performances obtained on Reuters-21578 with α = 0.5

K purov purl(k) purh(k) ψ

20 0.690577 0.145719 1 13

40 0.742833 0.172638 1 6

60 0.798718 0.18 1 5

80 0.809483 0.189655 1 2

100 0.802589 0.141732 1 4

Table 4.3: Clustering performances obtained on Reuters-21578 with α = 0.7

Tables 4.2 and 4.3 reports the results obtained with α = 0.5 and α = 0.7,

respectively. As expected, experimental results showed that overall purity in-

creased when the number of clusters, K, increased. The value of the overall

purity seems to indicate that clustering performances improved when setting

α = 0.3. Thus empirical outcomes confirmed the effectiveness of the pro-

posed document distance measure, combining the conventional content-

based similarity with a behavioral similarity criterion.

A detailed analysis of the clustering performances attained by the pro-

posed framework can be drawn from the graphs presented in 4.4. The graphs

report the cumulative distribution of the cluster purity for the different exper-

iments listed in 4.1 (only the experiment with K = 20 is not included). The re-

ported results showed that, in every experiment, 70% of the obtained clusters

exhibited a purity greater than 0.6; furthermore, 50% of the clusters scored a

purity greater than 0.9. The reliability of the present document-clustering

scheme was indeed confirmed when counting the documents lying in clus-
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K purov purl(k) purh(k) ψ

20 0.70231 0.126386 1 32

40 0.709084 0.117647 1 2

60 0.731221 0.182109 1 1

80 0.726019 0.121145 1 1

100 0.692029 0.158004 1 1

Table 4.4: Clustering performances obtained on Reuters-21578 with α = 0.3

and dimension reduction nr = 500

ters having a purity of 1.0. With an overall number of clusters K = 40, a set

of 2,575 documents (i.e., 31% of the total number of documents) were as-

signed to those clusters; when using K = 100, that percentage increased to

35% (2,950 documents).

A final set of experiments involved the clustering scheme exploiting ran-

dom projections for a reduction in dimensionality. This analysis addressed

the critical aspect concerning the trade off between clustering accuracy and

computational complexity. Such a problem is common in all text-mining ap-

plications and can prove especially relevant when using the k-means clus-

tering algorithm. The performance of this clustering scheme was evaluated

on the corpus DR by setting α = 0.3; the dimension of the eventual reduced

space was set to nr = 500 and nr = 100. Table 4.4 and Table 4.5 report the

results obtained with these set up by varying the desired number of clusters

K.

Unsurprisingly, the clustering performances obtained by exploiting di-

mension reduction were slightly inferior to those attained by the conven-

tional clustering scheme (Table 4.1). Indeed, one should take into account

that by setting nr = 500 the original term-by-document matrix had been re-

duced of a factor 100. Nonetheless, Table 4.4 and Table 4.5 show that the

overall purity attained by the model was satisfactory even in the presence of

a substantial reduction in dimensionality.

These results can be compared with those obtained on the same dataset

by the clustering framework proposed by Cai et al.,[154] which introduced
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Figure 4.4: The cumulative distributions of the cluster purity for the experi-

ments reported in Table 4.1
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K purov purl(k) purh(k) ψ

20 0.666626 0.106776 1 31

40 0.69723 0.115813 1 2

60 0.705213 0.149718 1 1

80 0.721785 0.11674 1 1

100 0.739204 0.137662 1 1

Table 4.5: Clustering performances obtained on Reuters-21578 with α = 0.3

and dimension reduction nr = 100

a clustering scheme combining the conventional k-means algorithm with

a dimensionality reduction model based on the Locality Preserving Index

(LPI). The results presented in that work showed that the LPI-based clus-

tering scheme, although computationally demanding, can outperform other

well-known methodologies, such as LSI-based clustering and spectral clus-

tering algorithms.

When applied to the Reuters database, the LPI-based clustering scheme

attained an average purity of 0.77; in that work, evaluations were conducted

with different number of clusters, ranging from two to ten. Thus, the cluster-

ing performances of the LPI-based clustering are slightly better than those

obtained by the proposed clustering scheme, which exploits random pro-

jections for dimensionality reduction. However, as anticipated the scheme

based on random projections outperforms the LPI reduction model in terms

of computational complexity: while dimensionality reduction by using ran-

dom projections is supported by a straightforward matrix multiplication, the

LPI scheme is actually based on the computationally expensive Singular Val-

ued Decomposition (SVD). Therefore, the dimension reduction model based

on random projections proposed in the present work seems to guarantee a

satisfactory tradeoff between performance and complexity.

The effectiveness of the proposed document-clustering framework was

eventually confirmed by a comparison with the document-clustering model

using nonnegative matrix factorization (NMF) introduced by Shahnaz et al.

[155] When applied to the Reuters database, the NMF-based model attained
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K purov purl(k) purh(k) ψ

20 0.755778 0.433409 1 58

40 0.773754 0.314286 1 29

60 0.792244 0.33871 1 9

80 0.819723 0.290323 1 4

100 0.811505 0.311475 1 1

Table 4.6: Clustering performances obtained onDN1 with α = 0.3

an overall purity superior to 0.7 only in experimental sessions involving 6 top-

ics (or less) out of the 135 originally included in the database. Therefore, the

prediction accuracy obtained by the model introduced here outperformed

the one attained by the NMF-based model.

4.1.4.2 Newsgroup 20

Table 4.6 and Table 4.7 present the results obtained with DN1 and DN2,

respectively with no random projections. In both cases, the setting α = 0.3

has been used. Numerical figures show that the system attained with DN1

an overall purity always superior to 0.75; however, clustering performances

slightly worsen with corpusDN2. Such a result can be explained by analyzing

the characteristics of the two corpora. Corpus DN1 involves categories se-

mantically well separated, while corpus DN2 When comparing these results

with those obtained on the same testbed in the work by Jing et al [158] one

should take into account the differences in the set up of the two experiments.

In that research, a modified version of the conventional k-means algorithm,

the Entropy Weighting k-Means Algorithm, was used for document cluster-

ing. The experiments actually involved a sub-sampled version of the two cor-

pora DN1 and DN2; hence, two corpora including 400 documents each were

eventually used to test the proposed clustering scheme, which attained an

overall purity larger than 0.88 in both experiments.
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K purov purl(k) purh(k) ψ

20 0.627895 0.303704 1 20

40 0.679817 0.298701 1 14

60 0.691016 0.295775 1 4

80 0.657928 0.265306 1 5

100 0.695597 0.349515 1 5

Table 4.7: Clustering performances obtained onDN2 with α = 0.3

4.1.4.3 Enron Dataset

The experimental session based on the Enron mail corpus involved two dif-

ferent experiments. The first experiment exploited the dataset made avail-

able on the web by Ron Bekkerman from University of Massachusetts Amherst.

The dataset [157] collects email from the directories of seven former Enron

employees: beck-s, farmer-d, kaminski-v, kitchen-l, lokay-m, sanders-r and

williams-w3. Each of these users had several thousand messages, with beck-

s having more than one hundred folders. The goal of the first experiment

was to evaluate the ability of the proposed clustering framework to extract

key elements from a heterogeneous scenario, in which one cannot rely on

a set of predefined topics. All the seven folders were processed to remove

non-topical folders such as all documents, calendar, contacts, deleted items,

discussion threads, inbox, notes inbox, sent, sent items and sent mail.

For the purpose of increasing complexity, Bekkerman’s dataset was aug-

mented by including the email folder of one of the former executives of En-

ron, Vice President Sara Shackleton. The underlying hypothesis was that

email contents might also be characterized by the role the mailbox owner

played within the company. Toward that end, when applying the clustering

algorithm, only the ‘body’ sections of the emails were used, and sender/receiver,

date/time info were discarded.

The experiment involved 24,355 emails. Table 4.8 reports on the results

obtained by this experiment and shows the terms that characterize each of

the clusters provided by the clustering framework. For each cluster, the most
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j |Cj| Most frequent words

1 1825 ect, Kaminski, research, placeCityHouston, manag, energy

2 8416 deal, hpl, gas

3 1881 Kitchen, deal, gas

4 1210 dbcaps97data, database, iso, error

5 1033 epmi, mmbtu, placeStateCalifornia, gas, northwest

6 2094 ect, manag, risk, trade, market,

7 1239 deal, work, meet

8 1522 message, email, http, subject,

9 1091 market, energy, trade, price, share, stock, gas, dynegi

10 4044 ect, Shackleton, agreement, trade, isda

Table 4.8: Results of the first experiment on the Enron dataset: j is cluster

index and |Cj| is the cluster size

descriptive words between the twenty most frequent words of the cluster are

listed; reported terms actually included peculiar abbreviations: “ect” stands

for Enron Capital & Trade Resources, “hpl” stands for Houston Pipeline Com-

pany, “epmi” stands for Enron Power Marketing Inc, “mmbtu” stands for Mil-

lion British Thermal Units, “dynegi” stands for Dynegy Inc, a large owner and

operator of power plants and a player in the natural gas liquids and coal busi-

ness, which in 2001 made an unsuccessful takeover bid for Enron. The results

reported in Table 4.8 showed that the document clustering attained some sig-

nificant outcomes. First, cluster no.10 grouped a considerable portion of the

emails ascribed to the Shackleton subset: most frequent words indeed con-

firm that the word “Shackleton” appears several time in the email bodies, as

well as the term “isda,” which stands for International Swaps and Derivatives

Association. It is worth noting that the term “isda” never appeared in the list

of the most frequent terms of the other nine clusters. Another significant out-

come concerned clusters no. 7 and no. 8, which seemed to group all emails

that did not deal with technical topics. At the same time, both clusters no. 1

and cluster no. 3 related to Enron employees, Kaminski and Kitchen, respec-

tively. When analyzing cluster no. 4, it turned out that it gathered the email
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notifications automatically sent by a database server, which were collected in

a subfolder in the mailbox of williams-w3.

The second experiment aimed at estimating the ability of the proposed

framework to group messages by the same author when considering body

text only. This experiment ultimately aimed at verifying the application of

text mining technologies in an intelligence-analysis environment, in which

fake identities may be bypassed by associating messages to the original au-

thors. Thus the clustering algorithm was tested on a dataset collecting all

the emails included in the folder “sent” of six Enron employees randomly

selected: symes-k, namec-g, lenhart-m, delainey-d, rogers-b. Eventually, the

corpus included 6,618 emails body; obviously, all information concerning the

email addresses of senders/receivers was discarded.

The graph in Figure 4.5 shows the results obtained in this experiment; the

x-axis gives the number of clusters, whereas the y-axis reports on the classi-

fication error (an error was detected when ascribing a message to the wrong

author). The obtained figures proved the effectiveness of the proposed clus-

tering methodology, which scored a classification error of 15% (i.e. 1,043

emails) when using 60 clusters for the partitioning. Moreover, the analysis

of the eventual clusters led to interesting outcomes. In the 60-clusters par-

titioning, fifteen clusters were assigned, after the calibration procedure, to

the author lenhart-m. Those clusters actually shared also a great part of the

terms included in their own list the most frequent words; but, surprisingly

enough, those terms were weekend, tonight, party, golf, gift, ticket, happy,

softball, hotmail, jpg, msn, love, game, birthday, celebrate adult, drink, pool.

Hence, the unsupervised clustering procedure revealed that a significant por-

tion of the emails included in the “Sent” folder of the author lenhart-m did

not deal with themes related to the working activity. Indeed, such outstand-

ing result can be double checked by actually analyzing the emails provided

in the Enron database.

4.1.5 Conclusions

Text mining provides a valuable tool to deal with large amounts of unstruc-

tured text data. Indeed, in security applications text-mining technologies can
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Figure 4.5: Results of the second experiment on the Enron database

automate, improve and speed up the analysis of existing datasets, with the

goal of preventing criminal acts by the cataloguing of various threads and

pieces of information, which would remain unnoticed when using traditional

means of investigation.

Within the text mining environment, document clustering represents one

of the most effective techniques to organize documents in an unsupervised

manner. Nonetheless, the design of a document-clustering framework re-

quires one to address other crucial aspects in addition to the choice of the

specific clustering algorithm to be implemented. A major characteristic of

the representation paradigm of text documents is the high dimensionality

of the feature space, which imposes a big challenge to the performance of

clustering algorithms. Furthermore, the definition of the underlying distance

measure between documents is critical for getting meaningful clusters. The

hybrid document-clustering approach proposed in this work mostly addresses

such issues by combining the specific advantages of content-driven process-

ing with the effectiveness of an established pattern-recognition grouping al-

gorithm. Two crucial novelty aspects characterize the proposed approach.

First, distances between documents are worked out by a style-based hyper-
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metric. The specific approach integrates a content-based with a user-behavioral

analysis, as it takes into account both lexical and style-related features of the

documents at hand.

Secondly, the core clustering strategy exploits a kernel-based version of the

conventional k-means algorithm to group similar documents; hence, the model

exploits the implicit normalization of RBF kernel functions while embedding

style information in the whole mechanism. The present research tackled in-

deed the problem of curse of dimensionality by considering an advanced ap-

proach in the vector-space paradigm, which applied Johnson-Lindenstrauss-

type random projections for a reduction in dimensionality before cluster-

ing. The analysis focused in particular on the critical aspect concerning the

trade off between clustering accuracy and computational complexity, which

is a general issue in all text-mining applications, and can be particularly rel-

evant when using k-means for document clustering. Experimental results

indeed confirmed the consistency of the proposed framework. The hybrid

document-clustering approach proved effective when dealing with a stan-

dard benchmark for content-based document management. Furthermore,

it attained remarkable performances with an experimental domain (Enron)

resembling the kind of data collected as part of counterterrorism efforts.
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4.2 SVM Analog Circuit Based Learning

Several approaches have been proposed to the effective support of the

training process of Support Vector Machines [3]. When learning speed is of

paramount importance, one might envision a hardware-based approach to

the training strategy, and one should first choose between a digital and an

analog approach to the circuit-support strategy.

The aim of this work is to characterize and empirically investigate the aspects

and the potentialities of a general circuit model based on the co-content min-

imization [159].

4.2.1 Hardware SVM

The SVM training formulation implies a constrained quadratic program-

ming problem (CQP) on a convex cost function. The major practical advan-

tage of this property is that polynomial-complexity Quadratic Programming

(QP) algorithms ensure convergence to the global minimum.

When the number of free parameters becomes huge (e.g. n > 104 pat-

terns), several decomposition algorithms have been proposed to cope with

the optimization problem of SVM. In such cases, it seems interesting to envi-

sion a hardware solution to this problem, especially when considering com-

putational efficiency.

An approach to map SVM learning stage on an analog circuit was proposed in

[160], and was characterized by a direct mapping of the SVM learning process

into Chua’s circuit [159]. The main drawback of that method was the circuit

complexity in mapping the linear constraint in (2.97), which was replaced by

two inequalities: ∑n
i=1 yiαi ≥ 0∑n
i=1 yiαi ≤ 0

�� ��4.11

Such a formulation is formally correct but might bring about some issues in

reaching a circuit stable state.

The present work shows that by using 2.103 that is an SVM with no bias term,

co-content networks can apply effectively to the circuit-supported optimisa-

tion goal.
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4.2.2 Co-Content Minimization Circuits

The basic principle underlying the co-content approach is that the min-

imum of a given functional can be found by means of a proper analog cir-

cuit. Let < be a voltage-controlled, reciprocal, multiterminal resistor; for

such component (either linear or nonlinear) one can formalize the so-called

co-content potential function, G(v), as

Γ(v) =

∫ v

i(ξ) · dξ
�� ��4.12

where v, i denote the vectors of voltages and currents respectively, taken as

shown in 4.6.

Figure 4.6: Multi-terminal resistive network connected to capacitors

The current vector, i, can be written as the gradient of the co-content

function:

i(v) = ∇Γ(v)
�� ��4.13

In the circuit obtained by connecting < to a set of linear capacitors 4.6, the

voltages in v encode the state variables of the circuit. If one denotes as C

the diagonal matrix containing the (possibly different) capacitance values,

theory shows [161] that the time progression of G(t) is ruled by the equation:

dΓ

dt
= (∇Γ(v))t

∂v

∂t
= −

(
∂v

∂t

)t
C
∂v

∂t
≤ 0

�� ��4.14
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Expression (4.14) points out that, for any initial condition v(0), G(t) points

toward a minimum and that the corresponding stationary value of the cur-

rent vector in the circuit is i≡ 0.

This property suggests that one could minimize an arbitrary functional,

=, by mapping it on the co-content, G(v), of a proper resistive multi-terminal

component, connected to a set of linear capacitors as per 4.6. The main

structural idea is to bypass digital-based computations in the functional min-

imization, by directly using the intrinsic computational capabilities offered

by the physical laws of circuits [159]. Since the solution is reached in real time

as soon as the kernel matrix is computed, the time needed for SVM train-

ing reduces considerably respect software implementations; one should also

take into account that the kernel matrix can be computed in a fully parallel

way, thus, at least in theory, all the learning process can be completely paral-

lelized.

So the advantage of this approach mainly consists in the intrinsic parallel

processing. This technique can be very useful in ‘early learning’ problems,

requiring that a machine exhibits an extremely fast learning performance.

Whenever the kernel matrix changes, modifications can be mapped via re-

programming of resistive network. The following Section describes the pro-

cedure to map Support Vector Machines to a proper co-content network.

4.2.3 Hardware SVM Training

4.2.3.1 Circuit design strategy

The circuit complexity brought about by the linear constraint in (2.97) is

handled by a reformulation of the SVM cost function. Theory shows [63] that,

in the presence of a positive definite kernel function, the linear constraint in

eq. (2.97) can be removed without affecting the generalization ability of the

SVM. Indeed, forcing a null bias term b in the decision function implies to

take out the linear constraint in the dual problem formulation (2.103). This

rewriting modifies the SVM functional as per (2.103)

Such a simplified formulation of the original problem holds for positive
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definite kernels. From a circuit perspective, it is interesting to anticipate

that the “box constraints” on the parameters α prevent the parameters them-

selves to reach unfeasible values; in other words, both constraints imply use-

ful physical limitations on the voltage values of the associate vector coordi-

nates v. The resulting design of a circuit mapping a functional, =(a), into its

co-content potential, G(v), follows two basic steps:

1. Setting up a correspondence between vectors a and v (association step);

2. Setting up a topological structure for < (circuit definition)

4.2.3.2 Association step

First, one sets a reference voltage, V0, to map SVM parameters αi into

voltages vi, hence the relation between SVM variables and voltages is de-

fined as αi = vi/V0. Thus, the box constraint takes the form: 0 ≤ vi ≤
ΩV0 i = 1, ..., n , while the quadratic functional can be rewritten as

1

2
αtQα−

n∑
i=1

αi → 1

2V 2
0

vtQv − 1

V0

n∑
i=1

vi
�� ��4.15

By choosing an arbitrary resistance value,R0, and multiplying the dimen-

sionless functional (4.15) by the power reference V 2
0 /R0, one defines the ac-

tual co-content potential function G(v), as

Γ(v) =
1

2R0

vtQv − V0

R0

n∑
i=1

vi
def
= Ψ (v)− Φ (v)

�� ��4.16

The physical dimension of both Ψand Φis power, and is consistent with

the co-content potential function terms. By taking the partial derivates of Ψ

with respect to voltagesvi, one obtains the current terms:

îk =
∂Ψ

∂vk
=

1

R0

n∑
i=1

qkivi
�� ��4.17

Likewise, partial derivatives of Φ yield:

ĩk =
∂Φ

∂vk
= − V0

R0

�� ��4.18
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Finally by assembling∇Γ(v) one obtains total currents; in particular, the cur-

rent at the k-th terminal is:

ik = îk + ĩk.
�� ��4.19

4.2.3.3 Circuit definition

A constant current source can easily support the second term ĩk in the ex-

pression (4.19). The first term îk, because Q matrix is positive definite, can

be implemented by a reciprocal circuit <̂ containing two-terminal resistors

only. The topological structure is not unique. A possible choice is sketched

in 4.7 for the very simple case n = 3. Following [159], the general form of the

n× nconductance matrix G is:

G =



∑
k y1k −y12 · · · · · · −y1(n−1) −y1n

−y21

∑
k y2k · · · · · · −y2(n−1) −y2n

−y31 · · · · · · · · · · · · −y3n

−y41 −y42 · · · · · · · · · −y4n

· · · · · · · · · · · · · · · · · ·

−yn1 −yn2 · · · · · · · · ·
∑

k yn,k


�� ��4.20

with yik = yki according to the well-known reciprocity theorem. The corre-

spondence between the yij elements and the elements qij of Q is

yij =

 − qij
R0

; i 6= j∑
k qik
R0

; i = j

�� ��4.21

as one can find after some manipulations. As a final step, the circuit im-

plementation of the n box constraints is obtained through nonlinear resistors

with the vd − id characteristic in 4.8.

As shown in [159], these resistors do not contribute to the co-content of

<. The structure of <, resulting by connecting the multiterminal <̂defined

by (4.21) to these nonlinear resistors and to the current generators (4.18) is

shown in 4.9, where a set of identical linear capacitors completes the circuit.
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Figure 4.7: Circuit topology: three terminal case

Figure 4.8: Voltage limiting component and voltages-current curve

4.2.3.4 Complexity reduction

A crucial aspect of the overall approach concerns the structure of the resis-

tive network, since the complexity of < depends on the density of the kernel

matrix. Using the popular linear or RBF kernel, for instance, tends to yield a

dense Hessian matrix Q, and ultimately complicates the topology of the sup-

porting network, <. Generally speaking, the number of two-terminal resis-
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Figure 4.9: Complete circuit

tors implementing a full-density matrix Q is equal to n(n+ 1)/2. By contrast,

a proper choice of the kernel function can lead to a sparse Q matrix, and re-

duce the complexity of < accordingly.

In general, taking a positive-definite kernel matrix and annihilating its closest-

to-zero elements yields a kernel matrix which is no longer positive definite.

In other words, the sparse structure of a positive definite matrix must be

guaranteed ab origine by a proper choice of the kernel.

A positive definite kernel generating a sparse Q matrix has been defined in

[162]. More specifically, thanks to this kernel the sparsity of Q can be tuned

through a specific parameter (cut-off distance), according to the following

definition.

Let d(xl,xm) = ‖xl − xm‖2 denote the distance between the pair of points

(xl,xm), and let r be a positive cut-off distance. The kernel-based inner prod-

uct, K(xl,xm), is set to 0 each time d(xlxm) ≥ 2r; otherwise, the quantity

K(xl,xm) is worked out by means of a recursive procedure:

kd,1(xl,xm) = 1− ‖xl−xm‖
2r

kd,2(xl,xm) = arccos
(
‖xl−xm‖

2r

)
− ‖xl−xm‖

2r

√
1−

(
‖xl−xm‖

2r

)2

kd,j(xl,xm) = j−1
j
kd,j−2(xl,xm)− 1

j
‖xl−xm‖

2r

(
1−

(
‖xl−xm‖

2r

)2
) j−1

2

�� ��4.22

Recursions stop when the running index j reaches the dimension n of the
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original data space, so one has: K(xl,xm) = kd,d(xl,xm). As shown in [162],

this kernel is positive definite and ensures good prediction performances

while yielding sparse kernel matrices.

4.2.4 Experimental Results

The circuit capabilities have been tested through a set of experimental ses-

sions on three non toy known test sets from UCI repository [100]: Sonar,

Ionosphere and Diabetes. The assessment of the generalization ability com-

pared the method’s performances with those attained by a software-based,

high-precision SVM implementation, including a bias term. To measure the

effect of using a sparse kernel matrix, different levels of the sparsity-controlling

parameter were tested.

The software implementation adopted a conventional SMO-based algo-

rithm, including Lin’s first-order heuristic to select a working set [62]. In all

experiments, the tolerance on the KKT conditions was 10−3. Circuit-based

optimization runs were accomplished first by generating the components

netlist in an automated fashion, then by applying Spice (Orcad 16.0) simu-

lations.

The hardware simulations of the voltage-limiting section involved a clas-

sic diodes-based limiting circuitry. The model used was the default diode

with a constant threshold of 0.594V ; this voltage value tuned the offset to get

a precise box constraint when the parameter-representative voltage was 0 or

the SVM bounding constant, Ω. Additional circuit-design parameters were

set as follows: C = 1nF, V0 = 1V, R0= 1kΩ. For a given <̂, the values of C and

R0 control the rate of convergence of the dynamic process in the circuit. All

solution voltages values were measured upon completion of a transient in-

terval of 80µs. In all the cases, the circuit converged to the solution without

instabilities, as expected.

The domain of kernel parameter r was set as [0.2, 4] and all attributes of

data were normalized in [−1,+1]. Table 4.9 gives, for the various data sets,

the splitting strategies of the data into training and test sets, and the associate

values of the SVM regularization parameter Ω.

Tables 4.10, 4.11, 4.12 report on the test-set accuracy values and the com-
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Dataset #Training #Test Ω

Sonar 150 58 1

Ionosphere 251 100 8

Diabetes 230 538 1

Table 4.9: Datasets Splitting and Ω parameters

plexity values for the hardware SVM together with the values obtained with

SVM software with bias; 4.10, 4.11, 4.12 are the graphical counterparts of the

tables.

Figure 4.10: Sonar dataset: dashed line represents the software accuracy,

continuous line is the circuital complexity and dashed-dotted line is svm

hardware accuracy

From an accuracy viewpoint, results suggest that the training circuitry reaches

a satisfactory solution in all three cases.

However the most interesting aspect here is that a good level of accuracy

(>75%) can be maintained also when the complexity of the resistor network

<̂ is severely limited through a proper value of the cut-off distance parameter

r.

In particular:
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Figure 4.11: Ionosphere dataset: dashed line represents the software accu-

racy, continuous line is the circuital complexity and dashed-dotted line is

svm hardware accuracy

Figure 4.12: Diabetes dataset: dashed line represents the software accuracy,

continuous line is the circuital complexity and dashed-dotted line is svm

hardware accuracy

1. in the case of Sonar dataset with a sparsity level of 80% the accuracy is

unchanged respect the full matrix training
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2. in Ionosphere an acceptable accuracy is obtained at a level of sparsity

of 80%

3. in Diabetes a level of sparsity of 70% can guarantee the maximum ac-

curacy obtainable with full matrix

Note that the degrading results obtained when sparsification is near 100%

are due to the absence of the bias term b. For b=0 the decision function

sign
(
wTxi + b

)
can take uncorrect values when wTxi is close to zero. In these

cases, for a fair evaluation, the result has been considered as an error. Then

the accuracy results reported here must be interpreted as the most conserva-

tive evaluations.

In general the results discussed here appear to be quite encouraging. How-

ever it seems to remain a certain dependence of the effectiveness of the spar-

sification from the chosen dataset. It should be also underlined that the pro-

posed approach can use other sparse kernel representations and that, in ev-

ery case, the network is able in giving a coherent solution in both the case of

sparse or not sparse network.

4.2.5 Conclusions

In this work a modification of SVM formulation to make it compatible with a

co-content minimization network implementation is proposed; in particular

bias removal allowed eliminating the linear constraint term.

Further the circuit complexity was strongly reduced and controlled by us-

ing an effective sparse kernel function. Experimental evidence on non toy

problems confirmed that the circuit approach attained accuracy classifica-

tion levels comparable with those yielded by high precision software imple-

mentation.

The learning skill of the network depends on the value of the kernel param-

eter, hence a future line of investigation concerns the definition of an opera-

tive criterion of selection of r. Another possible extension regards the appli-

cation of other possible sparse kernels presented in literature and the com-

parison of the obtained results with those obtained in the present case. As
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r Complexity SW SVM HW SVM

0.2 0.007 0.534 0

0.4 0.007 0.534 0

0.6 0.0098 0.534 0.05

0.8 0.014 0.569 0.224

1 0.022 0.621 0.379

1.2 0.04 0.621 0.51

1.4 0.077 0.69 0.6

1.6 0.141 0.707 0.689

1.8 0.236 0.776 0.896

2 0.358 0.845 0.879

2.2 0.496 0.845 0.845

2.4 0.628 0.828 0.828

2.6 0.735 0.862 0.845

2.8 0.819 0.845 0.828

3 0.891 0.862 0.845

3.2 0.942 0.845 0.828

3.4 0.977 0.828 0.845

3.6 0.9944 0.845 0.845

3.8 0.9988 0.879 0.845

4 1 0.879 0.862

Table 4.10: Comparison of SW SVM and HW SVM accuracy for Sonar Dataset



4.2 SVM Analog Circuit Based Learning 209

r Complexity placeSW SVM HW SVM

0.2 0.007 0.71 0.23

0.4 0.022 0.71 0.52

0.6 0.05 0.72 0.62

0.8 0.0851 0.73 0.68

1 0.13 0.97 0.75

1.2 0.18 0.97 0.76

1.4 0.23 0.96 0.77

1.6 0.29 0.96 0.78

1.8 0.36 0.96 0.79

2 0.45 0.95 0.81

2.2 0.5351 0.94 0.85

2.4 0.638 0.93 0.9

2.6 0.74 0.93 0.9

2.8 0.821 0.91 0.89

3 0.89 0.91 0.88

3.2 0.936 0.91 0.86

3.4 0.967 0.91 0.86

3.6 0.986 0.91 0.86

3.8 0.9945 0.91 0.87

4 0.998 0.92 0.88

Table 4.11: Comparison of SW SVM and HW SVM accuracy for Ionosphere

Dataset
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r Complexity placeSW SVM HW SVM

0.2 0.002 0.651 0.363

0.4 0.131 0.682 0.703

0.6 0.385 0.74 0.736

0.8 0.67 0.747 0.742

1 0.87 0.74 0.742

1.2 0.966 0.749 0.747

1.4 0.9931 0.747 0.749

1.6 0.995 0.755 0.753

1.8 1 0.757 0.753

2 1 0.76 0.753

2.2 1 0.757 0.753

2.4 1 0.755 0.753

2.6 1 0.753 0.753

2.8 1 0.753 0.753

3 1 0.755 0.753

3.2 1 0.753 0.753

3.4 1 0.751 0.753

3.6 1 0.749 0.753

3.8 1 0.747 0.753

4 1 0.747 0.753

Table 4.12: Comparison of SW SVM and HW SVM accuracy for Diabetes

Dataset
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a final step a concrete prototypal VLSI implementation of the network could

be developed.
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4.3 Fast Approximate Regularized Least Squares

Large-scale learning represents a crucial topic in the research area of Ma-

chine Learning, and kernel methods are of particular interest for non-linear

learning. Different approaches have been proposed to address such issue.

Sequential Minimization Optimization (SMO) for Support Vector Machines

(SVMs) [62], and the conjugate gradient method [55] represent well-known

techniques that can prove useful for large-scale problems when high dimen-

sional spaces are involved. This work introduces a non-iterative method for

the approximate solution of large-scale learning. The Regularized Least Squares

(RLS) [53] framework supports the learning principle. The rationale behind

this choice is that RLS is a well-known and successful Machine-Learning al-

gorithm, whose training procedure consists in solving a system of linear equa-

tions. Efficient solvers exist for the RLS paradigm; however, they cannot ad-

dress effectively large-scale problems. Solvers based on decomposition meth-

ods [62] do not allow one to predict execution time or complexity easily. Direct-

solution methods, which combine Gaussian elimination with a matrix factor-

ization technique (Cholesky decomposition) [163], exhibit predictable time

and complexity, but suffer from two major drawbacks: first, the whole sys-

tem matrix must be kept, hence storage requirement scales as O(n2), where

n is the number of rows/columns of the linear system; secondly, the solver

complexity scales withO(n3). Iterative methods [55] can outperform in speed

the latter approaches in the presence of sparse matrixes, but still require the

computation of the whole matrix; moreover, the speed-up is not predictable

and heavily depends on the specific problem settings.

When tackling large-scale problems or when using devices with limited

resources, one requires approximation schemes that can grant a trade-off be-

tween accuracy and computational complexity. Toeplitz matrix [164] are par-

ticularly interesting, as the solution of a Toeplitz system with n variables re-

duces computational complexity to O(n2) and storage requirements to O(n).

Toeplitz solvers have been successfully used in Linear Predictive Coding, and

in general where a Toeplitz system emerges, as in autocorrelation-based meth-

ods [165].
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This work exploits the properties of Toeplitz matrixes to significantly reduce

both the computational cost and the memory space required to train an RLS-

based machine.

The research presented in this section first derives a sufficient condition

that remaps the RLS learning problem into a Toeplitz system for one-dimensional

regression problems; then, an approximation scheme for multivariate data is

proposed. This general scheme balances efficiency versus accuracy and can

be used to address large-scale classification problems effectively; indeed, it

is showed that approximation accuracy is high as long as the kernel function

leads to a kernel matrix that is very close to having a Toeplitz-based structure.

The remarkable reduction of storage requirements and the exact predictabil-

ity of memory usage represents in particular the crucial advantage provided

by the present framework when compared with other approaches proposed

in the literature. one should also consider that the method scales in memory

as O(n) using at the same time all the available patterns. That feature makes

actually the framework also amenable for limited-resource implementations

involving embedded systems [166].

4.3.1 Toeplitz Matrixes for Regularized Least Squares

A Toeplitz matrix, T, of size n × n is a diagonal-constant matrix. If the matrix

is symmetric, n values completely specify T; thus, if one denotes with k ∈
Rn the vector that contains the elements duplicated in each diagonal, one

verifies that: Ti,j = k|i−j|. With these specifications, k spans the first row of

the Toeplitz matrix, and the matrix takes the form:

k0 k1 k2 . . . kn−2 kn−1

k1 k0 k1 . . . . . . kn−2

... k1 k0 . . . . . .
...

...
...

...
...

...
...

kn−2 . . . . . . . . . . . . k1

kn−1 kn−2 . . . . . . k1 k0


�� ��4.23

Theory shows that any system of equations supported by a Toeplitz ma-
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trix, T, expressed as Tβ = y can be solved efficiently by the Levinson-Trench-

Zohar (LTZ) recursive algorithm [164]. The advantage of such an approach is

that the complexity of the solution process scales asO(n2) in time and asO(n)

in memory, hence it outperforms any Gaussian elimination method. These

features make the LTZ algorithm very appealing when one needs an efficient

approach to solve a Toeplitz system.

The LTZ algorithm in Matlab code is the following:

Algorithm 8 Symmetric Toeplitz Solver

Require: r, first row/column of matrix T, labels vector y

Ensure: solution vector x

1: function x = ToeplitzSolver(r,y)

2: N = length(r);

3: a = [1];

4: b = [1];

5: eps = r(1);

6: x = [y(1)/eps];

7: r = r(:)’;

8: y = y(:);

9: for n=2:N do

10: subr = r(n:-1:2);

11: vareps = -(1/eps)*sum(subr.*a);

12: csubr = subr(end:-1:1);

13: nu = -(1/eps)*sum(csubr.*b);

14: tempa = a;

15: tempb = b;

16: a = [tempa 0]+vareps*[0 tempb];

17: b = [0 tempb]+nu*[tempa 0];

18: eps = eps*(1-vareps*nu);

19: lambda = y(n)-sum(subr.*x);

20: x = [x 0]+(lambda/eps)*b;

21: end for

22: x=x’;
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In the following, a theoretical analysis derives a sufficient condition to for-

mulate RLS training in terms of a Toeplitz matrix for one-dimensional prob-

lems, and an approximation scheme that, starting from a general kernel ma-

trix K, yields a Toeplitz kernel T for multidimensional domains.

4.3.1.1 Toeplitz Kernels for Univariate RLS problems

Toeplitz matrixes naturally emerge when dealing with translation-invariant

kernels and uniform (step-constant) sampling of univariate data. The follow-

ing Lemma relates one-dimensional data distributions to Toeplitz matrixes.

Lemma 4.3.1. Given a set, X of mono-dimensional patterns drawn from uni-

form sampling and a translation-invariant kernel such that: K (u, v) = K (‖u− v‖),

then the associate kernel matrix is a Toeplitz (symmetric) matrix.

Proof: The assertion is proved by construction. Because of the uniform sam-

pling, one can write the j-th sample as xj = x0 + ∆j, where x0 is the first sam-

ple of the set and ∆ is the sampling step. To compute the kernel function one

works out the element:

Ki,j = K (xi, xj) = K (|x0 + i∆− (x0 + j∆)|) = K (|i− j|∆)
�� ��4.24

In matrix form, this becomes:



K(0) K (∆) . . . . . . K ((n− 2)∆) K ((n− 1)∆)

K (∆) K(0) K (∆) . . . . . . K ((n− 2)∆)

...
...

...
...

...
...

...
...

...
...

...
...

K ((n− 1)∆) . . . . . . . . . . . . K(0)


�� ��4.25

which is a Toepliz matrix; this proves the assertion. Q.E.D.

It is easy to verify that, for any kernel matrix of Toeplitz type, T, the system

(T + λInn)β = y is of Toeplitz type as well, hence a fast solution with the LTZ
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algorithm is attainable. This proves that regression problems can be solved

exactly and rapidly by the RLS approach when dealing with univariate, uni-

formly sampled large training sets. The work by [45] provides an example of

application of Lemma 4.3.1.

4.3.1.2 Approximated Toeplitz Systems for Multivariate RLS Problems

Tackling multivariate data makes it difficult, or even impossible, to set a suf-

ficient condition ensuring that the kernel matrix always is in Toeplitz form.

To benefit from the LTZ algorithm, one might yet approximate the original n

x n kernel matrix, K, by its nearest Toeplitz approximation, TK; the similarity

between matrixes is ruled by a specified metric measure, M . This approach

requires one to solve the following problem:

min
TK

‖TK −K‖M
�� ��4.26

with the constraint that TK is positive semi-definite. To solve (4.26) one usu-

ally applies iterative algorithms that prove computationally expensive [167].

The research presented in the following yields an efficient approach that

also gives an effective approximation scheme. The problem (4.26) has an an-

alytical solution if one relaxes the constraint on the positive semi-definite

property of TK, and the proximity is measured by the Frobenius norm, ‖ ‖F ,

of the difference matrix:

‖TK −K‖F = ‖D‖F =

√∑
i

∑
j

|dij|2
�� ��4.27

Lemma 4.3.2. Given a setX of multivariate samples the solution of min
TK

‖TK −K‖F
is attained by the matrixTK that is built by setting all elements of each constant-

value diagonal to the mean value of the corresponding diagonal in K.

Proof: First, one unrolls in a diagonal-wise fashion the matrix K, such that

each diagonal is concatenated to each other. Considering the symmetry of

K one only concatenates the upper diagonals; indicating by di each diagonal

the resulting vector vK is of length (n(n+ 1))/2.
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vK =

K0,0, K1,1, ..., Kn−1,n−1,︸ ︷︷ ︸
d0

...., K0,j, K1,j+1, ..., Kn−1−j,n−1,︸ ︷︷ ︸
dj

.... , K0,n−1︸ ︷︷ ︸
d(n−1)


Then one performs the same unrolling procedure for the Toeplitz matrix, TK,

and builds vT

vT =

T0.0, T0,0, ..., T0,0,︸ ︷︷ ︸
d0

......, T0,j, T0,j, ..., T0,j,︸ ︷︷ ︸
dj

...., T0,n−1︸ ︷︷ ︸
d(n−1)


the difference vector δ = vK − vT is:

δ =



K0,0 − T0.0, K1,1 − T0.0, ..., Kn−1,n−1 − T0.0︸ ︷︷ ︸
d0

, ...,

K0,j − T0,j, K1,j+1 − T0,j, ..., Kn−1−j,n−1 − T0,j︸ ︷︷ ︸
dj

, ....,

K0,n−1 − T0,n−1︸ ︷︷ ︸
d(n−1)


Finally the problem min

TK

‖TK −K‖M reduces to find min
TK

‖δ‖2
2 where

‖δ‖2
2 =


∑n−1

j=0

n−1−j∑
i=0

(Ki,j+i − T0,j)
2

︸ ︷︷ ︸
dj

 . All terms in the summation are pos-

itive or zero, therefore the minimum is attained when each term in round

brackets is minimum: however due to the Toeplitz diagonal-constant struc-

ture one has to consider together all the terms within each diagonal. Given a

diagonal j then the minimum of
n−1−j∑
i=0

(Ki,j+i − T0,j)
2

︸ ︷︷ ︸
dj

, is attained when T0,j is

the sample mean of the diagonal j of the original matrix K. This observation

holds for each diagonal. Q.E.D.

offers two principal advantages: first, the solution of problem (4.26) is ex-

pressed analytically; secondly, to work out TK one should only compute the
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mean values of each diagonal of the matrix K. Once the mean value of a di-

agonal is computed, the associate memory can be de-allocated and re-used;

this leads to a memory occupation that scales as O(n).

The approximation scheme based on is most effective when the original

kernel matrix K, has an ”almost-Toeplitz” structure, so that alterations in the

diagonal elements marginally distort the overall information carried byK. To

evaluate the accuracy attained by TK and to measure the distortion brought

about by the approximation, one should ultimately estimate the error per-

formed on a test set.

The relaxation of the constraint on the positive semi-definiteness of TK

is of minor importance in practice, for several reasons. First, even if TK is

indefinite (that is a matrix neither positive nor negative semi-definite), the

regularization parameter, λ > 0, that is added to each term in the main diag-

onal contributes to make the matrix positive semi-definite (singularities are

in fact very unlikely). Secondly, if the matrix [TK + λInn] still results indefi-

nite, it can be shown that the associate RLS training problem is equivalent to

learning in a Reproducing Kernel Krein Space [52]. Theory shows [52] that

learning is possible in such a space, and Rademacher bounds to the general-

ization error can be estimated accordingly. Finally, the Look-Ahead-Levinson

algorithm [168], which is a version of the LTZ method, can effectively deal

with indefinite Toeplitz matrixes almost without extra costs.

The advantage of the Toeplitz-based approach becomes apparent when

one considers the analysis summarized in 4.13, where the features of the con-

ventional and of the Toeplitz-based solutions of the RLS learning problem

are compared (for the conjugate gradient a underestimation of the compu-

tational cost is given). The crucial aspect is that the sharp reduction in all

requirements makes the direct-solution approach viable for large data sets,

which would otherwise prove inaccessible.

4.3.1.3 Effects of RBF Kernels on Generalization

The distortion introduced by the Toeplitz kernel, TK, in approximating K

affects the accuracy of the classifier machine. Therefore, the kernel function

should ensure a satisfactory trade-off between accuracy and computational
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Requirements Gaussian Eli. Conj. Gradient Toeplitz

Computational Complexity O(n3) O(kn2) O(n2)

Storage Requirement O(n2) O(n2) O(n)

Table 4.13: Comparison among Gaussian Elimination, Conjugate Gradient

and the Toeplitz-based solver approaches to RLS learning: n is the number of

patterns and k is the number of CG iterations

complexity. This section shows that the Radial-Basis-Function (RBF) kernel

can accomplish this requirement and is suitable for Toeplitz approximations.

The kernel formulation, K(u,v) = exp (−‖u− v‖2/(2σ2)), implies that in-

ner products vary in the range (0,1]. By varying the kernel parameter, σ, one

can drive the numerical distribution of similarity results towards either ex-

tremum of the range. Let φ(u), φ(v) the non-linear mappings induced by the

Gaussian kernel on pattern vectors u, v, respectively; using kernels proper-

ties one has ‖φ(u)− φ(v)‖2 = K(u,u)− 2K(u,v) +K(v,v) then because one

is using RBF kernel one has:

K(u,u)− 2K(u,v) +K(v,v) = 2[1−K(u,v)]. Two extreme situations can

be represented as follows 4.13:

1. σ → 0: then K(u,v) → 0 ∀u,v; thus all distances in the Hilbert space

collapse to a constant ‖φ(u)−ϕ(v)‖2 = 2 · [1−K(u,v)] ∼= 2. The images

of all patterns in the infinite-dimensional space lay on a hyper-sphere,

and the kernel matrix tends to the identity matrix.

2. σ → ∞, then K(u,v) → 1 ∀u,v; all distances in the feature space col-

lapse to ‖φ(u)− φ(v)‖2 = 2 · [1−K(u,v)] ∼= 0. All images collapse onto

one point and the entries in the kernel matrix are all set to 1.

In both those situations, one expects the resulting generalization perfor-

mance to be far from optimal, due to over-fitting in the former case, and over-

smoothing in the latter. It is however intriguing that, in both cases, the kernel

matrix yet tends to a Toeplitz matrix. The case σ → 0 may be especially inter-

esting because images do not concentrate in one point of the kernel space,
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and the key issue is to set σ to a value that is small enough to drive K toward

a Toeplitz matrix and, at the time, to ensure that over-fitting is not severe.

From another perspective also the case σ → ∞ can be interesting because it

is well known, that for ‘big enough’ values of σ one recover the linear kernel

[169]. Thus the Gaussian kernel provides a suitable kernel function which

gives an effective generalization ability and also benefits from a Toeplitz-like

structure matrix.

Figure 4.13: Kernel space data representation (crosses are +1 data and balls

are -1 data): (a) is the case σ → 0 , (b) is the case σ →∞

4.3.2 Experimental Results

The experimental session of the presented research aimed at:

1. checking the consistency of the approximated solution

2. assessing the gap in accuracy between classical solvers and the approx-

imated one

3. evaluating the average speed-up attained by the Toeplitz-based approach.

To achieve those goals, the proposed framework was tested on several classi-

fication problems, and compared with both a conventional solver [163] and

a solver based on the conjugate-gradient method [55]. As the approxima-

tion scheme may coarsely alter some elements of the original kernel matrix,
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Dataset #Training Set #Test Set # Variables

MNist3vs8 1,5,10,20 4 80

Ijcnn 1,5,10,20,50,100 5 22

Daimler 1,2,5,7 1 648

w8a 1,5,10,20,40 5 300

Covertype 1,5,10,20,50,100 5 54

Faces 1,5,10,20 1 361

Table 4.14: Data splitting criteria for the data sets used in the experiments

and number of variables. The numbers of patterns in the table are intended

multiplied by 1e3

classification problems represent a suitable applicative domain for a learning

strategy that addresses a trade-off between accuracy and complexity.

Experimental verifications involved real-world, binary datasets, namely:

Covertype, Ijcnn, w8a [62] , Daimler [170], Manuscript NIST (3 vs 8) [99], and

MIT face database [171]. In all cases, the patterns were shuffled, each coordi-

nate was normalized into the range [−1,+1], and each data set was randomly

split into a training set and a test set. Table 4.14 gives the partitioning cri-

teria and the number of variables for each dataset in the experiments. For

each dataset, a grid-based model selection method was used to tune the pa-

rameters; in the following, σC and σT will denote the best kernel parameter

for the classical and the Toeplitz-based approach, respectively. Optimal set-

tings for parameters λ and σ have been set by adopting a conventional cross-

validation strategy based on a test set.

The tests have been implemented in a Matlab 2009a environment and

on a Intel Xeon 5440 Quadcore. The standard Matlab Gaussian Elimination

solver (‘/’ operator) and the standard conjugate gradient solver without pre-

conditioning (function pcg ) of the Matlab optimization tool box have been

used. The first is a built-in function, the second is a .m file that can be con-

sidered almost a built-in function due to the fact that all the expensive op-

erations are matrix multiplications implemented by the fast built-in mtimes

function.
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Both CG and Gaussian Solver are parallel. CG was used by exploiting the de-

fault stopping criterion and by setting 100 as the maximum number itera-

tions. The LTZ algorithm for the approximated solution was a mex file C-

coded with no parallelism.

4.3.2.1 Result Analysis

The graph in 4.14 is a preliminary experiment and shows the behavior of

the normalized Frobenius norm ‖TK −K‖F /n2 with changing kernel param-

eter log(σ). As reference the MNIST dataset and n = 1e3 samples were used;

as theory showed the best approximating behavior verifies for both low and

high values of σ; analogous results hold for other datasets.

The graphs in 4.15 give, for each testbed, the classification error scored by the

’best’ model on the test set, for a varying number of training patterns. In each

graph, the solid black line gives the best test error attained by the approxima-

tion method, the dashed black line marks the best test error obtained by the

classical linear solver, and the grey line is the best test error obtained by the

conjugate-gradient (CG) method. 4.16 gives the speed-up factors obtained

by the Toeplitz-based RLS method with respect to the comparison strategies.

As predicted by theory, the approximation method proved very effective

whenever the optimal parameter setting, σC , lead to a matrix that was close to

a Toeplitz matrix; this situation is exemplified by the Covertype and Daimler

datasets; in both cases, the approximated model almost matched the classi-

cal method.

The conventional linear-system solver and conjugate gradient required to

allocate the entire kernel matrix, whose storage cost scaled as O(n2). This set

severe limitations for those problems involving more than 2 · 104 patterns,

as memory storage for the kernel matrix exceeded 3GB; memory occupation

further increased when taking into account the overhead brought about by

the linear system solver (e.g. Cholesky decomposition) and the dataset ma-

trix. This made memory storage quite a demanding constraint even on pow-

erful machinery. Conversely, the experiments showed that the approximated

method required less than 300 MB of RAM, even for datasets including more

than 105 patterns.
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The Toeplitz-based approach made it possible to train classifiers also with

large data sets including 50, 000 and 100, 000 patterns, as was the case for

Covertype; in those situations, empirical evidence showed that the best model

obtained by the approximated method outperformed the ”exact” solution

obtained by classical methods (which had been trained on fewer patterns).

In other cases, the approximated approach yielded a sub-optimal solution,

although classification errors always kept within a reasonable range.

The (successful) event σC ∼= σT could be observed when the size of the

training sets reached 1e3 patterns or more. Whenever σC differed signifi-

cantly from σT , the results on large-scale data sets did not match those at-

tained by classical solutions (even with fewer patterns); conversely, when-

ever σC ∼= σT , the approximation for large-scale learning proved effective.

These considerations provide a designer with an operative criterion to verify

the advantage of the approximation scheme in tackling large-scale problems

or in supporting limited-resource implementations.

Speed-up values always proved very satisfactory, also considering that

the classical Matlab Gaussian Elimination solver could benefit from a paral-

lel implementation whereas the LTZ algorithm version was not parallelized.

An important remark concerns the analysis of timing results, as the reported

speed-up values only took into account the computational process involved

by the solution of the linear system. Therefore, one might argue that, if one

also considers the time required to work out the kernel matrix, speed-up val-

ues should be adjusted and would decrease accordingly. Actually, the total

number of kernel evaluations is constant and scales exactly as O(ln2) (where

l is the number of variables); therefore it does not compromise the advan-

tage in complexity that is conveyed by the Toeplitz-based approximation. At

the same time, modern technology approaches to kernel matrix computation

make that process easily parallelizable [172]; on the contrary, parallelization

of the optimization engine is a difficult task. The experimental results pre-

sented in 4.15 confirmed the expected behaviors in terms of computational

complexity as per toeplitzTable1. The speed-up provided by the Toeplitz

solver over the conjugate-gradient method was roughly proportional to the

number of iterations of the CG algorithm. Actually, in half of the experiments
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the CG didn’t attain the required solution accuracy before reaching the maxi-

mum number of iterations. Thus, the average speed-up provided by the pro-

posed strategy is somewhat underestimated.

A comparative analysis with iterative methods for SVM [173] showed that

the computational performances attained by the latter ones were heavily af-

fected by the specific values of the regularizing parameter, λ (C SVM parame-

ter in that case), whereas the performances of the Toeplitz-based method are

guaranteed to keep constant and independent of that quantity. Likewise, the

CG was heavily influenced by both parameters λ and σ: the computational

complexity of CG increases when σ takes on high values and λ takes on low

values. At the same time, empirical evidence pointed out that the accuracy

provided by the approximated method matched satisfactorily the accuracy

attained by iterative methods (CG), especially when large data set were in-

volved.

Figure 4.14: Normalized Frobenius norm of the error matrix versus kernel

amplitude.

4.3.2.2 A Practical Procedure to Validate the Approximation for Large Datasets

The theoretical analysis and the experimental verifications point out that

the use of an RBF kernel most likely enhances the Toeplitz-based scheme in
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(a) (b)

(c) (d)

(e) (f)

Figure 4.15: Accuracy comparison for Gaussian Elimination, Conjugate Gra-

dient and Toeplitz Approximation
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(a) (b)

(c) (d)

(e) (f)

Figure 4.16: Experimental results for the RLS Toeplitz-based acceleration.
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RLS learning tasks. In practical applications, one is interested in the accuracy

of the eventual system set-up, and the effectiveness of the Toeplitz-based ap-

proach ultimately depends on the consistency of the model-selection pro-

cess. In other words, one would know in advance whether the approximated

schema yields classification results that are close to the solution attained by

direct methods.

The above discussion and the analysis of empirical evidence provides an

operational, reliable procedure to assess the validity of the approximation in

a practical fashion, and is especially useful in large-scale training problems.

The method baseline is the verification that, whenever the approximated

model parameter proves close to the ’correct’ value (σT ∼= σC) for a relatively

small training set, then this property also holds for the larger data set; thus

one has TK
∼= K and the Toeplitz-based approach dramatically simplifies the

training task on the actual domain. The operational procedure is therefore

the following.

1. Input: a large set, X, of training patterns;

2. Subsample X and assemble a reduced training set, X’, holding a number

of patterns, n’, that can be managed by direct-solution methods (e.g. n’

∝ 1e3);

3. Perform a model selection process on X’ by using both the direct-solution

and the Toeplitz-based method, yielding model parameters (σC)’ and

(σT )’, respectively;

4. if model selection is consistent, i.e., (σC)’∼= (σT )’, train an RLS machine

on the entire set, X, by using the Toeplitz-based method; otherwise the

approximated method might not apply.

The advantage induced by the low computational complexity of the approx-

imation scheme makes the above procedure also valid when dealing with

limited-resource devices, since in those circumstances one has to use an al-

gorithm that can support the learning process on the target device.
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4.3.3 Concluding Remarks

The work has analyzed the application of Toeplitz-related algorithms to

the training problems involved by Regularized Least Squares. When con-

sidering the associate linear-system problem setting, the basic advantage of

the proposed approach lies in the dramatic reduction in both computational

complexity and storage requirements involved by a Toeplitz-based problem

formulation.

The presented research has proved a sufficient condition that yields a

Toeplitz kernel matrix for mono-dimensional problems, with the result of a

very efficient learning algorithm leading to the exact solution. An approxi-

mated problem setting has been described for the general case of multivari-

ate domains, where the role of RBF kernels has been analyzed.

The theoretical analysis and experimental results have shown that, when-

ever the actual model implies a kernel matrix that is close to the approximat-

ing Toeplitz matrix, the proposed approach attains a marginal degradation

in accuracy and, by contrast, allows one to tackle large-scale problems that

would have been otherwise inaccessible. The approximation scheme is also

appealing for embedded implementations, involving for instance low-cost

DSPs, that are strongly constrained in resources and that can tolerate sub-

optimal accuracy performances.
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4.4 Regularized Random Neural Networks

The research presented here addresses both theoretical properties and

applicative extensions of the basic ELM model. The specific analysis tackles

the effect of regularization methods on the ELM performances, and proposes

operational responses to some crucial questions, namely, when regulariza-

tion is actually required and which regularization method proves beneficial

eventually.

From a theoretical perspective, novelty contributions lie in deriving the

Vapnik-Chervonenkis dimension of the ELM analytically, and in proving the

equivalence between the regularized approach and a conventional Regular-

ized Least Squares algorithm [53] when the ELM kernel [174] is implemented.

From an applicative viewpoint, the research compares two alternative strate-

gies for regularization. The first strategy hard limits the eigenvalues of the

hidden layer matrix, and Truncated SVD is the tool to implement that ap-

proach. The second strategy applies Tikhonov regularization (Euclidean norm

of weights) to soft filter the eigenvalues. This study eventually shows that,

first, regularization improves significantly generalization performance espe-

cially when limited training samples are available, and, secondly, that Tikhonov

regularization always outperforms the TSVD-based regularization strategy.

The latter outcome is of particular interest because it ultimately proves that

a soft filtering of the hidden-layer matrix eigenvalues is the most effective

regularization strategy. The experimental verification involved a variety of

standard real-world benchmarks, including both classification and regres-

sion problems. Empirical evidence always confirmed the validity of the ana-

lytical framework.

4.4.1 Generalization ability of the basic ELM model

Regularized versions of the ELM learning model have been recently pro-

posed and analyzed in the literature [175],[176],[177],[178],[174]. In [175],

[177],[174] the ELM model is used as the kernel function in a Support Vec-

tor Machine (SVM); conversely, Tang et al. [176] apply Truncated Singular

Value Decomposition (TSVD) to the ELM hidden-layer matrix. Those re-
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search works attained interesting results; at the same time, the choice of the

applied regularization method does not always seem to be justified.

The ELM model supports a wide class of acitvation functions [73]. The

formulation does not allow any theoretical prediction of the generalization

performances, and does not provide any control mechanism on the activa-

tion functions that are used in the learning stage. Statistical Learning Theory

provides the analytical framework to address such cases, through the formu-

lation based on the Vapnik Chervonenkis dimension dvc, as shown by the fol-

lowing property.

Lemma 4.4.1. The Vapnik-Chervonenkis dimension of an Extreme Learning

Machine having Nh hidden neurons is: dvc = Nh + 1.

Proof. In the ELM model, the activation values of the hidden layer are com-

puted by applying a fully unsupervised procedure, that does not take into any

account the expected target values. As a consequence, the computation of H

can be regarded as a (fixed) preprocessing step not involved in the training

process. The output layer of the network supports a straightforward Percep-

tron with Nh inputs, which processes the activation values mapped by H. By

applying the expression of the Vapnik-Chervonenkis dimension of a Percep-

tron [3] the assertion follows.

The proof of this result is straightforward, however an important aspect

emerges: the randomness of the hidden layer is equivalent to an unsuper-

vised pre-processing technique of the data; it has been already shown [77]

that an unsupervised pre-processing of the data is able to dramatically re-

duce the dvc of a learning scheme, in particular the K-Winner Machine model

[77] adopts clustering to reduce complexity; instead here a more complex un-

supervised mapping is used, that given by the random hidden layer.

Lemma 4.4.1 opens new vistas on the adoption of some controlling mech-

anism in the training procedure; in particular, the present research stems

from established theoretical results [38], which bounded the generalization
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ability of a neural network by controlling the norm of the output weights. One

can adopt that approach by applying the Regularized Least Squares (RLS)

method [53] to the ELM mapping, and obtain a new, augmented formulation

of the basic ELM.

4.4.2 Augmenting ELM with a Regularization Term

RLS learning and ELM learning can be linked by considering RKHS prop-

erties. When applying the linear kernel on the activation values (2.128), one

obtains the ELM kernel [174]:

K = HHt
�� ��4.28

Therefore the RLS cost function (2.80) can be rewritten as follows:

min
β
‖y −HHtβ‖2 + λ βtHHtβ

�� ��4.29

If one identifies w̄ = Htβ in (4.29) with the vector w̄ of ELM, one immedi-

ately gets:

min
w̄
‖y −Hw̄‖2 + λ ‖w̄‖2

�� ��4.30

The cost expression (4.30) shows that when applying RLS optimization to

the ELM mapping, one eventually obtains a Tikhonov functional that aug-

ments the original cost formulation by a regularization term. This proves

that adding a regularization term to the basic ELM formalism is equivalent to

applying a Regularized Least Square approach using the kernel K = HHt. As

a degenerate case, ELM reverts back to the basic RLS when λ = 0. Likewise,

using ELM with a linear activation function g(·) is equivalent to applying RLS

with linear kernel K = XXt and λ = 0.

Introducing a regularization mechanism typically improves numerical sta-

bility and yields notable generalization ability in the general case, hence one

expects that the same control strategy should enhance ELM, too. The fol-

lowing Section introduces two different spectral regularization strategies for

ELM, namely, Tikhonov regularization and Truncated Singular Value Decom-

position (TSVD).



4.4 Regularized Random Neural Networks 232

4.4.3 Regularization Strategies for ELM

The approach described in [46] connected the theory of regularized linear-

system solutions to the learning problem, showing that 1) due to regulariza-

tion, the training process operates as a filter on the singular values of H (there

the kernel was used instead), and 2) regularization contributes as a numer-

ical stabilizer, thus favoring the treatment of critical, limited -sample prob-

lems.

Following that theoretical framework, the Tikhonov regularization approach

can be interpreted as the introduction of a smoothness-based filtering func-

tion, which operates in the space of functions spanned by the non-linear ac-

tivations of hidden neurons. Conversely, the cost formulation (2.129) can be

augmented by a hard thresholding regularization strategy on the eigenval-

ues of the matrix H. Truncated Singular Value Decomposition (TSVD) [46]

provides a powerful tool to support that strategy. In the following the two

different regularization strategies are presented.

4.4.3.1 Tikhonov Regularization for Extreme Learning Machines

The formulation (4.30) matches the formal setting of inverse problems if one

replaces the data matrix, X, with the kernel matrix, H; therefore, the problem

can be tackled by Tikhonov regularization. Since H plays the role of X, the

linear fitting is performed in the space mapped by H.

A preliminary step is the minimization of (4.30), which is straightforward

because it involves a convex functional cost. Nullifying the gradient of (4.30)

with respect to w̄ leads to the solution:

w̄λ = (HtH + λI)−1Hty
�� ��4.31

where I is the identity matrix.

The Singular Value Decomposition of H gives:

H = USVt
�� ��4.32
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where U is an n x n orthogonal matrix. The matrix S is equal in size to H;

its only non-null diagonal entries are the singular values, sj . Finally, V is an

orthogonal matrix of sizeNh xNh. It can be shown [46] that the filtering device

supported by Tikhonov regularization can be written as:

F TK
λ (S) ≡ diag

(
si

s2
i + λ

) �� ��4.33

Using the above definition, one obtains that (4.31) is equal to:

w̄λ = V F TK
λ (S)Uty

�� ��4.34

When λ = 0, the expression (4.34) reduces to the classical formula for

pseudo-inversion computed by the SVD, and complies with the basic ELM

formulation. When instead one has λ > 0, the regularization mechanism

filters the singular values of H and suppresses the insignificant entries (sj <<

λ) while retaining the large singular values that appear relevant.

The presence of the regularizing term λ also induces a numerical stabi-

lization of the critical inversion process to be tackled when solving (4.31).

Theory shows that, in principle, ELM is a universal approximating model;

in a complex problem, however, the classification task might require a large

number of neurons, which might even exceed the number of samples. In

such cases, computing the pseudo-inverse of H may turn out to be critical

from a numerical viewpoint. As a result, the ultimate effect of the regulariz-

ing term is the possibility to use a high number of neurons without affecting

the numerical stability of the convergence process. Using a high number of

neurons does not mean building an over-fitting network, since it is known

that, to ensure a network’s generalization ability, the norm of the weights is

much more important than the number of hidden neurons [38].

The regularization strategy is useful in the presence of limited training

samples, especially when prior smoothness-bound assumptions can improve

the generalization performances of the resulting model. This behavior can

be formalized in Bayesian terms: denote with p(w̄), p(w̄|y), and p(y|w̄) prior,

likelihood and posterior probabilities, respectively; by applying Bayes law
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one should maximize the posterior with respect to w̄:

min
w̄
− log p(w̄|y) = min

w̄
− log p(y|w̄)− log p(w̄)

�� ��4.35

Assuming that w̄∼N(0, σ2
w̄I) and that y = Hw̄ + e with e∼N(0, σ2

eI), then one

has:

p(w̄) =
1

(2πσ2
w̄)n/2

exp

(
−‖w̄‖

2

2σ2
w̄

) �� ��4.36

p(y|w̄) =
1

(2πσ2
e)
n/2

exp

(
−‖Hw̄ − y‖2

2σ2
e

) �� ��4.37

The chosen prior corresponds to giving a null vector for in the absence of

any other information: this prior formulation is classical and seems the most

reasonable approach when no prior knowledge is available. By substituting

equations (4.37) and (4.36) in (4.35) one can transform the functional (4.35)

in:

min
w̄
‖H w̄ − y‖2 +

σ2
e

σ2
w̄

‖w̄‖2
�� ��4.38

The formulation (4.38) is a special case of the general training problem

(4.30), in which the regularization parameter is preset: λ:=σ2
e/σ

2
w. This proves

that the ELM model is maximizing the likelihood probability and not the pos-

terior probability. The prior is consistent with Structural Risk Minimization

and, intuitively, plays the role of the margin in Support Vector Machines.

In summary, the analysis has proved that the regularized ELM network

(4.30) is equivalent to Tikhonov regularization when performed on the space

induced by the random hidden layer (matrix H); moreover, the functional

cost (4.30) allows a direct Bayesian interpretation and ultimately reduces the

model within the Structural Risk Minimization paradigm.

4.4.3.2 Truncated Singular Value Decomposition for the Extreme Learn-

ing Machine

Enhancing the cost formulation (2.129) by a regularization mechanism is

equivalent to a filtering process on the eigenvalues of the matrix H. Trun-
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cated Singular Value Decomposition gives a direct mechanism to filter out

the singular values of matrix, H, hence this approach can provide an alter-

native regularization strategy with respect to that described in the previous

Section.

The selection of the eigenvalues in the SVD is explicit and is accomplished

by applying a threshold on the singular values: after computing the SVD

(4.32), one nullifies the singular values in S that are smaller than a thresh-

old value, τ . If one denotes with F TSV D
τ (S) the resulting diagonal matrix after

such a filtering process, the filter function can be formally expressed as:

F TSV D
τ (S) ≡

 1/sj if sj ≥ τ

0 if sj < τ

�� ��4.39

Thus the system defined by the reconstructed matrix Ĥ = UF TSV D
λ (S)Vt is

solved by:

w̄λ = VF TSV D
λ (S)Uty

�� ��4.40

4.4.4 Experimental Results

This section considers the practical effects of the regularization strategies

presented above. The aim of the experimental session was twofold: first,

to analyze the effectiveness of regularization when the number of training

patterns varies; secondly, to compare the effects on ELM of the Tikhonov

regularization and the TSVD-based regularization. The tests involved both

classification and regression problems with heterogeneous datasets; all in-

put variables were normalized in [−1, 1]. To enhance the statistical robust-

ness of test results, a model selection process always determined the number

of neurons and the optimal regularization parameter. Each experiment was

repeated 10 times (’runs’) and followed a cross-validation approach. In each

run, the empirical data set was randomly split into a training and a test set,

and the weight values in the hidden layer of the ELM network were randomly

re-generated; to ensure consistency, within each run, the same random set-

tings for the hidden layer were maintained when comparing the two regular-

ization alternatives. Thus the obtained results proved robust not only with
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respect to the random data-splitting but also with respect to the randomness

of the hidden layer.

The size of the hidden layer varied in the range [5, 200], which was sam-

pled at steps of 5 neurons. In the case of Tikhonov regularization, the control

parameter λ spanned the interval [10−9, 1] by a tenfold logarithmic sampling.

In the case of TSVD regularization, the range for τ was [10−13, 1].

Throughout the following, the graphs give the measured performances of

the basic ELM model as compared with the Tikhonov and the TSVD regular-

ization approaches. In each graphs, the x axis gives the number of training

patterns, and the y axis gives the performance on the test set. Test perfor-

mances were measured by either the error rate or the RMSE, for classification

and regression problems, respectively.

4.4.4.1 Experimental Results on Classification Problems

The experimental session addressing classification problems involved a

variety of common benchmarks, namely, Covertype, Sonar, Ionosphere, Pima

Indians Diabetes, and NIST handwritten Manuscript 3 vs/ 8. These datasets

refer to the well-know UCI machine learning repository [100] and Libsvm

repository [62].

Figure 4.17 presents the obtained results. Test performances confirmed

that the regularization mechanism always improves on conventional, non-

regularized solutions; another interesting aspect concerned the error vari-

ance, which sharply reduced when comparing TSVD/ Tikhonov versus ELM.

Tikhonov regularization always outperformed Truncation of SVD.

The optimal number of neurons selected by the model selection proce-

dure proved higher for the TSVD/Tikhonov enhanced models than those re-

sulting from the basic ELM. This was consistent with theoretical expecta-

tion and confirmed the improved numerical stability induced by the regular-

ization mechanism, which stabilized the solution and supported larger net-

works.
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(a) (b)

(c) (d)

(e)

Figure 4.17: Classification error for ELM and Regularized ELM
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4.4.4.2 Experimental Results on Regression Problems

The datasets used for regression problems were mostly drawn from the [179]

repository: ”Abalone”, ”Bank”, ”DeltaAleirons”, ”DeltaElevators”, ”Housing

Boston”, ”Machine-CPU”, ”Stock”, ”Triazines”, Wisconsin ”Breast Cancer”; two

additional datasets were drawn from the UCI Machine Learning repository

[100], namely ”MotorUPDRS” and ”TotalUPDRS”.

Figure 4.18 presents the results of this experimental session. Regularized net-

works always attained a neat improvement in accuracy with respect to the

conventional EML model; at the same time, regularization lead to models in-

volving a larger hidden layers. Alike classification tests, Tikhonov regulariza-

tion always outperformed TSVD. Regression experiments highlighted a clear

relation between the number of training patterns and the effectiveness of

regularization; the beneficial effect of regularizing mechanisms proved more

and more apparent when the number of patterns decreased, thus supporting

theoretical expectations.

4.4.5 Conclusions

Ths work analyzed the learning scheme of ELM, and proved that ELM is equiv-

alent to a Regularized Least Square approach when a particular kernel is cho-

sen. This analogy supported the development of an operational framework,

in which the generalization ability of ELM benefits from a regularization mech-

anism. This study therefore addressed the conditions and the features of

spectral regularization strategies when applied to the Extreme Learning Ma-

chine model.

The regularization methods considered did not affect the computational ef-

ficiency of ELM training, whereas the filtering mechanism on singular val-

ues (induced by Tikhonov Regularization or by Truncated SVD) notably en-

hanced the generalization ability of ELM in both regression and classification

problems. Furthermore, the research proved that a regularization strategy

based on the soft filtering of the eigenvalues, such as the method formalized

by Tikhonov regularization or the approach proposed in [174], is in general

more effective than a strategy performing a coarse pruning of the singular
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k)

Figure 4.18: RMSE for Regression problems using ELM and Regularized ELM
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values of H. As a result, one can conclude that the most effective choice is to

use the ELM kernel together with L2 regularized kernel machines.

The resulting increased numerical stability allowed one to build, on average,

larger networks. Empirical evidence also indicated a significant reduction in

the variance of the prediction error/RMSE. Overall, the method performance

proved less dependent on both the data sampling process and the random-

ness setting of the hidden-layer weights. Interestingly ELM induced kernels

are less dependent for accuracy performance on regularization parameters

than RLS with the usual kernels, for this reason selecting a proper regulariza-

tion parameter is less critical than in kernel methods with classical kernels.

Regularization was particularly effective in regression problems when the

number of patterns is low, thus highlighting the interest of this model in crit-

ical, limited-sample situations.
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4.5 Efficient Covariate Shift Detection by Clustering

In data-intensive applications, clustering based classifiers arrange huge

amounts of data into a structured representation and search for relevant in-

formation [180][16]. The vast datasets and the heterogeneous descriptions of

patterns set stringent requirements on the algorithms adopted; when empir-

ical classifiers aim to optimize prediction on unseen data, attaining an accu-

rate estimate of the run-time generalization error is a critical issue. Several

methods in the literature have tackled that problem from both a practical

[181] and a theoretical viewpoint [182][183][184].

Statistical Learning Theory can yet be of practical significance when deal-

ing with clustering and data-mining [180], since data mining applications are

typically rich in patterns and can therefore offer the required large samples.

Moreover, the complexity of clustering-based classifiers often proves much

lower than that of other approaches [180].

A crucial prerequisite in applying both theoretical and empirical predic-

tions, however, is that the probability distribution of data is stationary [185];

such a condition holds in many practical testbeds and is often assumed to

hold implicitly. In some data-intensive domains, however, the stationary na-

ture of data distributions may prove questionable, either because the data

refer to a phenomenon whose time-varying nature is overlooked, or because

the original sample is so large that new samples stem from unexplored ar-

eas of the probability distribution, hence test data are virtually uncorrelated

from training ones. Retraining (either from scratch or as an update of existing

learning results) is a typical solution to that problem, but in data-intensive

applications it may prove very expensive. This may occur for a variety of rea-

sons: for instance, because the actual process for updating training results is

difficult to design or implement, or because the amount of data is excessive,

or because older data might not be easily accessible.

In general, non stationarity can be classified according to two different

categories: covariate shift [186] refers to those cases in which the non sta-

tionarity only affects the pattern probability distribution P(x); concept drift

[187] refers to those case in which non stationarity is confined to the tar-
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get probability distribution P(c|x). This research addresses covariate shift

and tackles the stationary-sampling issue from the conventional viewpoint

of validation methods for classifier training [185]; to this aim, an efficient

and reliable method to estimate the pdf and assess the stationarity of in-

put data is required. To assess non stationarity the proposed criterion re-

formulates the original multivariate problem into an univariate problem by

using a clustering procedure. This procedure avoids the curse of dimension-

ality and the possible numerical instabilities that can occur using traditional

parametric methods such as Parzen Windows or Mixture of Gaussian Models

[188][189][190][191].

The approach proposed in this work adopts the KWM model [77] as clas-

sifier. The rationale behind such choice is twofold. KWM yields tight bounds

to generalization performance [77] and inherently supports multi-class clas-

sification tasks [192]. These features make KWM profitably suitable for data-

intensive applications and for evaluating the applicability of Vapnik’s gener-

alization predictions accordingly, together with conventional cross-validation

methods.

Experiments first show the approach validity in a synthetic domain, mainly

to provide an intuitive demonstration of the basic non stationarity detection

principle; the method is then tested in a group of complex real-world prob-

lems: the detection of intrusions in computer networks, Optical Character

Recognition for numerical patterns, Emails Spam detection and Pedestrian

Detection. The “KDD Cup 1999” dataset [193], the Manuscript NIST (MNIST)

OCR dataset [99], the Spam Assassin dataset [194] and the Daimler dataset

[195] provided the related experimental domains. Experimental results show

that the proposed criterion successfully detects the non-stationary/stationary

nature of the proposed domains.

4.5.1 Non Stationarity Detection for Assessing the applicability of generalization

error estimation

Data-intensive applications pose the crucial issue of the stationary nature

of the pattern distribution. In fact, the stationary-distribution assumption

[196] is a basic prerequisite to the applicability Statistical Learning Theory.
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Indeed, also empirical methods ultimately rely on the fact that the data dis-

tribution is consistently represented by the available sample [197], hence the

assumption of a stationary distribution is critical in this case, as well. Non-

stationary phenomena are in fact quite frequent in data mining, due to the

time-varying nature of data or the huge size of the probability distribution

that makes a complete sampling unfeasible. This in turn affects the reliabil-

ity of the generalization error estimation associated to the trained classifier.

This research addresses this critical issue; a general criterion applies the

clustering-based paradigm to evaluate the applicability of generalization pre-

diction approaches when variations on P(x) occur. The presence of a co-

variate shift on data [186] is a sufficient condition for the applicability of

the developed method: from a cognitive viewpoint, this means that the pat-

tern probability distribution, P(x) is not stationary whereas the target prob-

ability distribution P(c|x) satisfies the stationarity assumption. Such condi-

tion actually applies to most of the real world problems of practical interest.

The proposed methodology, which is outlined in the following, in addition,

can also successfully tackle problems in which non stationarity characterizes

both the P(x) and the P(c|x) at the same time.

4.5.1.1 Non Stationarity Detection by Using Vector Quantization

In normal practice, one measures generalization performance by using a

test set that is not involved in the training process. This is done for a vari-

ety of reasons: either because cross-validation drives model selection [181],

or because the test set is partially labeled [3], or because the test set was not

available at the time of training. Within that context, the assumption of a

stationary distribution may be rephrased by asserting that, given a set C ={
c(h), h = 1, .., Nc

}
of Nc possible pattern classes, the training set instance, in-

cluding n patterns, T =
{(

x
(T )
l , cl

)
,x

(T )
l ∈ RD, cl ∈ C, l = 1, .., n

}
, and the test

set instance, includingnu patterns, S =
{(

x
(S)
j , cj

)
,x

(S)
j ∈ RD, cj ∈ C, j = 1, .., nu

}
,

are identically and independently drawn from a common probability distri-

bution, P(x). If such an assumption does not hold, the training set is not

representative of the entire population classical estimates of generalization
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can be unreliable.

The present analysis derives a general, yet practical criterion to verify the

stationarity assumption, and consequently to validate the associate gener-

alization error estimations. The proposed methodology tackles stationarity

sampling from the conventional viewpoint of validation methods for clas-

sifier training [185]. The method uses a paradigm based on Vector Quanti-

zation (VQ) to check on the stationary-distribution assumption. A VQ-based

classifier positions a set of prototypes so as to minimize some (unsupervised)

distortion criterion in representing training data and calibration process ob-

serves the distribution pattern classes to assign a class to each prototype and

the final step is the proposed criterion. The following conventions will be

adopted:

1. W′ =
{

(wn, cn) ,wn ∈ RD, cn ∈ C, n = 1, ..., nh
}

is a set of nh labeled pro-

totypes;

2. w∗ (x) = arg min
w∈W′

{
‖x−w‖2} is the prototype that represents a pat-

tern, x. The operator ‖ · ‖2 here denotes the standard Euclidean dis-

tance.

Within the above conventions, the VQ-based stationarity criterion is out-

lined as follows:

1. First, one trains and calibrates a codebook, W, to classify training and

test data.

2. Secondly, one estimates the discrete probability distributions, P (T)(x)

and P (S)(x), of the training set, T, and of the test set, S, respectively; this

is easily attained by counting the number of training/test patterns that

lie within the data-space partition spanned by each prototype. Then

the number of patterns of each cluster divided by the total number of

patterns, constitutes the normalized frequency or ‘bin’ of the distribu-

tion.

3. Finally, one checks whether the data in S and T have been drawn from

the same distribution.
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Divergence Notation Function

Kullback-Liebler DKL(P (S)(x), P (T )(x)) f( sn
tn

) = sn
tn

log sn
tn

Hellinger DH(P (S)(x), P (T )(x)) f( sn
tn

) = (
√

sn
tn
− 1)2

Total Variation DTV (P (S)(x), P (T )(x)) f( sn
tn

) = | sn
tn
− 1|

Pearson (Chi-Square) DP (P (S)(x), P (T )(x)) f( sn
tn

) = ( sn
tn
− 1)2

Table 4.15: Theoretical formulation of divergence measures derived from the

general class of f-divergences

In principle, several, different techniques may support the latter step. In

the present approach and without loss of generality, D
(
P (S)(x), P (T)(x)

)
will

denote a measure of divergence between the discrete probability distribu-

tions, P (T)(x) and P (S)(x). Any analytical measure of the discrepancy be-

tween two probability distributions is applicable for that purpose; in this re-

gard, this work analyzes the performance of the general class of f-divergences

[198][199].

Let be f(t), a convex function defined for t > 0, with f(1) = 0. The f-

divergence [199] of a distribution P (S)(x) from P (T)(x) is defined by:

Df

(
P (S)(x), P (T)(x)

)
=

nh∑
i=1

tif

(
si
ti

) �� ��4.41

where si and ti denote the normalized frequencies associated with P (S)(x)

and P (T)(x), respectively. Different instances can be derived from the general

class (4.41) by exploiting different implementations of the function f. Table

4.15 lists the most common divergences, which have also been adopted in

this work.

The minimum (zero) value of Df

(
P (S)(x), P (T)(x)

)
marks the ideal situa-

tion and indicates perfect coincidence between the training and test distri-

butions. Non-null values, however, typically occur in common practice, and

it may be difficult to interpret from such results the significance of the nu-

merical discrepancies measured between the two distributions. The present

research adopts an empirical approach to overcoming this issue by building
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up a ‘reference’ experiment setting that constitutes the sample based thresh-

old used to decide if a distribution is stationary or not.

The procedure can be outlined as it follows: first, one creates an artificial,

stationary distribution, J , that joins training and test data: J := T ∪ S. Sec-

ondly, one uses the discrete distribution J to draw at random a new training

set, TJ , and a new test set, SJ , such that TJ ∩ SJ = ∅. Both these sets have

the same relative proportions as the original samples. Third, using these

sets for a session of training and test yields a pair of discrete distributions,

P
(S)
J (x),P (T)

J (x); finally, one measures the divergence between the new pair of

data sets by computingDf

(
P

(S)
J (x), P

(T)
J (x)

)
. This value provides the numer-

ical reference threshold for assessing the significance of the actual discrep-

ancy value Df

(
P (S)(x), P (T)(x)

)
by comparison.

If the original sample had been drawn from a non stationary distribution,

then the associate discrepancy value,Df

(
P (S)(x), P (T)(x)

)
will be greater than

the reference threshold Df

(
P

(S)
J (x), P

(T)
J (x)

)
, computed on the artificial dis-

tribution J .

The following pseudo-code works out the complete procedure, which is char-

acterized by low computational cost and high numerical reliability, compared

with other estimation methods [189][191].

4.5.2 Discussion

For the sake of completeness and clarity, in the following the actions exe-

cuted by the proposed procedure in two opposite scenarios are analyzed:

1. Stationary Case. If T and S are drawn from the same distribution P(x),

then T and S alone can be used to estimate the underlying P(x). In

other words, the discrete probability distributions P (T )(x) and P (S)(x)

are both reliable estimates of P(x) (under the assumption of a data-

intensive problem). Thus, when applying step 5 of the proposed pro-

cedure (see pseudo-code above), one obtains a pair of sets (a training

set, TJ , and a test set, SJ) that leads to a consistent estimates of P(x) as

well. As a consequence, Df

(
P

(S)
J (x), P

(T)
J (x)

)
must approximately co-

incide with Df

(
P (S)(x), P (T)(x)

)
.
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Algorithm 9 Criterion for validating the applicability of theoretical bounds

1: procedure VALIDATE(a training set including nt labeled data, xi, c(xi); a

test set including ns labeled data, xj, c(xj))

2: (Training) Apply a VQ algorithm on the training set and position the

set of prototypes: W ′ = {(wn, cn),wn ∈ RD, cN ∈ C, n = 1, ..., Nh}
3: (Probability distribution)

• Estimate the training discrete probability distribution, T̂ as follows:

T̂ := {P (T )
n ;n = 1, ..., nh}; where: P (T )

n = {x(T )
i ∈ RD : w∗(x(T )

i ) = wn};

• Estimate the test discrete probability distribution, Ŝ as follows: Ŝ :=

{P (S)
n ;n = 1, ..., nh}; where: P (S)

n = {x(S)
i ∈ RD : w∗(x(S)

i ) = wn};

4: (Estimating stationarity)

• Compute normalized frequencies: tn = |P (T )
n |
nt

; sn = |P (S)
n |
ns

; n = 1, ..., nh

• Compute the divergence between T̂ and Ŝ: Df

(
P (S)(x), P (T)(x)

)
5: (Assessment of generalization error estimation)

6: if a reference validation set is not available then

• J := T ∪ S.

• Draw from J at random a training set, TJ , and a test set, SJ , having

the same relative proportions of the original data sets;

7: else

8: Use the reference as SJ and set TJ = T

9: end if

10: Repeat steps (2,3,4) and then go to the next if

11:

12: if Df (P
(S)(x), P (T )(x)) > Df (P

(S)
J (x), P

(T )
J (x)) then

13: Data is stationary

14: else

15: Data is not stationary

16: end if
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2. Non Stationary Case. In this case T and S are drawn from two distinct

distributions distribution P1(x)and P2(x) respectively. From T and S,

one estimates P (T )(x) and P (S)(x) that are reliable estimates of P1(x)

and P2(x) respectively; then, eventually, the reference value

Df

(
P (S)(x), P (T)(x)

)
is computed. If one merges-shuffles T with S, and

split them with the same original proportions, as per step 5, one ob-

tains the new pair of sets TJ and SJ . After working out the correspond-

ing discrete probability distributions P (S)
J (x) and P

(T)
J (x), the quantity

Df

(
P

(S)
J (x), P

(T)
J (x)

)
can finally be computed. This time, as the sta-

tionarity assumption does not hold, one expects Df

(
P

(S)
J (x), P

(T)
J (x)

)
to be significantly larger than the reference value Df

(
P (S)(x), P (T)(x)

)
.

Such discrepancy is caused by the fact that P (S)
J (x) and P

(T)
J (x) cannot

estimate consistently P1(x) and P2(x) .

In the stationary case the merge-shuffle and split operations have no ef-

fect on distributions; instead, in the non stationary case, the merge-shuffle

and split operations induce a change in the discrepancy values;

Df

(
P

(S)
J (x), P

(T)
J (x)

)
is always the adaptive threshold that allows one to dis-

criminate between stationary and non-stationary distributions.

If stationarity is verified, the theoretical assumptions underlying Statis-

tical Learning Theory hold, and the bound formulation or cross-validation

are valid. Otherwise, when Df

(
P (S)(x), P (T)(x)

)
> Df

(
P

(S)
J (x), P

(T)
J (x)

)
, one

might infer that the original sampling process was not stationary, hence a di-

rect application of theoretical results or empirical estimates is questionable.

The artificial dataset (SJ ,TJ) is built whenever a stationary ‘reference’ dataset

is not provided. Indeed, the proposed procedure, when needed, the imple-

mentation of a resampling strategy, which can of course be repeated several

times to enhance the statistical robustness of numerical estimates.

Two aspects make the methodology presented above suitable for data-

intensive application:

1. In a single step one can obtain both the classification of data and the

reliable estimation of the data distribution; this is due to clustering
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2. the obtained estimation is based upon an univariate pdf, thus avoid-

ing the usual issues that arise when classical methods such as Parzen

Windows [189] and Mixture of Gaussians [191] when high dimensional

spaces are involved.

4.5.3 Experimental Results

The aim of this section is to operatively investigate the previously pro-

posed method. In particular a synthetic 2-D dataset is studied to intuitively

show the effectiveness of the approach; further four real domains are ana-

lyzed. In this section all references to generalization bounds are assumed to

be computed by using 2.146 in compliance with KWM theory. The parameter

k present in 2.146 in all experiments is locked to 1: this simply means apply-

ing a 1-nearest-neighbor policy to the bound estimation, that in other words

denote that one is not interested in a local estimate for each pattern but in a

global one (see [77] for details).

4.5.3.1 Artificial 2-dimensional testbed

The experiments on an artificial testbed aimed at demonstrating the op-

erational principles in a 2-D space that allowed visual inspection; in partic-

ular the following analysis, for simplicity, will only deal with the theoretical

estimation method as per 2.146. The dataset simulated a context in which

the test distribution progressively diverged from the original training one.

The overall experiment involved 5 sets of data as per 4.19: the basic pair in-

cluded the original training set (Xtg) and an associate test set (Xts), which

was drawn from the same distribution, thus mimicking a stationary case.

Three additional samples (Xts1, Xts2 and Xts3) emulated non-stationary

cases.

All datasets involved binary classification problems; the non-stationary

phenomenon was emulated by generating data from a Normal distribution

whose mean value drifted progressively. Thus the three sets Xts1, Xts2 and

Xts3, could be interpreted as time-dependent variation laws of data distri-

butions. This artificial experiment clearly did not require any re-sampling

strategy to get a stationary reference.
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(a) (b)

(c) (d)

(e)

Figure 4.19: 2-D artificial dataset with a non-stationary data distribution. a)

Training Set,Xtg b) Stationary Test Set,Xts c) Test set,Xts1 d) Test set,Xts2.

e) Test set, Xts3
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nh Xts Xts1 Xts2 Xts3

10 0.000852 0.304446 0.98017 2.847543

20 0.001781 0.372826 1.23305 2.582903

50 0.004367 0.43368 1.32496 2.417632

100 0.009302 0.460772 1.34089 1.573968

200 0.017330 0.441207 1.22429 1.528121

Table 4.16: Kullback-Liebler divergence DKL

For each pair of sample, a range of clustering settings were tested, by

increasing the number of prototypes and measuring the performances of

the resulting KWMs. The discrepancy values associated with clustering out-

comes progressively reflected the non-stationary nature of the phenomenon;

at the same time, the error bounds predicted by generalization theory be-

came more and more unreliable. Tables 4.16,4.17,4.18, and 4.19 give the val-

ues of the implemented discrepancies obtained from the analysis on the test

sets. The values, computed as illustrated in Table 4.15, progressively increased

from the stationary data set, Xts, up to the most ‘distant’ data set, Xts3.

The relevant property in these results is that all measurements, albeit derived

from different formulations, exhibit a common trend, thus supporting the

method validity and robustness. Table 4.20 compares the error bounds pre-

dicted by generation theory for different numbers of prototypes with the ac-

tual errors measured on the various test sets. Empirical evidence confirmed

that the bound values became more and more inaccurate and followed the

same progression marked by the discrepancy values.

The graphs in 4.20 summarize the obtained results and clarify the divergence-

based criterion in an intuitive way; in each graph, the x axis marks the dif-

ferent test sets, whereas the y axis gives each divergence formulation. The

curves are plotted for various settings of the number, nh, of VQ prototypes,

and always witness a sharp increasing trend in discrepancy as long as the

non-stationary test distribution diverges from the training sample.

Likewise, the graph in 4.21 demonstrates that the validity of the theoret-

ical error bound progressively weakens in the presence of increasingly non-
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nh Xts Xts1 Xts2 Xts3

10 0.000428 0.136163 0.3556 0.677328

20 0.000897 0.170551 0.47083 0.806017

50 0.002196 0.194748 0.53416 0.981338

100 0.004583 0.204389 0.5598 0.945832

200 0.008438 0.203124 0.54957 0.933226

Table 4.17: Hellinger divergence DH

nh Xts Xts1 Xts2 Xts3

10 0.0298 0.6068 1.0086 1.2560

20 0.0414 0.6634 1.0820 1.4142

50 0.0718 0.7034 1.1546 1.4696

100 0.1048 0.7216 1.1858 1.3340

200 0.1370 0.7183 1.1605 1.2638

Table 4.18: Total Variation DTV

nh Xts Xts1 Xts2 Xts3

10 0.00172 0.50750 1.21620 2.22382

20 0.00368 0.77494 2.58869 4.72398

50 0.00901 0.94265 4.53441 17.34433

100 0.01789 0.99850 5.93358 43.91379

200 0.03280 1.04357 6.65349 95.72581

Table 4.19: Pearson (Chi-Square) DP
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(a) (b)

(c) (d)

Figure 4.20: Discrepancy measurements for the 2-D artificial experiment.

The curves are parameterized by the number of prototypes, nh. Discrepancy

values increase in the presence of non-stationary distributions of data.
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nh Remp Bound RXts RXts1 RXts2 RXts3

10 2.78% 3.93% 2.59% 12.20% 33.40% 54.93%

20 2.05% 3.52% 2.16% 7.00% 18.23% 46.11%

50 1.89% 4.41% 2.18% 7.95% 21.90% 41.20%

100 1.81% 5.89% 1.85% 7.53% 21.10% 46.31%

200 1.67% 8.62% 1.82% 8.44% 25.80% 54.49%

Table 4.20: Training errorRemp, bound, and actual classifications error for the

artificial dataset pairs

stationary distributions. Indeed, the predicted error bound from Statistical

Learning Theory holds for the stationary case (Xts) only, as expected from

the analysis presented above. As long as a non-stationary distribution takes

place, discrepancy values increase and generalization performances diverge

progressively from the theoretical bound.

Figure 4.21: Generalization bounds and true classification performances.

Theoretical predictions may prove unreliable by the presence of non-

stationary distributions; Xts is the only case involving a stationary distribu-

tion.
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4.5.3.2 Intrusion detection in computer networks: the “KDD Cup 1999”

dataset

The data set used for the network-intrusion testbed was originally cre-

ated for the Third International Knowledge Discovery and Data Mining Tools

Competition [193]. The KDD dataset [193] originated from the 1998 DARPA

Intrusion Detection Evaluation Program managed by MIT Lincoln Labs [200],

with the objective of surveying and evaluating research in intrusion detec-

tion.

The original data spanned a 41-dimensional feature space; crucial de-

scriptors that took on categorical values, most notably “Protocol type” and

“Flag”, were remapped into a mutually exclusive numerical representation,

thereby leading a 52-dimensional feature vector.

Each pattern encompassed cumulative information about a connection

session. In addition to “normal” traffic, attacks belonged to four main macro-

classes. The complete training set contained about 5 · 106 patterns; nor-

mal traffic represented about 20% of the whole dataset, while attack types

were quite unbalanced, as just two classes (‘neptune’ and ‘smurf’) spanned

78% of the entire dataset. The experimental session in this research involved

a smaller training set, provided by the KDDCup’99 benchmark, which had

been obtained by subsampling original training data at a 10% rate. The re-

sulting “10% training set”, T, included 494, 021 patterns and preserved the

original proportions among the five basic categories. The test set, S, pro-

vided by the KDD challenge held 311,029 patterns, and featured ‘novel’ attack

schemes that were not covered by the training set.

To verify the stationary nature of the observed data distribution, the pro-

cedure described in previous section compares the original distribution (T,S)

with the representation supported by the exhaustive distribution, J = T ∪ S,

that approximated a stationary situation. The artificial, reference training

and test sets, TJ and SJ , were obtained by randomly resampling J . The mea-

surement of the various divergences between the training and test coverages

for both distributions (T,S) and (TJ , SJ) completed the validation process. Ta-

ble 4.21 gives the empirical results obtained for increasing codebook sizes.
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nh Distribution DKL DH DTV DP

250 (T, S) 0.988 0.3 0.6910379 88.868469

277 (T, S) 0.997 0.301 0.6970229 94.806881

292 (T, S) 0.961 0.305 0.6987374 44.565382

294 (T, S) 1 0.303 0.6999451 82.754549

295 (T, S) 1.03 0.303 0.6969399 62.729348

367 (TJ , SJ) 0.0026 0.001299 0.0399745 0.0055132

369 (TJ , SJ) 0.00297 0.00147 0.0421336 0.0061434

370 (TJ , SJ) 0.0029 0.001414 0.0403167 0.0060123

371 (TJ , SJ) 0.00296 0.001448 0.0426404 0.0061934

380 (TJ , SJ) 0.0032 0.00155 0.0442762 0.0066035

388 (TJ , SJ) 0.003 0.00141 0.0423159 0.0059061

Table 4.21: KDD99: measured divergence values for the original distribution

(T, S) and the stationary reference (TJ , SJ)

The number of prototypes, nh, varied significantly in the two situations:

when training and test data were drawn from a common distribution, J, the

probability support was wider, hence the VQ algorithm required a larger num-

ber of prototypes to cover the data space. Conversely, the original train-

ing data, T, were drawn from a limited sector of the actual support region,

thus a smaller codebook was sufficient to represent the sample distribution.

Numerical results pointed out that the divergence for the original distribu-

tions (T,S) always turned out to be larger than the divergence measured when

training and test data were drawn from a stationary distribution (TJ , SJ). Such

empirical evidence was mainly due to the marked discrepancies between

training and test data sets, and clearly seemed to invalidate the applicabil-

ity of the theoretical bounds from Statistical Learning Theory for the KDD99

dataset. In particular, this strong discrepancy, was characterized by the fact

the real divergences are one or two order of magnitudes bigger than the ref-

erence ones. As a result, the validation criterion would predict that Vapnik’s

bound or cross validation error, would not hold for the original challenge

data. For the sake of completeness, Table 4.22 compares the actual classi-
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nh Distribution Remp R Bound

251 (T, S) 0.58% 7.83% 1.21%

278 (T, S) 0.36% 7.81% 0.95%

293 (T, S) 0.54% 6.66% 1.23%

295 (T, S) 0.37% 7.91% 0.99%

296 (T, S) 0.56% 8.00% 1.26%

367 (TJ , SJ) 2.32% 2.61% 3.65%

369 (TJ , SJ) 2.01% 2.36% 3.27%

370 (TJ , SJ) 2.22% 2.58% 3.53%

371 (TJ , SJ) 2.17% 2.52% 3.47%

380 (TJ , SJ) 2.03% 2.42% 3.32%

389 (TJ , SJ) 2.17% 2.51% 3.51%

Table 4.22: KDD99: training error Remp, actual error R, bound, for (T, S) and

the stationary reference (TJ , SJ)

fication errors with the theoretical bounds for the original and the stationary

distributions.

These results are also given in a graphical fashion in 4.22 which also re-

ports the cross-validation predictions of generalization.

Empirical evidence showed that theoretical or cross-validated predictions

failed in bounding or predicting the generalization performance for the origi-

nal data sets, whereas they provided good approximations as long as the sam-

ple distribution was artificially reduced to a stationary case. Such a conclu-

sion gave both an empirical support and a numerical justification to a fact

that has often been reported in the literature, namely, the notable discrep-

ancy between the training and the test set in the KDD testbed. Such a critical

issue had been hinted at by the proponents themselves of the competition

[200], and explains the intrinsic difficulty of the challenge classification prob-

lem.
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(a) (b)

Figure 4.22: KDD dataset: validation of generalization predictions , a) origi-

nal data, b) artificial stationary distribution

4.5.3.3 The Manuscript NIST dataset

The NIST handwritten digits database [99] provided an additional complex,

real-world domain. This multiclass problem involves using three different

data sets: a training set, Xtg, consisted of 60,000 samples, a test set, Xts, and

a validation set,Xval, including 60,000 and 58,646 samples, respectively. The

data patterns underwent the same set of pre-processing steps that had been

adopted and described in [201],[202]; the resulting set of features describ-

ing each character spanned a data space having dimension 80. A far as the

proposed approach is concerned, the relevant fact of the MNIST data set is

that the validation set, Xval, is quite uncorrelated with respect to the previ-

ous ones [201]; such critical issue, which was known in the literature, made

it possible to verify the proposed bound-validating criterion in a real case

with known and documented properties. When applying the validation pro-

cedure proposed, empirical results highlighted the marked discrepancy that

characterized the pair of training and test data, (Xtg,Xts), with respect to the

pair including the training and validation set, (Xtg,Xval). Tables 4.23,4.24,

4.25,4.26 gives the experimental results obtained for the various divergence

measures, for different settings of the codebook cardinality.

In all cases, divergence results clearly suggested that applying general-

ization theory or cross validation estimates to the validation set would yield
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nh (Xtg,Xts) (Xtg,Xval)

50 0.000454174 0.093606572

100 0.001051512 0.14979364

150 0.00176112 0.191966419

200 0.002327155 0.223943361

250 0.003319328 0.236428103

300 0.003698878 0.252772341

Table 4.23: MNIST OCR domain, DKL values

nh (Xtg,Xts) (Xtg,Xval)

50 0.0002271 0.0456244

100 0.0005248 0.0713274

150 0.0008796 0.0891992

200 0.001161 0.1048904

250 0.0016586 0.1096719

300 0.0018461 0.1180814

Table 4.24: MNIST OCR domain, DH values

nh (Xtg,Xts) (Xtg,Xval)

50 0.0244 0.3375183

100 0.0365667 0.4301032

150 0.0459667 0.4692303

200 0.0533 0.5187436

250 0.0654667 0.5222731

300 0.0673 0.5428892

Table 4.25: MNIST OCR domain, DTV values
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nh (Xtg,Xts) (Xtg,Xval)

50 0.000909213 0.192429682

100 0.002090747 0.296484197

150 0.003517104 0.367802702

200 0.004630067 0.460485661

250 0.006656246 0.489166082

300 0.007398064 0.551202225

Table 4.26: MNIST OCR domain, DP values

unreliable bounds. Such a prediction was verified by testing the general-

ization performance of a KWM classifier (trained on the basic data set Xtg)

on the MNIST validation set, Xval. Table 4.27 and 4.23 report on the ob-

tained error measures, showing that empirical generalization errors always

exceeded both worst-case theoretical predictions and cross-validation esti-

mates on the original test set. An interesting result concerns the total varia-

tion obtained divergence values: on Tables 4.23 etc.. one can note that when

the divergence value

DTV

(
P (S)(x), P (T)(x)

)
is below 10 · DTV

(
P

(S)
J (x), P

(T)
J (x)

)
, then the corre-

sponding actual error, is not so far from the theoretical bound. This ob-

servation empirically suggests that when DTV

(
P (S)(x), P (T)(x)

)
is over 10 ·

DTV

(
P

(S)
J (x), P

(T)
J (x)

)
the non stationarity level is significant, conversely when

the divergence values is below that threshold then the associated test error

will be not so far from the generalization error bound.

4.5.4 The Email Spam Database

This dataset involves a text-mining classification problem proposed in

[203] and derived from the SpamAssassin Apache project [194]. Raw texts of

emails have been mapped into a vector-space model for texts; a vocabulary

of terms spans the feature space. The usual approach in building the vec-

tor space is counting the number of occurrences of each term [17] and then

filling the data matrix with the corresponding term frequency for each text;

conversely, in this case only the presence or absence of a term is recorded;
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nh Remp Bound Cross-Val prediction (Xtg,Xts) (Xtg,Xval)

50 3.84% 6.00% 4.25% 3.79% 10.75%

100 3.01% 6.07% 3.12% 3.02% 9.96%

150 2.59% 6.45% 2.61% 2.60% 9.14%

200 2.44% 7.12% 2.32% 2.43% 8.46%

250 2.20% 7.61% 2.29% 2.19% 7.90%

Table 4.27: MNIST OCR predicted and empirical classification errors for the

stationary pair (Xtg,Xts) and the validation pair (Xtg,Xval)

Figure 4.23: MNIST OCR domain: Predicted error performances and actual

generalization performances for stationary and non-stationary test sets

this leads to a sparse data matrix composed only by ‘0’s and ‘1’s.

Emails are about 20% of spam and the remaining are legitimate emails

traffic. Emails (and so patterns) are stored in chronological order so that one

can capture the drift in time. The total number of emails is 9324 that were

split in 2000 emails for training and 7324 emails for test: the split was per-

formed such that the training set is composed by the first 2000 emails and

the test set by the remaining 7324 emails, thus maintaining the chronologi-

cal order.

This domain has a time varying distribution on input data: this is under-
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nh Distribution DKL DH DTV DP

10 (T, S) 0.6857924 0.257748859 0.884818132 0.882226675

20 (T, S) 0.625897052 0.253369299 0.881237575 0.952071543

50 (T, S) 0.6583435 0.263773386 0.837421354 0.95870261

70 (T, S) 0.372328109 0.214588784 0.781716201 0.982382522

10 (TJ , SJ) 0.001462837 0.000733108 0.036357728 0.002974508

20 (TJ , SJ) 0.003157137 0.001554101 0.050715456 0.006035152

50 (TJ , SJ) 0.012887348 0.006095046 0.098995085 0.02310027

70 (TJ , SJ) 0.01575843 0.012957167 0.141682886 0.047113559

Table 4.28: Spam Assassin: divergence values for (T, S) and (TJ , SJ)

standable by considering that every time new spam arrives, correspondingly

new words appear; this makes the data distribution non stationary in the in-

put variable, e.g. the words of the emails and so consistent with the devel-

oped machinery.

Tables 4.28,4.29 give the obtained results in divergences, actual error on

test data, and theoretical bounds. This dataset is strongly non stationary; also

in this case the divergences values are much higher than corresponding ref-

erences thresholds. Correspondingly the actual error on test original data is

much higher than the predicted worst case bound. As per Manuscript NIST

dataset a similar observation can be carried for the total variation divergence:

under the empirical threshold of 10 ·DTV

(
P

(S)
J (x), P

(T)
J (x)

)
the non station-

arity makes the actual error not so far from the predicted bound.

4.5.4.1 The Daimler Pedestrian Detection Dataset

This dataset suggests an automotive application: the detection problem con-

sists in discriminating between pedestrians against background objects. This

testbed is composed of 9800 8-bits grey-scale images; 4 900 are pedestrian

and 4900 are non-pedestrians. The dataset was split in 1225 training samples

and 8575 test samples. Table 4.30,4.31 show the divergences values and the

corresponding generalization error bounds. In this case the divergence val-

ues are almost identical to the reference threshold values; some divergence
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nh Distribution Remp R Bound

10 (T, S) 12.85% 43.68% 19.49%

20 (T, S) 7.95% 32.38% 15.46%

50 (T, S) 5.40% 26.80% 16.88%

70 (T, S) 7.05% 27.13% 22.47%

10 (TJ , SJ) 11.3% 11.63% 17.61%

20 (TJ , SJ) 9.65% 10.3% 17.68%

50 (TJ , SJ) 7% 7.74% 19.26%

70 (TJ , SJ) 5.9% 6.64% 20.7%

Table 4.29: Spam Assassin: training classification error Remp, actual error R,

bound

nh Distribution DKL DH DTV DP

10 (T, S) 0.002415877 0.001211102 0.062040816 0.0048926

50 (T, S) 0.02385615 0.011747066 0.163965015 0.01275511

100 (T, S) 0.063620058 0.03018475 0.251195335 0.07802638

10 (TJ , SJ) 0.002681746 0.001354378 0.057609329 0.005606701

50 (TJ , SJ) 0.025458888 0.01252994 0.167696793 0.011140393

100 (TJ , SJ) 0.056902696 0.026487928 0.244198251 0.054021554

Table 4.30: Daimler: divergence values for (T, S) and (TJ , SJ)

values are higher than the reference ones, however these values are still much

less then the empirical threshold 10 · DTV

(
P

(S)
J (x), P

(T)
J (x)

)
. This suggests

that the Daimler dataset is fully stationary; this conclusion is supported and

confirmed by the associated generalization bounds that are never violated by

the actual error on test data.

4.5.4.2 Summarizing comments

The obtained results exhibit interesting common features; among the various

alternative formulations, Total Variation divergence appeared to be the most

interesting. Its values are quite regular in all the experiments performed and
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nh Distribution Remp R Bound

10 (T, S) 24.16% 22.67% 35.63%

50 (T, S) 15.34% 14.06% 37.08%

100 (T, S) 13.00% 14.53% 46.42%

10 (TJ , SJ) 19.26% 21.37% 29.74%

50 (TJ , SJ) 14.69% 14.90% 36.16%

100 (TJ , SJ) 14.11% 14.32% 48.15%

Table 4.31: Daimler: training classification error Remp, actual error R, bound

allow one to decide an empirical threshold to distinguish among stationarity,

modest non stationarity and severe non stationarity. In particular one can

empirically assert the following rule of thumb:

1. DTV

(
P (S)(x), P (T)(x)

)
> 10 · DTV

(
P

(S)
J (x), P

(T)
J (x)

)
marks a severe non

stationarity and highly probable bound violations.

2. DTV

(
P

(S)
J (x), P

(T)
J (x)

)
<DTV

(
P (S)(x), P (T)(x)

)
< 10·DTV

(
P

(S)
J (x), P

(T)
J (x)

)
indicates a modest non stationarity and possible bound violations

3. DTV

(
P (S)(x), P (T)(x)

)
≤ DTV

(
P

(S)
J (x), P

(T)
J (x)

)
suggests the presence

of full stationarity.

The last situation is less likely to occur because in every real world dataset

exist a residual “physiological” non stationarity level. As in the Daimler case

or Manuscript Nist (only the test set) case when

DTV

(
P (S)(x), P (T)(x)

) ∼=DTV

(
P

(S)
J (x), P

(T)
J (x)

)
then the dataset can be reli-

ably defined stationary.

4.5.5 Conclusions

The baseline of the presented research is that non stationarity detection

is a notable practical problem, especially in data mining problems where a

huge amount of samples are provided. Generalization bounds from Statisti-

cal Learning Theory tend to become practical in the presence of large sam-

ples. At the same time, huge data sets drawn from complex distributions that



4.5 Efficient Covariate Shift Detection by Clustering 265

may be possibly time-varying or partially sampled pose the issue of the sta-

tionary nature of the observed data, which is a prerequisite for the reliability

of generalization bounds.

The study has proposed a general and robust criterion for stationarity

detection with consequent generalization error validation. The method ex-

ploits a clustering-based scheme for efficiently measuring the stationary na-

ture of the observed data, and thereby assessing the consistency of general-

ization error estimation in data-mining applications.

The crucial aspect of the presented approach has been the empirical na-

ture of the experiments in practical data mining; t he cluster-based support

of KWMs provided by Vector Quantization was used to build up a sample-

based reference model and assess the stationary nature of the observed data

accordingly. Indeed, in principle, the underlying model can be applied to

any clustering-based classification scheme that prevents an uncontrolled in-

crease in the dV C . The specific analysis presented in this work was made

possible by the tight bounds obtained when applying Vapnik’s theory to the

KWM model.

Intrusion detection in computer networks, manuscript numeral OCR, Pedes-

trian detection and Spam filtering have been adopted as case studies. In the

first domain, the reference KDD99 data set case showed the validity of the

criterion in a truly non-stationary, mission-critical context such as network-

security systems. The second domain involving MNIST data made it possible

to verify the criterion effectiveness in huge data sets stemming from incom-

plete sampling processes of complex distributions. The third dataset con-

firmed the effectiveness of the approach in another real world environment

such as Text Mining and the last, Daimler, provided the stationary counter-

example.
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4.6 Underwater Port Protection by Machine Learning Tools

Target detection and intrusion prevention are crucial issues in undersea

and port protection systems. The complexity of the involved problems and

the lack of established models of the underlying phenomena have raised an

increasing interest for adaptive paradigms such as Machine Learning and

Neural Networks [204],[205],[206],[207].

In the specific scope of intrusion detection, neural classifier tools have al-

ready been successfully coupled with sonar-based systems [204],[205],[206],[207]

to enhance accuracy in target detection [208]. Sonar technology is very effec-

tive in the monitoring of obstruction-free large volumes of water, but may

fail in the presence of acoustically shadowed spots. This typically occurs in

the proximity of the seafloor and is due to echo, reverberation, and others

issues related to the morphology of the sea bottom [209]. Magnetic-based

detection systems have proved effectively in those critical conditions where

peripheral sensing is required [210]. Indeed, the current trend in the design

of high-accuracy, high-reliability protection systems is to couple sonar-based

and magnetic-sensing technologies, and to endow them with complemen-

tary missions [210]. In fact, the topology configuration and the operational

deployment of a magnetic-based detection system is a critical issue due to:

1) the intrinsic, highly non-linear magnetic noise from the environment (e.g.

a port, human activity, anomalies in solar activity), and 2) the peculiar nature

of the weak signal sources associate with the targets of interest (e.g., divers).

Moreover, an intrusion detection system should be also robust against ran-

dom malfunctioning of the sensing devices.

Thus magnetic-sensing technologies need to be enhanced by the nonlinear

representation and the classification ability of machine-learning models for

accurate detection.

The novelty aspects of the presented research mainly lie in the integra-

tion of machine learning tools in a magnetic-based sensing architecture and

in a design strategy to select the adequate paradigm in such a context. This

methodology results in a highly accurate, highly reliable and robust detec-

tion system aimed at diver intrusion prevention and port protection. The
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approach involves a wide variety of empirical tools, which range from unsu-

pervised models for data representation and inspection, (Plastic Neural Gas

[76], and Random Projections [80]), to supervised classifier models for target

detection and identification (Support Vector Machines [3] and Circular Back

Propagation Networks [66]).

The author apologizes for the lack of information about the on-field data col-

lection process because at this moment this information is NATO classified.

4.6.1 Architectures for Magnetic-based Detection Systems

The adoption of the geomagnetic field for target detection allows one to man-

age critical scenarios that are not covered by other technologies (e.g., weak

signal detection, protection of acoustically blind areas, etc). At the same

time, one has to tackle a complex phenomenon, which results from the su-

perposition of several magnetic fields generated by natural and artificial sources.

Sources can be both internal and external to Earth, and are characterized by

different physical qualities (i.e. form, position, etc. . . ).

The classical detection approach highlights the magnetic characteristics

of the target by separating them from the overall (geo)magnetic field. It re-

quires an accurate modeling of the geomagnetic field, and assumes that one

can single out and classify every magnetic source that generates interesting

signals. In practice, an analyst typically tunes a bank of devices by adjusting

the characteristic frequencies of Low-Pass, Band-Pass, and High- Pass Fil-

ters. The actual filter settings depend on: 1) the magnetic sources of informa-

tion that are associated with the targets, and 2) the signals that are therefore

predicted by the model. This method exhibits some crucial drawbacks and

nowadays is regarded as ineffective, especially for the detection of weak sig-

nals [210]. This is mainly due to the complexity of the observed phenomenon

which prevents the refinement of an accurate model of the measured field.

An alternative approach extracts the magnetic signal of the target by means

of a flexible noise-cancellation technique, which does not make any assump-

tion about the observed environment [210]. The critical operation of this

method is an adaptive filtering procedure, in which one measures the back-
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ground (noise) signal, and uses the empirical results to cancel the noise term

from the total observed field; this ultimately highlights the information of in-

terest. Such an approach does not imply any subjective setting of filters, but

requires a careful sensing of the environmental noise.

The simplest adaptive set-up involves a twin-sensor configuration, in which

one device captures the overall signal (also including target contributions),

whereas the other measures the “reference” environmental magnetic noise.

The proper displacement of the sensing devices clearly becomes a critical

aspect to ensure a correct acquisition of the target-independent noise com-

ponent [210].

Previous research [211] developed and tested the design guidelines for the

proper topological configuration of the devices. When, ideally, both sensors

are perfectly synchronized, a simple subtraction between the two measures

highlights the target signal.

Figure 4.24: Comparison between the adaptive (A) and the classical (B) detec-

tion approach on a real diver-intrusion test. The classical filtering approach

(involving the total magnetic field only) induces a false-positive.
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4.6.1.1 Architectures for adaptive magnetic-based detection

The adaptive approach leads to two possible supporting architectures. In

the basic schema, an array of sentinel magnetometers are all coupled with

one separate device, which provides the reference measures of the noise sig-

nal to be canceled. This architecture is called RIMAN-type (Referred Inte-

grated MAgnetic Network) configuration [211], and is shown in Fig 4.25 The

Self-referred Integrated MAgnetic Network (SIMAN) schema improves on the

basic RIMAN system [211]; it includes an array of sensors in which, at the

same time, every instrument operates as a sentinel and as the reference for

the neighboring magnetometers. Figure 4.26 shows the overall SIMAN archi-

tecture. The approach presented in this work implements a SIMAN configu-

ration and includes, for the sake of simplicity and without loss of generality, a

pair of magnetometers. In practice, at least three devices should be deployed

in order to break symmetry and allow the detection of half-way crossing tar-

gets; nevertheless the twin-device experimental configuration is suitable for

the validation of the system under a wide range of operational conditions.

4.6.1.2 Critical issues in the detection strategy

The integration of a reference and a sentinel signal greatly enhances detec-

tion effectiveness because it makes it possible to bypass the requirement of

an accurate model of the observed environment. At the same time, the dif-

ferential nature of the overall principle dictates strict design guidelines and

poses some relevant issues.

First of all, the assumption of sensor synchronization is mostly unrealistic

in real scenarios, which involve several magnetometers with non-ideal phys-

ical characteristics; misalignments in the time domain affect the detection

system in the form of signal random perturbations. The latter terms add up

to the inherent noise component that results from the imperfect coherence

between the sentinel and the reference sources, due to the spatial displace-

ment of the sensors.

Another critical aspect in the tuning of the pairwise architecture stems

from the spurious signals that may be prompted by individual magnetome-
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Figure 4.25: RIMAN adaptive configuration: the array of magnetometers are

referred to one reference sensor (MAG0). Each blocks ∆Fx0 supports the

adaptive target detection of the x-th sensor.

ters during the sensing procedure. Spurious phenomena are only due to a

defective behavior of the device; they appear in the form of extremely brief

spikes and can mislead the detection system if they are not properly recog-

nized as false alarms. These anomalous impulse signals affect most current

magnetometers and are quite difficult to predict, since they are not related to

the measurement procedure but only depend on the physical characteristic

of the sensors.

The above variety of external critical issues exhibits a complex operational

problem, whose main aspects are the highly nonlinear nature of the involved

phenomena and the practical difficulty to predict the behavior of system com-

ponents. The general crucial issue actually is the absence of any model of the

overall scenario.

These considerations justify the adoption of empirical methods to sup-
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Figure 4.26: SIMAN configuration: each magnetometer operates both as a

sentinel and as a reference for neighboring devices. Block ∆Fxy supports

the adaptive target detection for the pair of sensors MAGx and MAGy.

port the detection system. The detection principle itself calls indeed for adap-

tive paradigms, which can adjust their performance in compliance with en-

vironmental conditions and specific signals. From this viewpoint, the field

of computational Machine Learning (ML) techniques offers a wide spectrum

of suitable methodologies, and the present research shows that ML-related

paradigms can cover virtually the entire range of requirements for an effec-

tive deployment of the adaptive magnetic-based detection technologies.

4.6.2 Machine Learning Methods for Magnetic-based Detection

The main issues that are raised by magnetic-based detection technologies

can be summarized in the following requirements: first, one needs adaptive

methods to analyze raw data and extract the actual information content for

the purpose at hand; secondly, specific and reliable paradigms should sup-

port the critical parts of the process, such as target detection and event clas-



4.6 Underwater Port Protection by Machine Learning Tools 272

sification; finally, one needs some quantitative method to validate the ob-

tained results and compare the alternative solutions objectively. Machine

learning techniques aim, on one hand, at developing data-analysis methods

for feature selection and data visualization, and on the other at building pre-

dictive systems that can make reliable decisions on unseen samples. As a

result, these paradigms can fit the magnetic-detection requirement quite ef-

fectively.

The ML methods used in this study selects the appropriate model for

the magnetic signal detection problem from among three alternative meth-

ods paradigms: Plastic Neural Gas [76] provides the unsupervised clustering

methodology; Support Vector Machines [3] and Circular Back-Propagation

Networks (CBP) [66] are used as supervised models. In addition, random

projections tools [80] are used to visually inspect data and validate classifi-

cation results.

The research presented in this work adopts Random Projections (RP) tech-

niques [80] for that purpose.

4.6.3 Overall Architecture of the Adaptive Detection System

This Section presents the architecture that integrates Machine Learning paradigms

within the magnetic-based detection technologies, and illustrates the com-

plete on-line processing chain that maps input signals into a decision result

at run time. The data provided by the sensory system consist in a reference

signal and in a target signal; to preserve as much as possible the original in-

formation content within data, both input streams are not either pre-filtered

or processed in any way. This ensures that the result of the learning process

in the adaptive neural component is not affected, hence no a-priori process-

ing of signals might bias the inductive learning process.

Each input stream is segmented by applying a conventional windowing tech-

nique: the target and reference signal is arranged into frames including L

samples; the resulting windows are allowed to overlap. The amount of over-

lap determines a tradeoff between sample size and information consistency:

indeed, a small overlap reduces the number of patterns in a sample and miti-
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gates the mutual correlation between time-consecutive input patterns; at the

same time, too small an overlap extension might affect information consis-

tency among loosely correlated patterns.

The research presented in this section aims at an objective evaluation of the

overall method effectiveness, hence the preservation of the informative power

of input signals is important. Thus the largest overlap (L − 1) between time-

consecutive frames is adopted, and for an original stream having length h,the

total number of patterns (windows) is n = h− L+ 1.

As a result, the input space to the neural network components joins the stream

segments from the reference and the sentinel sensors, and is therefore rep-

resented by a vector having dimensionality m = 2L. Since this strategy gen-

erates a huge amount of patterns, a random sub-sampling technique can re-

duce the final cardinality of the dataset for training the system. To facilitate

the numerical convergence of the training algorithms, the generated dataset

is normalized in the range [−1,+1] for each time instant: in other words ar-

ranging samples data in a n×mmatrix, n ormalization in [-1,+1] is performed

on each column.

The output information prompted by the neural detection systems adopts

a hierarchical event-labeling schema: a preliminary classifier (Signal Clas-

sifier) module discriminates Normal Signal (NS) patterns from Anomalous

Signal (AS); a subsequent targeted Event Classifier module processes the AS

input streams and separates Target Signal events (TS, e.g., a diver intrusion)

from Sensor Spiking signals (SS, i.e., an anomalous sensing malfunctioning

in a magnetometer). Both classifier stages are supported by adaptive neural

components described in the previous Section, and are trained empirically.

The architecture described in Figure 4.27 presents some degrees of freedom

in the choice of the neural technologies that actually support the various

components. The adaptive nature of the design criteria allows one to com-

plete that selection in compliance with the specific application context de-

pending on empirical measures.
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Figure 4.27: The processing architecture of the overall neural magnetic-based

detection system.

4.6.4 Experimental Results

4.6.4.1 Experimental set-up

In the experimental set-up used for the verification of the magnetic-based

detection approach, the sampling frequencies for the reference and the sen-

tinel data streams were of 50 Hz. The detection response time, depended

on the sampling frequency due to the window overlapping mechanism; after
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Signal Classifier Training set Test set

Window size, L -1 +1 Total -1 +1 Total

10 268 265 533 280 251 531

50 268 265 533 280 250 530

100 267 265 532 278 250 528

200 267 265 532 280 250 530

Table 4.32: Number of patterns for the Signal Classifier

transient completion, the system could prompt a detection response every

0.02s (i.e. 50 Hz sampling).

To attain a robust estimation of the generalization error the set of input

patterns, after sub-sampling, windowing and joining, were shuffled and split

into a training and a test set; such a procedure was repeated 10 times to make

up for statistical fluctuations. The eventual generalization performance was

worked out by averaging the classification errors measured in the 10 runs.

The overall system accuracy was evaluated by combining the accuracy mea-

sures of the pipelined classifiers, in compliance with the hierarchical schema

described in the previous Section.

An additional goal of the tests was to assess the influence of the window

size, L, on the accuracy of the classifiers. Therefore, the experiments covered

a set of possible window sizes: L ∈ {10, 50, 100, 200}. Tables 4.32 and 4.33 give

the number of patterns and the distribution of classes {-1, +1} for the signal

classifier and the detection-event classifier, respectively. The Tables report

the cardinalities of the data sets used for training and test.

The following Sections report on the obtained results for the data-analysis

process, and give the classification performances for each neural classifiers

implemented.

4.6.4.2 Random Projection Based Data Visualization

In all graphs, cross marks and black circles mark patterns associated with

opposite classes (−1,+1). A promising projection is attained when the pat-

terns belonging to one class appear to be easily separated from those belong-
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Event Classifier Training set Test set

Window size, L -1 +1 Total -1 +1 Total

10 123 142 265 106 145 251

50 123 142 265 106 144 250

100 123 142 265 106 144 250

200 123 142 265 106 144 250

Table 4.33: Number of patterns for the Event Classifier

ing to the other.

In the case of the signal classifier (Fig.4.28), the graph shows that only

a limited portion of patterns tended to spread out when the windows size

increased. By contrast, a marked confusion among the two classes emerged

when projecting the event-classifier data (Fig. 4.29).

In any case, the 2-dimensional views resulting from the random-projection

analysis contributed in clarifying the data distribution and the class peculiar-

ities that could not be observed in the original, time-domain space.

4.6.4.3 Plastic Neural Gas Experiments

This set of experiments aimed at exploring the capabilities of an unsuper-

vised paradigm to analyze the distribution of classes in the target system. The

relative advantage of an unsupervised, Vector-Quantization model mostly

lies in the limited complexity of the classifier model, which in turn sharply

constrains the bounds to the expected worst-case classification error [3]. For

coherence with the previous results, the PGAS model supported the Signal/Event

hierarchical strategy.

The graphs in Fig 4.31 a)-c) give the errors that were measured when us-

ing the PGAS results to support VQ-based classification [76] for the Signal-,

Event- and Overall-classifier configuration, respectively. Experimental evi-

dence showed that, in all cases, accuracy seemed to degrade when the window-

overlap size increased. This might appear a non-intuitive outcome, since

one might expect that increasing time correlation among patterns would en-

hance classification accuracy on average.
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(a) (b)

(c) (d)

Figure 4.28: Signal-classifier data analysis: 2-dim Random Projections for in-

creasing window overlap, L
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(a) (b)

(c) (d)

Figure 4.29: Event-classifier data analysis: 2-dim Random Projections for in-

creasing window overlap, L
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Figure 4.30: Unsupervised data analysis: optimal number of clusters vs in-

creasing window overlap, L (dashed line indicates Signal-classifier data, the

solid line indicates Event-classifier data)

On may get a direct explanation of such empirical finding by considering

that the PGAS model operates in the original space of data, and does not im-

ply any pattern mapping onto any projection or feature space, hence over-

lapped pattern might suffer from an increased amount of noise. The SVM

and CBP models, instead, typically apply a non-linear mapping of data, thus

notably improving the resulting generalization ability.

An additional explanation of the better performances of the latter models

might stem from their intrinsic skill at coping with the curse of dimension-

ality. This is especially true for the SVM model, irrespectively of the specific

kernel expression adopted.

4.6.4.4 Support Vector Machine Experiments

The implemented SVM training procedure was based on the SMO algo-

rithm and used the classical settings, namely, a first-order selection strat-

egy of the working set and a tolerance setting τ = 10−3 in the Karesh-Kuhn-

Tucker optimality conditions; the code was implemented as a Matlab C-coded

mex-file routine.

Figures 4.34,4.35 give the test errors (with confidence intervals) that were

measured when training SVM classifiers with the optimal settings of kernel

parameters (C, σ) obtained from the previous analysis, and varying the window-
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(a) (b)

(c)

Figure 4.31: PGAS classification performances; a) - Signal classifier; b) - Event

classifier; c) - Overall System performance
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(a) (b)

(c) (d)

Figure 4.32: Signal classifier: measured test errors for different kernel param-

eters
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(a) (b)

(c) (d)

Figure 4.33: Event classifier: measured test errors for different kernel param-

eters
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overlap size, L. Figure 4.36 shows the resulting overall accuracy. The analysis

of the above results pointed out that, when using the SVM model, the size

of the window was not a critical parameter for both the Signal and the Event

Classifier. Empirical evidence also showed that the Event-Classification task

seemed considerably simpler than the Signal-Classification one. This was es-

pecially true when considering the sensitivity to the kernel parameters; in the

case of Event Classification, a wide range of parameters yielded good classifi-

cation results, whereas such a robust behavior was not detected in the other

case.

Figure 4.34: Signal Classifier: test errors for optimal kernel par.

Figure 4.35: Event Classifier: test errors for optimal kernel par.
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Figure 4.36: Global classification accuracy for optimal kernel par. and varying

window size

4.6.4.5 Circular Back Propagation Experiments

The set of experiments involving the Circular Back Propagation networks

aimed at assessing the validity of the general detection schema, by testing an

alternative model in the Signal- and the Event-classifier modules. The exper-

iments again gave a measure of the generalization ability of the tested classi-

fiers. The analysis was carried out by testing two different topology configu-

rations of the multilayer architecture: one configuration included 5 neurons

in the hidden layer, whereas the second configuration included 10 neurons.

To obtain a robust estimate of the run-time error, the training process was

iterated three times and the resulting performances were averaged.

Figure 4.37 a)-d) give the obtained results in terms of classification ac-

curacy, while Figure 4.38 shows the measured detection accuracy associated

with the overall detection system. An interesting element of the obtained re-

sults is that CBP-based classifiers seemed to be less sensitive to the network

parameters (i.e., the number of hidden neurons) than SVM-based classifiers,

and overall yielded a comparable, sometimes even better, accuracy on test

data.
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(a) (b)

(c) (d)

Figure 4.37: CBP, Signal/Event Accuracies
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(a) (b)

Figure 4.38: Overall detection performances when using CBP networks

4.6.4.6 Discussion on the eventual detection system

In principle, one might argue that the accuracy attained by the integrated

system on the test tests did not reach the optimal level 100% and the system

was subject to a few false alarms; in practice, however, this conclusion holds

only when considering individual patterns. If instead one takes into account

the sequential progression of empirical data, one verifies that misclassifica-

tion events only occur at the transitions between normal operation and in-

trusion detections (or viceversa). In other words, it can be predicted theo-

retically, and was verified experimentally, that all misclassified patterns lied

within the time intervals that spanned the beginning (or the end) of an intru-

sion signal. As soon as the window covered a sufficient portion of the signal

associated with an intrusion (or with a normal situation), the classification

always proved steadily successful and complete. Such a behavior was due

to the fact that, during transitions, the overlapped-window patterns involved

signal samples belonging to different classes (in both the Signal and the Event

classifiers), and therefore carried a degree of inherent ambiguity. The prac-

tical consequence of this phenomenon is that the system yielded a 100% ac-

curacy, provided a delay time was allowed between the start of a change in

status and the associate prompting by the system. The delay never exceeded

the size, L, of the window and on average was reasonably set to the time span
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covering three patterns; in a 50-Hz sampling system, this amounted to 6 ms

at most.

To perform a technical choice between the alternative classifier models

for the detection system configuration, one should take into account the fol-

lowing aspects:

1. Random Projections showed that the complexity of each classification

problem involved increases when the dimensionality of the space in-

creases.

2. Both the SVM and the CBP model exhibited remarkable generalization

abilities as opposed to the PGAS model, which did not attain a compa-

rable accuracy. It was reasonable to expect this when considering that

PGAS classifiers stemmed from an unsupervised training process.

As a consequence of those issues, one could conclude that the SVM and/or

the CBP model seemed the most promising choices for further implementa-

tions on embedded platforms. The former approach, in particular, appeared

in fact preferable in view of its lesser dependency on the cardinality of the

input space.

These considerations motivated an additional analysis of the SVM perfor-

mances to further explore the false positive rates yielded by the trained clas-

sifiers. The graph in figure 4.39 shows that the Signal-Classification problem

proved more complex than the Event-Classification one: the false-positive

rate always kept smaller than 2%, thus yielding a low rate of false alarms.

In addition, the false-positive rate also remained low in the case of small

window-overlap sizes, since a false-positive rate of 1% was measured for an

window size L = 10 sample. This meant that such a window size was a

reasonable choice for the final system and well matched the evidence ob-

tained from the analysis with Random Projections. Similar conclusions were

reached when observing the false-positive rates yielded by CBP-based classi-

fiers.
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Figure 4.39: Measured false-positive rates for SVM classifiers

4.6.5 Conclusions

The paper presented an automatic system for intrusion detection and

port protection, based on machine-learning methods. The obtained results

confirmed that the proposed approach represented a viable solution to the

real-time detection problem in the presence of real scenarios under non-

ideal operative conditions.

In particular, the paper showed that the adaptive methodology made it

possible to overcome the crucial issues of possibly defective sensing compo-

nents and imperfect synchronization of signals from multiple sensors. The

hierarchical approach integrating SVM/CBP-based classifiers yielded a global

detection accuracy higher than 97% on real data in noisy environments, with

a false positive rate smaller than 1%.

A remarkable point of interest of the overall approach is that the specific

models of learning machines adopted in the presented research only relies

on non-linear basis functions and Hilbert dot products. The associate an-

alytical framework proves that the involved computations can be efficiently

performed on inexpensive embedded architectures. This opens new vistas

on the development of a fully embedded intrusion detection system. Future

research lines will also investigate alternative learning approaches (i.e. alter-

native learning models and pre-processing methods) for further enhancing

detection performances.



5
Conclusions

This thesis has address both theoretical problems and engineering appli-

cations of statistical learning theory.

From the theoretical point of view this thesis mainly contributed with two

analysis concerning the generalization of the usual regularization term ‖f‖2
H

in kernel methods. The first analysis, carried after a preliminary study on the

regularized mean problem, consists in imposing a, possibly, oracular regu-

larization operator such as ‖Tw‖2, the second is using biased regularization

‖f − f0‖2
H. Both these strategies shape the regularization term in a specific

way. The first solution, studied for Tikhonov regularization, leads to the for-

mal possibility of unifying concepts from learning, regularization, filtering

and shrinking disciplines; from the practical point of view the oracular form

of T is a starting point from which one can work out practical approximations

of the best possible regularization operator.

The second approach, based on biased regularization, allows an easy em-

bedding of prior information in kernel methods and neural networks. In

particular when, as in this case, the reference model f0 is consistent with

the structure of the input data one obtains both a semi supervised learn-

ing method and tight generalization bounds; this last feature is due to the

sharp reduction of the hypothesis space induced by f0 when a clustering hy-

pothesis holds true. The immediate practical utility is that one can perform

reliable model selection in semi supervised learning by using generalization

bounds and a very low number of labeled data. The applicative domain of

289
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this method is in Digit Image Classification, Text Classification and in gen-

eral in every domain where alternatively a clustering or manifold hypothesis

holds.

The proposed method of centering the hypothesis space around f0 is general

and reference functions different from the one provided by clustering can be

used. The reference function f0 can be considered as an a priori suggestion

when performing the learning step; in general it has been shown that also a

non optimal f0 leads to improvements in final accuracy and in the amount of

shrinking of the hypothesis space. The key idea under f0 is that one should al-

ways force a sort of ordering on the space of functions; the hypothesis f0 = 0,

usually used in kernel methods, is very far from any real learned function, for

this reason the distance from f0 and ftrue is usually high; instead if one has

a guess f0 then a shorter path is needed to reach ftrue. Indeed one should

consider that the complexity of a class of functions is not an absolute con-

cept, but a relative one; f0 determines how much the learning process has to

change parameters in order to reach ftrue. Vapnik theory clearly states that

complexity is due to the distance from the a priori to the final learned func-

tion; a suitably choosen f0 can shorten this distance considerably.

Concerning the last contribution of Chapter 3 a brief note discussed the dif-

ferences between semi supervised learning and transduction: in particular a

simple proof of an explicit transductive generalization bound was given were

it is explicitly shown that transduction is simpler than induction.

Lastly several engineering applications and algorithmic improvements were

discussed and developed in Chapter 4.

There are several open problems: the first regards the possibility of finding f0;

it remains open the problem of finding a good f0 in highly non linear small

sample problems; in large sample problems finding f0 it is easy because one

can split the data in two folds; from the first one learns f0 from the second

one learns the final function f . This strategy in small sample problems is not

practical and not reliable; for this reason finding f0 in such learning tasks is

still an open problem. A further extension of the given results regards de-

veloping an oracular regularization machinery for kernel methods; formally

this consists in defining oracular regularizers in kernel space instead of the
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original space as it has been performed for Tikhonov regularization.
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A
Regularized Mean Problem

A.1 Proof of 3.1.1

σ2
x̄ ≡ EX

{
(x̄− EX {x̄}2} = EX

{
x̄2
}
− EX {x̄}2

The first quantity of the right hand side can be deduced by:

EX {x̄2} = λ2EX {x̄2
0} = λ2

m2EX

{∑m
i=1 xi

∑m
j=1 xj

}
= λ2

m2

[
EX {

∑m
i=1 x

2
i }+ EX

{∑m
i=1

∑m
j 6=i xjxi

}]
=

= λ2

m2 [
∑m

i=1 EX {µ2 + σ2}+m(m− 1)µ2] =

= λ2(σ2+mµ2)
m

Then it follows:

σ2
x̄ =

λ2(σ2 +mµ2)

m
− (λµ)2 =

λ2σ2

m

Q.D.E.

A.2 Proof of the variance, 3.1.2

Let consider the quantity: EX {
∑m

i=1(xi − x̄)2}. This becomes:

EX

{
m∑
i=1

(xi − λx̄0)2

}
= σ2

[
(mµ2/σ2 + 1)(λ− 1)2 + (m− 1)

]
293
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Then σ2 = EX

{ ∑m
i=1(xi−x̄)2

(mµ2/σ2+1)(λ−1)2+(m−1)

}
. This last expression means that

∑m
i=1(xi−x̄)2

(mµ2/σ2+1)(λ−1)2+(m−1)

is an unbiased estimator of σ2, consequently the number of degrees of free-

dom is (mµ2/σ2 + 1)(λ− 1)2 + (m− 1).

Q.D.E

A.3 Proof of degrees of freedom, 3.1.1

Recalling the general expression of Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m one has:

Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m =

=
∫ +∞
−∞ . . .

∫ +∞
−∞

∫ +γ

−γ [λ(X)x̄0 − µ]2︸ ︷︷ ︸
B

[
1

2γ

1

(σ
√

2π)m

m∏
i=1

exp

[
−(xi − µ)2

2σ2

] ]
︸ ︷︷ ︸

D

dµ dx1 . . . dxm(&)

As a first step the term B can be written as: [λ(X)x̄0 − x̄0 + x̄0 − µ]2 =

(λ(X) − 1)2x̄2
0 + 2(λ(X) − 1)x̄0(x̄0 − µ) + (x̄0 − µ)2 ∆

=B1 + B2 + B3 Further,

denoting by S2 the unbiased estimator of the variance, it is easy to note that:∑n
i=1(xi−µ)2 = (m−1)S2+m(x̄0−µ)2 The part of the integral (&) pertinent

to B3 is: ∫ +∞

−∞
. . .

∫ +∞

−∞

∫ +γ

−γ
B3D dµ dx1 . . . dxm =

=

∫ +γ

−γ

1

2γ
dµ

∫ +∞

−∞
. . .

∫ +∞

−∞
(x̄0−µ)2 1

(σ
√

2π)m

m∏
i=1

exp

[
−(xi − µ)2

2σ2

]
dx1 . . . dxm =

σ2

m

Recalling the algebraic independence of λ from µ, the remaining parts are:∫ +∞

−∞
. . .

∫ +∞

−∞

∫ +γ

−γ
(B1 +B2)D dµ dx1 . . . dxm =

∫ +∞
−∞ . . .

∫ +∞
−∞

σ
√

(2π)/m

(σ
√

2π)m
exp

[
−(m−1)S2

2σ2

]{
(λ− 1)2x̄2

0
1

2γ

∫ +γ

−γ
1

σ
√

(2π)/m
exp

[
−(x̄0−µ)2

2σ2/m

]
dµ+

+2(λ− 1)x̄0
1

2γ

∫ +γ

−γ (x̄0 − µ) 1

σ
√

(2π)/m
exp

[
−(x̄0−µ)2

2σ2/m

]}
dµ dx1 . . . dxm
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Then by integrating on µ:

∫ +∞
−∞ . . .

∫ +∞
−∞

σ
√

(2π)/m

(σ
√

2π)m
exp

[
−(m−1)S2

2σ2

]{
(λ− 1)2x̄2

0
1

4γ

[
erf

(
x̄0+γ

σ
√

2/m

)
− erf

(
x̄0−γ
σ
√

2/m

)]
+

+(λ− 1)x̄0
1
γ

σ√
2πm

[
exp

(
−
[

x̄0−γ
σ
√

2/m

]2
)
− exp

(
−
[

x̄0+γ

σ
√

2/m

]2
)]}

dx1 . . . dxm

(&2)

Taking the limit γ →∞ of (&2) one has to observe three facts:

1. For the first addend one has that erf

(
x̄0+γ

σ
√

2/m

)
−erf

(
x̄0−γ
σ
√

2/m

)
= = erf

(
x̄0+γ

σ
√

2/m

)
+

erf

(
γ−x̄0
σ
√

2/m

)
and taking the limit γ →∞, this last expression tends to 1.

Globally (λ − 1)2x̄2
0

1
4γ

[
erf

(
x̄0+γ

σ
√

2/m

)
− erf

(
x̄0−γ
σ
√

2/m

)]
tends to 0 by posi-

tive values.

2. The second term (λ−1)x̄0
1
γ

σ√
2πm

[
exp

(
−
[

x̄0−γ
σ
√

2/m

]2
)
− exp

(
−
[

x̄0+γ

σ
√

2/m

]2
)]

tends to 0 faster then the first addend already analyzed. Note that exp

(
−
[

x̄0−γ
σ
√

2/m

]2
)
−

exp

(
−
[

x̄0+γ

σ
√

2/m

]2
)

tends to 0 by itself, also without the term 1/γ.

3. The asymptotic behavior of the two addends is dominated by the first

one. Therefore one gets:

lim
γ→∞

∫ +∞
−∞ . . .

∫ +∞
−∞

σ
√

(2π)/m

(σ
√

2π)m
exp

[
−(m−1)S2

2σ2

]
(λ− 1)2x̄2

0
1

4γ[
erf

(
x̄0+γ

σ
√

2/m

)
− erf

(
x̄0−γ
σ
√

2/m

)]
dx1 . . . dxm = 0

Where the integral goes to 0 from positive values.

Then : ∫ +∞

−∞
. . .

∫ +∞

−∞

∫ +γ

−γ
(B1 +B2 +B3)D dµ dx1 . . . dxm = 0 +

σ2

m

by which immediately follows point a) of the theorem.

Taking the limit γ → 0 of (&2):
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∫ +∞
−∞ . . .

∫ +∞
−∞

1
(σ
√

2π)m
exp

[
−(m−1)S2

2σ2

]
x̄2

0

exp

(
−
[

x̄0

σ
√

2/m

]2
)
{(λ− 1)2 + 2(λ− 1)} dx1 . . . dxm =

=
∫ +∞
−∞ . . .

∫ +∞
−∞

1
(σ
√

2π)m
exp

[
−(m−1)S2

2σ2

]
x̄2

0

exp

(
−
[

x̄0

σ
√

2/m

]2
)
{(λ− 1)(λ+ 1)} dx1 . . . dxm

By hypothesis λ < 1 then the above integral is less than 0.

Hence ∫ +∞

−∞
. . .

∫ +∞

−∞

∫ +γ

−γ
(B1 +B2 +B3)D dµ dx1 . . . dxm <

σ2

m

by which follows point b).

Point c) follows from the continuous dependence of the integral (&) on γ pa-

rameter and from points a) and b).

In particular point a) shows that for γ → ∞ then Eγ
µEX {(λ(X)x̄0 − µ)2} −

σ2/m→ 0 from positive values; point b) shows that for γ → 0 thenEγ
µEX {(λ(X)x̄0 − µ)2}−

σ2/m < 0. Given the continuity of Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m on γ then it

must exist at least a value γ = γ̂ where Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m = 0.

Moreover for γ < γ̂, the function Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m is always

negative and, conversely, for γ > γ̂ Eγ
µEX {(λ(X)x̄0 − µ)2} − σ2/m is always

positive.

Q.D.E

A.4 Proof of 3.1.3

The general expression is:

∫ +∞

−∞
. . .

∫ +∞

−∞

∫ +γ

−γ
[λ(X)x̄0 − µ]2

[
1

2γ

1

(σ
√

2π)m

m∏
i=1

exp

[
−(xi − µ)2

2σ2

] ]
dµ dx1 . . . dxm(&)

Recalling that, in this case, λ(X) = λorac , and thus it is not sample dependent,

then previous expression can be written as:
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∫ +γ

−γ

1

2γ

[
EX

{
x̄2

0(λorac − 1)2
}

+ EX {2x̄0(λorac − 1)(x̄0 − µ)}+ EX

{
(x̄0 − µ)2

}]
dµ =

=

∫ +γ

−γ

1

2γ

[
(λorac − 1)2

(
µ2 + σ2/m

)
+ 2(λorac − 1)(σ2/m) + (σ2/m)

]
dµ

Plugging the oracular regularizer one gets:

∫ +γ

−γ

1

2γ

[(
σ2/m

µ2 + σ2/m

)2 (
µ2 + σ2/m

)
− 2

(
σ2/m

µ2 + σ2/m

)
(σ2/m) + (σ2/m)

]
dµ =

= −
∫ +γ

−γ

1

2γ

(σ2/m)2

µ2 + σ2/m
dµ+ (σ2/m) =

Then = −
∫ +γ

−γ
1

2γ
(σ2/m)2

µ2+σ2/m
dµ+ (σ2/m) < (σ2/m) that proves the thesis

Q.D.E

A.5 Proof of 3.1.4

The general two-sided expression is as per (3.18): the one sided version clearly

is:

∫ +∞

−∞
. . .

∫ +∞

−∞

∫ +γ

0

[λ(X)x̄0 − µ]2
[

1

γ

1

(σ
√

2π)m

m∏
i=1

exp

[
−(xi − µ)2

2σ2

] ]
dµ dx1 . . . dxm

after steps analogous to Theorem 1 proof one gets the above integral equals:

∫ +∞
−∞ . . .

∫ +∞
−∞

σ
√

(2π)/m

(σ
√

2π)m
exp

[
−(m−1)S2

2σ2

]{
(λ− 1)2x̄2

0
1
γ

∫ +γ

0
1

σ
√

(2π)/m
exp

[
−(x̄0−µ)2

2σ2/m

]
dµ+

+2(λ− 1)x̄0
1
γ

∫ +γ

0
(x̄0 − µ) 1

σ
√

(2π)/m
exp

[
−(x̄0−µ)2

2σ2/m

]}
dµ dx1 . . . dxm + σ2/m

If x̄0 > 0 then λ = 1(x̄0) = 1 . In this case the last expression is equal to σ2/m

(this is the trivial non regularized case).
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Conversely if x̄0 < 0λ = 1(x̄0) = 0 then:

∫ +∞
−∞ . . .

∫ +∞
−∞

σ
√

(2π)/m

(σ
√

2π)m
exp

[
−(m−1)S2

2σ2

]{
−x̄2

0
1
γ

∫ +γ

0
1

σ
√

(2π)/m
exp

[
−(x̄0−µ)2

2σ2/m

]
dµ+

−2|x̄0| 1γ
∫ +γ

0
µ 1

σ
√

(2π)/m
exp

[
−(x̄0−µ)2

2σ2/m

]}
dµ dx1 . . . dxm + σ2/m

then the above integral is less then σ2/m by which the thesis follows.

Q.D.E

A.6 Proof of Leave One Out 3.1.2

In order to obtain the minimum of (3.13) with respect to α one gets:

0 =
∂Lloo
∂α

=
m∑
i=1

(xi − ξ̄i)
∑m

i 6=k,k=1 xk

(m+ α− 1)2
(∗)

To further proceed the following identities must be taken into account:

xi + xi
m+α−1

= m+α
m+α−1

xi

ξ̄i + xi
m+α−1

=
∑m
j=1 xj

m+α−1

Then:

xi − ξ̄i =
m+ α

m+ α− 1
xi −

∑m
j=1 xj

m+ α− 1

Substituting in (*):

0 =
m∑
i=1

[
(m+ α)xi −

m∑
j=1

xj

](
m∑
j=1

xj − xi

)
That leads to:

αloo =
m
∑m

i=1 x
2
i − (

∑m
i=1 xi)

2

(
∑m

i=1 xi)
2 −

∑m
i=1 x

2
i

The corresponding λloo written in terms of the unbiased variance estimator

S2 = 1
m−1

∑m
i=1(xi − x̄0)2 is :
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λloo =
x̄2

0 − S2

m

x̄2
0

Q.D.E

A.7 Proof of 3.1.5

Recalling notation:

ℵ(ξ, τ, ϕ) ≡ τ

2

m∑
i=1

(xi − ξ)2 +
ϕ

2
ξ2 = τED + ϕEW

one has that: EW = 1
2
ξ2 and ED = 1

2

∑m
i=1(xi − ξ)2.

Then,one gets:

ED = 1
2

∑m
i=1(xi − ξ)2 = 1

2
[
∑m

i=1 x
2
i − 2ξ

∑m
i=1 xi +mξ2] =

= 1
2

[m(s2 + x̄2
0)− 2mx̄0ξ +mξ2] =

= m
2

[s2 + (x̄0 − ξ)2]

Where s2 = 1
m

∑m
i=1(xi − x̄0)2 is the biased estimator of the variance. From

this follows:

ℵ(ξ, τ, ϕ) = τ
m

2

[
s2 + (x̄0 − ξ)2

]
+
ϕ

2
ξ2

Nullifying the derivative with respect to ξ is analogous to ask for the maxi-

mum a posteriori x̄MP :

∂ℵ(ξ, τ, ϕ)

∂ξ
= −mτ(x̄0 − x̄MP ) + ϕx̄MP = 0

that leads to:

x̄MP =
mx̄0τ

ϕ+mτ

Q.D.E
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A.8 Proof of Maximal Evidence 3.1.3

Recalling notation:

ℵ(ξ, τ, ϕ) ≡ τ

2

m∑
i=1

(xi − ξ)2 +
ϕ

2
ξ2 = τED + ϕEW

Assuming a Gaussian prior the following probabilities can be defined:
p(ξ) ≡

(
ϕ
2π

)−1/2
exp(−ϕEW )

p(D|ξ) ≡
(
τ

2π

)−m/2
exp(−τED)

p(D) ≡
(
ϕ
2π

)−1/2 ( τ
2π

)−m/2 ∫
exp(−ℵ)dξ

where p(D) is the evidence term. Using Bayes theorem:

p(ξ|D) =
p(ξ)p(D|ξ)
p(D)

=
exp(−ℵ)∫
exp(−ℵ)dξ

Indicating ∂2ℵ
∂ξ2

= ϕ + mτ ≡ ϑ one has: ℵ = ℵMP + 1
2
(ξ − x̄MP )2ϑ. Moreover∫

exp(−ℵ)dξ = exp(−ℵMP )
(

2π
ϑ

)1/2
.

Computing the logarithm of the evidence p(D) leads to:

ln(p(D)) = −ϕEMP
W − τEMP

D − 1

2
ln(ϑ) +

1

2
ln(ϕ)− m

2
ln(2π) +

m

2
ln(τ)(∗)

This expression is a function on ϕ and τ . Then searching for the max of (*)

one gets: 
∂ ln(p(D))

∂ϕ
= 0 = −EMP

W − 1
2ϑ

+ 1
2ϕ

∂ ln(p(D))
∂τ

= 0 = −EMP
D − m

2ϑ
+ m

2τ

This can be rewritten as: 2ϕEMP
W = mτ

ϕ+mτ

2τEMP
D = m− mτ

ϕ+mτ

($)

Before proceeding the following equalities have to be stated: EMP
W = 1

2

(
mx̄0
α+m

)2

EMP
D = m

2

[
s2 +

(
αx̄0
α+m

)2
] (§)

Taking the ratio of equations in ($) and using (§):
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α(m+ α− 1) =
EMP
D

EMP
W

=
α2x̄2

0 + s2(α +m)2

mx̄2
0

That leads to the second order equation:

α2
[
(m− 1)x̄2

0 − s2
]

+ α
{
m
[
(m− 1)x̄2

0 − 2s2
]}
−m2s2 = 0

Whose solution is:

αme =
S2

x̄2
0 − S2

m

In terms of λme:

λme =
x̄2

0 − S2

m

x̄2
0

Q.D.E



B
VQSVM section

B.1 Proof of Theorem 3.4.2.1:

Formally the thesis is:

(α λ)H

α
λ

 ≥ 0

Holds true for every value of α and λ. For convenience of notation Q is

the matrix of elements qij = yiyjK(xi,xj), and G the matrix of elements gij =

yjΦ(xj)
i

Computing the second derivatives of eq.(3.134) leads to: 1
1+λ

Q −Qα+w(KM)G
(1+λ)2(

−Qα+w(KM)G
(1+λ)2

)t ‖w(λ=0)−w(KM)‖2
(1+λ)3


By explicit computation one obtains:

(α λ)H

 α

λ

 =

= αtQα
1+λ

+ λ2‖w(λ=0)−w(KM)‖2
(1+λ)3

+ 2λ
(1+λ)2

([
w(λ=0)

]t
w(KM) −αtQα

)
=

=αtQα/(1 + λ) + λ2

(1+λ)3

(
αtQα− 2

[
w(λ=0)

]t
w(KM) + ‖w(KM)‖2

)
+

+(2λ)/(1 + λ)2
([

w(λ=0)
]t
w(KM) −αtQα

)
=

302
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=αtQα
(

1
1+λ

+ λ2

(1+λ)3
− 2λ

(1+λ)2

)
+
[
w(λ=0)

]t
w(KM)

(
2λ

(1+λ)2
− 2λ2

(1+λ)3

)
+λ2‖w(KM)‖2

(1+λ)3
=

= 1/(1+λ)3
(
αtQα+ 2λ

[
w(λ=0)

]t
w(KM) + λ2‖w(KM)‖2

)
The term on brackets is ‖w(λ=0) + λw(KM)‖2. Because of the square, and

recalling the fact that λ is always positive being a Lagrange multiplier, than

the problem is convex. The problem is strictly convex depending on Q. If Q

is positive definite then the problem is strictly convex, if Q is only positive

definite then the problem is convex. Q.D.E.

B.2 Proof of Lemma 3.4.1

In this case it is necessary to compute λ that minimizes (3.136). By comput-

ing the derivative along λ and setting to 0 one gets: ρ
2
0

2
− ‖w

(λ=0)−w(KM)‖2
2(1+λ)2

−δ = 0.

From which: (1 + λ)2 = ‖w(λ=0)−w(KM)‖2
ρ20−2δ

. When the solution lies outside the

bounding sphere the constraint is active and consequently λ > 0. At the op-

timum must hold λδ = 0 that leads to δ = 0. In other words the new λ can be

estimated by:
(

1 + λ̃
)2

= ‖w(λ=0)−w(KM)‖2
ρ20

. Between the two possible solutions,

that with +
√
‖w(λ=0)−w(KM)‖2

ρ20
must be chosen being 1 + λ̃ > 0 (becauseλ > 0).

More explicitly λ̃ =

√
αtQα+‖w(KM)‖2−2[w(λ=0)]

t
w(KM)

ρ20
− 1. Now ‖w(KM)‖2 =∑n

i,j=1 α
(KM)
i α

(KM)
j y

(KM)
i y

(KM)
j K(xi,xj) and[

w(λ=0)
]t
w(KM) =

∑n
i,j=1 αiα

(KM)
j yiy

(KM)
j K(xi,xj). Q.D.E..

B.3 Proof of Lemma 3.4.2

Here the objective is to computeDM when λ is kept fixed. This means that

the terms that containα inDM are
(
‖w(λ=0)‖2

2
−
∑

i αi

)
− λ

2(1+λ)
(αtQα− 2αtβ)

where β is the vector of elements βi = yi
∑n

j=1 α
(KM)
j y

(KM)
j K(xi,xj). More-

over:
(

αtQα
2
−
∑

i αi

)
− λ

2(1+λ)
(αtQα−2αtβ) = 1

2(1+λ)
αtQα−

∑
i αi

(
1− λ

(1+λ)
βi

)
or, multiplying by (1 + λ) in a more usual form as:

1

2
αtQα−

∑
i

αi(1 + λ(1− βi))
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B.4 Proof of Lemma 3.4.3

The Lagrange multiplier b̂ obtained by the minimization process of (3.140)

must be divided by the factor 1 +λ to get the bias b to be used in the decision

function (3.143). This aspect can be simply seen by looking at (3.136) where

for obtaining the final cost (3.140) everything was multiplied for 1 + λ (as for

the previous lemma). For this reason, to recover the bias value it is necessary

to divide the Lagrange multiplier b̂ by 1 + λ.



C
Biased Regularization section

C.1 Proof of Biased SVM dual theorem

Up to constant terms Biased SVM can be conveniently rewritten as:
min
ε,w

C
∑n

i=1 εi + 1
2
‖w‖2 − λ2w ·w0

yi(w · xi) ≥ 1− εi ∀i

εi ≥ 0 ∀i

The associated Lagrangian is:

L(α,β,w, ε) = C
n∑
i=1

εi+
1

2
‖w‖2−

n∑
i=1

αi [yi(w · xi)− 1 + εi]−
n∑
i=1

βiεi−λ2w ·w0

The associated derivatives are:

∇wL(α,β,w, ε) = w −
∑n

i=1 αiyixi − λ2w0 = 0⇒ w =
∑n

i=1 αiyixi + λ2w0

∂L(α,β,w,ε)
∂εi

= C − αi − βi = 0⇒ C = αi + βi ⇒ 0 ≤ αi ≤ C (because αi, βi ≥ 0)

Substituting the primal variables (w, ε) with the dual (α, β) one, using the

usual notation qij = yiyjxi · xj , recalling that one wants the max of L(α, β),

one gets the final dual problem: min
α

1
2
αtQα−

∑n
i=1 αi(1− λ2yiw

t
0xi)

0 ≤ αi ≤ C ∀i

305
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Only dot products appear on the above formulation. Than one can still

use kernels qij = yiyjK(xi,xj), and the reference function wt
0xi can be any

function f0(xi). Thus: min
α

1
2
αtQα−

∑n
i=1 αi(1− λ2yif0(xi))

0 ≤ αi ≤ C ∀i

The final model of the decision function is:

f(x) =
n∑
i=1

αiyiK(x,xi) + λ2f0(x)

Note that the new function f(x) differs from the original SVM function up

to an additive multiple of f0(x); this is in accordance with the Generalized

Representer Theorem in [48].

C.2 Proof of Biased RLS primal solution

Consider the Biased RLS (Tikhonov) primal formulation:

min
w
‖Xw − y‖2 + λ1 ‖w − λ2w0‖2

Or in other terms up to positive constants:

min
w
‖Xw − y‖2 + λ1 ‖w‖2 − 2λ2λ1w ·w0

Computing the gradient and setting to 0 one gets:

2Xt (Xw − y) + 2λ1w − 2λ2λ1w0 = 0

Easily it follows that one has to solve the following linear system:

(XtX + λ1I)w = Xty + λ2λ1w0
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C.3 Proof of Biased RLS dual

One starts from the primal:

min
w

1

2
‖Xw − y‖2 +

λ1

2
‖w − λ2w0‖2

This can be written in the convenient form: min
ε,w

1
2

∑n
i=1 ε

2
i + λ1

2
‖w‖2 − λ2λ1w ·w0

Xw − y = ε

The Lagrangian is:

L(u, ε,w) =
1

2

n∑
i=1

ε2
i +

λ1

2
‖w‖2 − λ2λ1w ·w0 − ut(Xw − y − ε)

The associated derivatives are:

∇wL(u,w, ε) = λ1w − λ2λ1w0 −Xtu = 0⇒ w = Xtu+λ2λ1w0

λ1

∇εL(u,w, ε) = ε+ u = 0⇒ ε = −u

Substituting the primal with the dual variables one gets and after a few

algebra one gets:

L(u) = −1

2
utu− 1

2λ1

utXXtu− λ2u
tXw0 + uty +

λ1

2
‖λ2w0‖2 − λ1λ

2
2 ‖w0‖2

Recalling that one wants the max of L(u), one can nullify the gradient of

L(u) with respect to u in order to obtain the solution. Then one gets:

∇uL(u) = −u− 1

λ1

XXtu− λ2Xw0 + y = 0

That is one has the following linear system:

(XXt + λ1I)
u

λ1

= y − λ2Xw0

To obtain an usual form one can define a new set of solution variables: β =

u/λ1. Then one gets (XXt + λ1I)β = y − λ2Xw0. Also in this case only dot
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products are involved and the reference function wt
0xi can be any function

f0(xi). Then in general one has:

(K + λ1I)β = y − λ2f0(X).

The final model of the decision function is:

f(x) =
n∑
i=1

βiK(x,xi) + λ2f0(x)

this is in accordance with the Generalized Representer Theorem in [48].



D
Generalized Tikhonov section

D.1 Proof of Theorem 3.2.1

The expression object of analysis is

Eε{||X(ŵ − w∗)||2}

As first observation, due to the linearity of tr() and Eε one has:

Eε{||X(ŵ − w∗)||2} = tr[XEε{(ŵ − w∗)(ŵ − w∗)t}X t]

Another observation is that ŵ − w∗ = ŵ − Eε(ŵ) + b where b is the bias term.

Given this equation one simply shows that:

Eε{(ŵ − w∗)(ŵ − w∗)t} = var(ŵ) + bbt

Then one obtains that:

Eε{||X(ŵ − w∗)||2} = tr[Xvar(ŵ)X t] + tr[X(bbt)X]

This last equation using SVD becomes:

= σ2
ytr

{
UΣV tV Dn

(
σ2
i

(σ2
i + θ2

i )
2

)
V tV ΣtU t

}
+

+tr{UΣV tV Dn

(
− θ2

i

σ2
i + θ2

i

)
V tw∗w

∗tV Dn

(
− θ2

i

σ2
i + θ2

i

)
V tV ΣtU t}

Due to the tr() operator properties one can write:
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= σ2
ytr

{
Dn

(
σ2
i

(σ2
i + θ2

i )
2

)
ΣtΣ

}
+

+tr{V tw∗w
∗tV Dn

(
− θ2

i

σ2
i + θ2

i

)
ΣtΣDn

(
− θ2

i

σ2
i + θ2

i

)
}

That can be equivalently rewritten in the final form:

σ2
y

r∑
i=1

σ4
i

(σ2
i + θ2

i )
2

+
r∑
i=1

θ4
i σ

2
i

(σ2
i + θ2

i )
2
< w∗, vi >

2

Recalling that this equation is the cost then one wants to obtain its minimum.

Taking the derivative with respect to each θ2
i and setting each equality to 0 one

gets:
θ2
i σ

4
i

(σ2
i + θ2

i )
3
< w∗, vi >

2= σ2
y

σ4
i

(σ2
i + θ2

i )
3

�
 �	D.1

To fulfill these equations a sufficient condition is to set each θ2
i to the oracular

value given by:

(θoraci )2 =
σ2
y

< w∗, vi >2

�
 �	D.2

D.2 Proof of 3.64

The expression of the regularized solution in the β vector is

β̂ =

[
Dn

(
σi

σ2
i + θ2

i

) ∣∣∣ 0n,m−n]U ty =

[
Dn

(
σi

σ2
i + θ2

i

) ∣∣∣ 0n,m−n]U t(Xw∗ + ε)�
 �	D.3

that is:

β̂ =

[
Dn

(
σi

σ2
i + θ2

i

) ∣∣∣ 0n,m−n]ΣV tw∗ +

[
Dn

(
σi

σ2
i + θ2

i

) ∣∣∣ 0n,m−n]U tε
�
 �	D.4

Now e1, e2 and e3 will be separately discussed. For discussing the term e2 one

can note that the generalized Tikhonov cost function can be written as:

(y −Xw)t(y −Xw) + wt(V T 2V t)w
�
 �	D.5

nullifying its gradinet one gets the relation:

(y −Xŵ)tX = ŵtV T 2V t
�
 �	D.6
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Using this relation term e2 can be written as:

2Eε[(y −Xŵ)tX(ŵ − w∗)] =

= 2Eε[ŵ
tV T 2V t(ŵ − w∗)] =

= 2Eε[β̂
tT 2β̂]− 2E[β̂tT 2V tw∗] =

�
 �	D.7

using the expression (D.3) and pluggin it in the previous expression and delet-

ing the terms for which Eε[·] = 0, one has:

2Eε

[
εtUDm

[(
σiθi
σ2
i+θ2i

)2
]
U tε

]
+

+2w∗tV Dn

[(
σ2
i θi

σ2
i+θ2i

)2
]
V tw∗+

−2w∗tV Dn

(
σ2
i θ

2
i

σ2
i+θ2i

)
V tw∗

�
 �	D.8

Using the relation: (
σ2
i θi

σ2
i + θ2

i

)2

− σ2
i θ

2
i

σ2
i + θ2

i

=
−σ2

i θ
4
i

(σ2
i + θ2

i )
2

�
 �	D.9

Hence one gets:

e2 = 2Eε

[
εtUDm

[(
σiθi

σ2
i + θ2

i

)2
]
U tε

]
− 2w∗tV Dn

[
σ2
i θ

4
i

(σ2
i + θ2

i )
2

]
V tw∗

�
 �	D.10

Concerning e3 one preliminary observe that:

ŵ − w∗ =

= V β̂ − w∗ =

= U
[
Dn

(
−σiθ2i
σ2
i+θ2i

) ∣∣∣ 0n,m−n]V tw∗ + UDm

(
σ2
i

σ2
i+θ2i

)
U tε

�
 �	D.11

Using this relation, one gets:

Eε

[
εtUDm

[(
σ2
i

σ2
i + θ2

i

)2
]
U tε

]
+ w∗tV Dn

[(
σiθ

2
i

σ2
i + θ2

i

)2
]
V tw∗

�
 �	D.12

Summarizing till now, one has:

mσ2
y = Eε [(y −Xŵ)t(y −Xŵ)] +

+Eε

[
εtUDm

[
1− θ4i

(σ2
i+θ2i )2

]
U tε
]

+

−w∗tV Dn

[(
σiθ

2
i

σ2
i+θ2i

)2
]
V tw∗

�
 �	D.13
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Now the second and third term are re-written: using the relation ‖h2‖ = hth =

tr(hht), the second term of this expression can be written as:

σ2
y

[
r −

r∑
i=1

(
θ2
i

σ2
i + θ2

i

)2
] �
 �	D.14

instead the third term is:

n∑
i=1

σ2
i θ

4
i

(σ2
i + θ2

i )
2
< w∗, vi >

2
�
 �	D.15

Summarazing all, and setting ηi =
θ2i

σ2
i+θ2i

one gets:

σ2
y[m− r +

r∑
i=1

η2
i ] = Eε

[
(y −Xŵ)t(y −Xŵ)

]
−

n∑
i=1

σ2
i η

2
i < w∗, vi >

2
�
 �	D.16

and the term ηi contains all the information about the generalized regular-

ization given by the matrix T . Solving for σ2
y leads to the estimator.

D.3 Proof of kernel matrix eq.(3.71)

One has

K = ((T̂X−1)t(T̂X−1))−1
�
 �	D.17

then having in mind that T̂ = TV t:

K = (UΣ−1V tV T tTV tV Σ−1U t)−1
�
 �	D.18

and:

K = (UΣ−1T tTΣ−1U t)−1
�
 �	D.19

that leads to:

K = (UDm(θ2
i /σ

2
i )U

t)−1
�
 �	D.20

equivalently due to the orthogonality of U :

K = UDm(σ2
i /θ

2
i )U

t
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