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Oa b s t r a c t

A tunable diode laser spectrometer has been employed to examine the unknown overtone absorption
lines of NH3 around 13;100 cm�1 (760 nm). The spectrometer sources are commercially available hetero-
structure AlGaAs tunable diode lasers operating in the ‘‘free-running” mode. The detection of the lines
has been possible by the use of the wavelength modulation spectroscopy and the second harmonic detec-
tion technique. A special algorithm has been used in order to fit the highly modulated absorption lines.
The weakest observed resonances have absorption cross sections of the order of’1� 10�25 cm2/molecule
or ’0:3 km�1/amagat. For some of the more intense lines self-, air-, N2-, He- and H2-broadening coeffi-
cients have been obtained at room temperature and also some shifting coefficients have been measured.

� 2009 Published by Elsevier B.V.
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E1. Introduction

In spite of their weakness, overtone and combination tone
absorption lines of molecular gases are observable in the visible
and in the near infrared part of the e.m. spectrum of the atmo-
sphere of the planets [1], because in that case the optical density
is orders of magnitude higher than the one obtainable in the labo-
ratory. NH3 is present in particular in the atmosphere of Saturn, but
it has been observed in the interstellar medium too.

The knowledge of ammonia optical resonances and their behav-
ior with the pressure is important for a better knowledge of the
planetary atmospheres themselves. Unfortunately the analysis of
ammonia combination overtones ro-vibrational spectra is quite
difficult for the many overlapping and interacting bands.

A large number of spectroscopic works that make use of several
different techniques [2–7] have been reported so far on ammonia
fundamentals and first overtones. Many of them take the advan-
tage of the diode lasers (DLs) as the monochromatic and stable
sources giving very interesting results on the line position classifi-
cation as well as on the collisional broadening and shifting param-
eters at different temperature.

Here we present a spectroscopic work done at room tempera-
ture ½T ¼ ð294� 2Þ K�, based on the use of not expensive DLs. The
Elsevier B.V.

i).

, S. Gozzini, Opt. Commun. (20
frequency modulation (FM) technique here has been utilized to de-
tect and resolve the very weak absorption resonances by taking
advantage of the DLs modulability through their injection current.
In particular we applied the FM spectroscopy [called ‘‘wavelength
modulation spectroscopy” (WMS) in cases where the value of the
frequency is chosen much lower than the resonance line-width]
and the second harmonic detection techniques to the NH3 optical
absorptions around 760 nm belonging presumably to the 3m1þ
2m4 and 4m3 overtones.
80

81

82
2. Experimental details

The experimental setup for the absorption spectroscopy by using
the WMS and the 2nd harmonic detection has been described in a
previous paper [8]. In this work the monochromatic source was a
Fabry-Perot type semiconductor diode laser SHARP Mod.
LT030MD0, which emits a 3 mW cw at 755 nm at 50 mA without
any external optical feedback. This low power was still enough to
perform the absorption spectroscopy measurements through the
system arranged by the Diode Laser Spectroscopy Laboratory of
IPCF-CNR. Thanks to its V-shaped junction cladding layers based
on SHARP’s original technology (VSIS chip structure) this types of
cw diode laser has a single transverse and single longitudinal mode.
In the ‘‘free-running” configuration adopted here the full width at
half the maximum (FWHM) of the DL emission mode is around
09), doi:10.1016/j.optcom.2009.05.049
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20 MHz. A confocal 5 cm Fabry–Perot (F.–P.) interferometer was
utilized to check the frequency sweep and the laser emission mode.
The measurement cell containing the sample gas was a Herriott type
multipass, 30 m path length (by S.I.T. s.r.l.: www.scintec.it). Another
Herriott cell contained the water vapor for checking whether the
obtained absorption features came from H2O that could contami-
nate the cell. An iodine reference glass cell was used for the precise
wavenumber measurements. For the harmonic detection a sinusoi-
dal current was mixed to the diode laser injection current and then
the signal collected by a pre-amplified silicon photodiode was sent
to a lock-in amplifier in order to extract the desired harmonic com-
ponent. The ammonia gas was supplied by Air Liquide: grade N45
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R
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Table 1
List of the observed NH3 lines along with the maximum absorption cross sections.

m0ðcm�1Þ rmax 10�24 cm2

molecule

� � m0ðcm�1Þ

13001.86 0.8 ± 0.1 13049.92
13002.85 1.8 ± 0.2 13050.06
13003.28 6.6 ± 0.5 13050.26
13003.32 6.6 ± 0.5 13068.36
13004.35 1.5 ± 0.2 13068.43
13004.50 2.8 ± 0.1 13068.61
13011.35 4.1 ± 0.2 13070.78
13011.51 0.9 ± 0.2 13070.85
13011.61 0.4 ± 0.2 13070.95
13011.71 1.0 ± 0.2 13071.26
13012.09 1.4 ± 0.2 13071.62
13037.42 4.2 ± 0.2 13072.17
13037.61 4.0 ± 0.3 13072.41
13037.88 2.3 ± 0.4 13072.49
13038.14 1.2 ± 0.3 13072.58
13038.40 1.1 ± 0.3 13072.77
13039.06 3.6 ± 0.3 13072.85
13039.21 4.5 ± 0.4 13073.08
13039.68 8.1 ± 0.3 13074.66
13039.90 5.7 ± 0.3 13076.22
13040.04 8.0 ± 0.4 13083.81
13040.24 13083.98
13040.34 13104.60
13040.47 13104.71
13040.57 13106.06
13043.53 2.6 ± 0.2 13106.24
13044.10 1.6 ± 0.1 13106.46
13044.45 1.8 ± 0.2 13106.55
13149.10 1.6 ± 0.1 13199.91
13152.76 13215.74
13152.90 2.4 ± 0.2 13218.59
13155.68 3.9 ± 0.2 13218.91
13157.39 3.0 ± 0.1 13225.04
13158.24 13233.10
13158.34 13233.74
13161.87 1.1 ± 0.1 13234.12
13171.14 2.6 ± 0.2 13237.37
13172.30 3.4 ± 0.1 13237.73
13172.56 3.9 ± 0.1 13239.61
13173.34 4.9 ± 0.2 13240.34
13173.61 1.4 ± 0.1 13240.38
13173.98 3.8 ± 0.2 13240.47
13175.35 1.1 ± 0.1 13240.56
13175.44 13242.36
13178.01 0.8 ± 0.1 13246.47
13178.72 1.5 ± 0.2 13243.56
13183.95 4.5 ± 0.1 13246.73
13184.07 13246.84
13184.45 0.6 ± 0.1 13248.52
13196.13 0.9 ± 0.1 13248.90
13196.32 0.6 ± 0.1 13252.54
13196.63 0.5 ± 0.1 13259.95
13196.76 0.6 ± 0.1 13267.85
13197.53 3.1 ± 0.1 13268.26
13197.70 1.1 ± 0.1 13268.44
13197.93 2.5 ± 0.1 13275.31
13198.16 1.8 ± 0.1 13287.42
13198.73 3.0 ± 0.2 13289.16

Please cite this article in press as: A. Lucchesini, S. Gozzini, Opt. Commun. (20
(purity 99.995%), H2O 6 10ppmv;O2þAr 6 2ppmv;CO2 6 5ppmv;
CO 6 5ppmv;N2 6 10ppmv, and CH4 6 2ppmv.

2.1. Frequency modulation

In these experiments what has been measured mainly is the
transmittance through the gas samples sðmÞ. This can be described
by the Lambert–Beer equation:

sðmÞ ¼ e�rðmÞz; ð1Þ

where z ¼ q l is the product of the absorbing species number den-
sity q (in molecule/cm3) and the optical path l (in cm) of the radi-
E
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O
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F

rmax 10�24 cm2

molecule

� � m0ðcm�1Þ rmax 10�24 cm2

molecule

� �
3.9 ± 0.3 13106.71

13106.84 1.4 ± 0.1
13106.94

1.7 ± 0.3 13107.15 2.4 ± 0.2
13107.20
13107.31 2.0 ± 0.1
13107.39
13107.56 3.2 ± 0.3
13108.11 6.0 ± 0.4

1.1 ± 0.2 13108.17
4.1 ± 0.3 13109.70 2.6 ± 0.1
2.2 ± 0.2 13114.00 5.9 ± 0.4

13115.77 11.6 ± 0.5
1.5 ± 0.1 13117.46 3.9 ± 0.2
2.2 ± 0.2 13118.24

13118.30 5.5 ± 0.1
13118.54 0.9 ± 0.1

2.6 ± 0.2 13119.36 4.6 ± 0.2
1.8 ± 0.2 13122.70 1.0 ± 0.1
1.1 ± 0.2 13122.85 1.6 ± 0.1
9.2 ± 0.4 13123.01 1.0 ± 0.1
0.5 ± 0.1 13126.85 3.2 ± 0.1

13139.15 1.9 ± 0.2
1.6 ± 0.1 13139.25 1.6 ± 0.3
3.1 ± 0.1 13139.91 4.4 ± 0.2
2.8 ± 0.1 13145.94
0.5 ± 0.1 13146.15 4.9 ± 0.2
0.8 ± 0.1 13146.40
1.9 ± 0.1 13290.58 0.6 ± 0.1
0.7 ± 0.1 13291.35 1.3.±0.1
1.4 ± 0.1 13291.90
1.6 ± 0.1 13291.99
1.4 ± 0.1 13292.10
2.9 ± 0.1 13292.21
2.0 ± 0.1 13292.33
0.4 ± 0.1 13292.42 0.1 ± 0.1
0.8 ± 0.1 13292.56
1.5 ± 0.1 13292.66 0.2 ± 0.1
1.7 ± 0.1 13293.25 0.2 ± 0.1
2.0 ± 0.1 13293.44 0.3 ± 0.1

13295.41 0.2 ± 0.1
1.5 ± 0.1 13297.24 0.3 ± 0.1
1.5 ± 0.1 13306.72 0.7 ± 0.1
1.1 ± 0.1 13306.86 1.1 ± 0.1
1.1 ± 0.1 13311.75 1.1 ± 0.3

13312.24
0.6 ± 0.1 13314.94 0.3 ± 0.2
0.6 ± 0.1 13315.57 0.4 ± 0.2
0.9 ± 0.2 13330.52 0.7 ± 0.1
0.9 ± 0.2 13337.28 0.4 ± 0.1
0.3 ± 0.1 13337.46
1.6 ± 0.1 13339.90 1.5 ± 0.1
0.6 ± 0.1 13344.68 1.3 ± 0.1
0.3 ± 0.1 13346.05 0.3 ± 0.1
0.6 ± 0.1 13354.53 0.2 ± 0.1
1.2 ± 0.1 13354.87 0.3 ± 0.1
0.4 ± 0.1 13363.22 0.5 ± 0.3
1.9 ± 0.1

09), doi:10.1016/j.optcom.2009.05.049
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Table 2
Ammonia absorption line strengths.

m0ðcm�1Þ S 10�26 cm
molecule

� �
13039.68 5.7 ± 0.2
13083.81 6.0 ± 0.3
13114.00 3.4 ± 0.2
13115.77 7.7 ± 0.3
13117.46 2.4 ± 0.1
13139.91 4.2 ± 0.2
13157.39 2.2 ± 0.1
13171.14 1.8 ± 0.1
13173.34 3.8 ± 0.2
13173.98 2.5 ± 0.1
13178.72 1.0 ± 0.1
13289.16 1.3 ± 0.1
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ation through the sample, i.e. the column amount (in molecule/
cm2); the absorption cross section rðmÞ is therefore expressed in
cm2/molecule. If rðmÞz� 1, that is in the small optical depth re-
gime, as in our case, Eq. (1) can be approximated:

sðmÞ ’ 1� rðmÞz: ð2Þ

where rðmÞmust behave as the shape of the absorption line: Gauss-
ian-like for the Doppler broadening and Lorentzian-like for the col-
lisional broadening. Other effects, like the Dicke narrowing that
occurs when the molecular mean free path is comparable to the
wavelength of the radiation [9], are not observed in our measure-
ment conditions, at least within our sensitivity, and are not taken
into account.

The Voigt function, a convolution of the Lorentz and the Gauss
curves, describes the behavior of the optical absorption as a func-
tion of the radiation frequency:

f ðmÞ ¼
Z þ1

�1

exp½�ðt � m�Þ2=C2
G ln 2�

ðt � mÞ2 þ C2
L

dt; ð3Þ

where m� is the gas resonance frequency, CG and CL are the Gauss-
ian and the Lorentzian half-widths at half the maximum (HWHM)
respectively.

We used the FM technique and therefore the emission fre-
quency of the source �m was sinusoidally modulated at the fre-
quency mm ¼ xm=2p resulting in

m ¼ �mþ a cos xmt: ð4Þ

In this case the transmitted intensity depends on both the line
shape and the modulation parameters, and can be written as a co-
sine Fourier series:

sð�mþ a cos xmtÞ ¼
X1
n¼0

Hnð�m; aÞ cos nxmt; ð5Þ

where Hnð�mÞ is the n-th harmonic component of the modulated sig-
nal. By using a lock-in amplifier tuned to a multiple
nmmðn ¼ 1;2; . . .Þ of the modulation frequency, the output signal is
proportional to the n-th component Hnð�mÞ and when the amplitude
a is chosen smaller than the width of the line, the n-th Fourier com-
ponent is proportional to the n -order derivative of the original
signal:

Hnð�m; aÞ ¼
21�n

n!
an dnsðmÞ

dmn
jm¼�m; n P 1: ð6Þ

For the pressure broadening and shift measurements performed
in this work a low modulation amplitude has been used and the
second harmonic component detected (2f detection), therefore
the output signal was proportional to the second order derivative
of the real absorption line. This expedient not only enhanced the
signal-to-noise (S/N) ratio, but also reduced to zero the unwanted
background. Then a nonlinear least-squares fit procedure ex-
plained elsewhere [10] has been used in order to extract the line
parameters. In particular we interpreted the Lorentzian FWHM
cL, the collisional component of the line-shape, as a function of
the total pressure p by the general expression:

cLðpÞ ¼ 2CLðpÞ ¼ cipi þ cself p�; ð7Þ

where p� is the partial pressure of the studied gas, pi is partial pres-
sure of the buffer gas i; ci is the FWHM broadening coefficient re-
lated to the buffer gas, and cself is the sample gas FWHM self-
broadening coefficient.

To obtain the line positions even for the weakest lines we have
also been obliged to use large values of the modulation amplitude
parameter m (m ¼ a=C ¼ 2:2� 2:3 typically). This substantially
improved the S/N ratio, but did not permit the utilization of Eq.
(6) any more. The approximated function that well describes the
Please cite this article in press as: A. Lucchesini, S. Gozzini, Opt. Commun. (20
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absorption line distorted by modulation has been appositely calcu-
lated and it is reported in the Appendix.

3. Experimental results

At 760 nm a very few absorption measurements on gaseous
ammonia have been found in the literature. The presence of a weak
absorption band in this region have been noticed in the atmo-
sphere of Jupiter [11] with absorption coefficients similar to ours,
and also by a spectroscopic work in the laboratory [12], but no sys-
tematic measurements have been carried on so far.

By the WMS technique we observed 173 ammonia absorption
lines and we could measure the maximum absorption cross sections
of most of them, all obtained at the same values of pressure
(p ’ 30 Torr) and temperature (RT). The results are in Table 1.
Their positions are reported with 0:01 cm�1 maximum error ð3rÞ.
For the 13049.92, 13050.06, 13050.26, 13145.94, 13146.15 and
13146:40 cm�1 lines, instead of I2, water vapor have been used as
the reference [13], because it was impossible to find close I2 lines
having enough strengths to be well detected. For some of the most
intense lines for which the error was acceptable, we integrated the
absorption coefficient in energy in order to obtain the line strength
ðSÞ, and the results are shown in Table 2.

By following the intensity distribution it can be said that the
3m1 þ 2m4 combination overtone band presumably arrives to
13250 cm�1 and beyond there should be the 4m3 band, as it can
be deduced from [14] and [15]. Because of the complexity of the
structure of the overtone band it is not possible to give a specific
quantum classification of the ro-vibrational transitions. In fact for
these highly excited levels the numerous possible resonances be-
tween the levels can modify significantly the intensity and the po-
sition of the expected lines [16]. An aid to the classification job
could come from working at very low temperature ð6 20 KÞ by
using the supersonic jet expansion [17,18]. In this case only a
few first rotational levels will be populated and the level superpo-
sitions will be smaller or absent. Hopefully this will be one of our
future projects.

In Fig. 1 the ammonia 13037.42, 13037.61, 13037.88, 13038.14
and 13038:40 cm�1 lines are shown (a) as obtained by WMS and
2nd harmonic detection, while the F.–P. transmission signal (b) is
contemporary collected in order to check the frequency sweep
amount. In the background a small etalon effect is present, origi-
nated by the many reflections inside the measurement cell and
by the non perfect collimation of the laser beam. The DL mode
intensity change directly connected to the photon energy (fre-
quency) variation is evident in (b).

3.1. Ammonia line broadening and shifting measurements

Pressure broadening coefficients for ammonia by it-self, and by
air, N2;H2 and He gases at RT have been measured for some of the
09), doi:10.1016/j.optcom.2009.05.049
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Table 4
Ammonia pressure shift coefficients ðdÞ.

m0ðcm�1Þ dself (MHz/Torr) dN2 (MHz/Torr) dH2 (MHz/Torr) dHe (MHz/Torr)

13157.39 �0.8 ± 0.4 0.4 ± 0.2 0.4 ± 0.4 0.9 ± 0.4
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(a)

(b)

Fig. 1. Second derivative signal of the ammonia spectrum around 766.8 nm (a)
obtained by WMS with 10 Hz bandwidth at pNH3

¼ 19 Torr and T ¼ 294 K. The F.–P.
transmission signal (b) is shown dotted.

4 A. Lucchesini, S. Gozzini / Optics Communications xxx (2009) xxx–xxx

OPTICS 14231 No. of Pages 6, Model 5G

10 June 2009 Disk Used
ARTICLE IN PRESS
C
O

R
R

E
C

more intense and well isolated lines, and the pressure shift coeffi-
cients have been obtained for the 13157:39 cm�1. They are shown
in Tables 3 and 4, respectively. During the foreign gas broadening
measurements the ammonia pressure was kept around 20 Torr,
while the host gas partial pressures ranged between 10 and
150 Torr. It can be verified there that ammonia dipole moment
makes the self-broadening coefficients much larger than the ones
coming from non-dipolar perturbers. In Table 3 the strange abnor-
mal values of He-broadening coefficients at 13139:91 cm�1 sug-
gests that perhaps this is not a single line. For the 13171.14 and
13178:72 cm�1 lines only the self-broadening coefficients could
be collected, because the foreign gas broadening measurements
had not enough S/N ratios to give reliable results. It was also
impossible to measure the air-broadening coefficient of the
13114:00 cm�1 line for the presence of a very close O2 line
ð13114:10 cm�1Þ that interfered.

In some cases of the He- and H2-broadening experiments, the
ammonia sticking effect on the measurement cell wall was evi-
denced from a non-linear behavior of the FWHM when increasing
the host gas pressure, particularly at low pressure. This is a well
known effect [19] that can be reduced by choosing the appropriate
coating of the cell walls. In our case this was not possible and it
was also impossible to increase the cell temperature to avoid
ammonia condensation. We limited ourselves to remove the first
few measurements points that were clearly out of the expected lin-
ear behavior with the pressure.

An example of the ammonia self-broadening and shift measure-
ments at RT are reported in Fig. 2 for the 13157:39 cm�1 line.
U
NTable 3

Ammonia pressure broadening FWHM coefficients ðcÞ.

m0ðcm�1Þ cself (MHz/Torr) cair (MHz/Torr)

13039.68 52 ± 2 10.3 ± 0.1
13083.81 41.5 ± 0.7 9 ± 1
13114.00 23.6 ± 0.3 8.6 ± 0.5
13115.77 27.0 ± 0.2 7.5 ± 0.3
13117.46 29 ± 1 11 ± 2
13139.91 45 ± 2 9.0 ± 0.6
13157.39 24.6 ± 0.4 12.5 ± 0.2
13171.14 28 ± 1
13173.34 27.6 ± 0.4 9 ± 1
13173.98 21.3 ± 0.8 6 ± 1
13178.72 28 ± 2
13289.16 20.5 ± 0.2 8 ± 1

Please cite this article in press as: A. Lucchesini, S. Gozzini, Opt. Commun. (20
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We did not find any broadening and shift measurements in the
literature on this same band, therefore a comparison can be done
only with the fundamentals and first overtones, for which instead
many papers can be found.

On the m1 fundamental Pine et al. [20] obtained self-, N2- and
H2-broadening coefficients that in average are on the same order
of magnitude than ours, but our He-broadenings are systematically
higher. On the m2 and the m4 fundamentals Baldacchini and
colleagues [21–23] calculated and measured the self-broadening
and shift coefficients. Their results are similar to ours with the
exception of the He-broadenings on the aQ(9,9) line at
921:2550 cm�1 of the m2 band, where their coefficients are lower
than ours. In the work by Bouanich and coworkers [24,25] again
on the m2 and the m4 the self- and He-broadening values, in average,
are not far from ours. Measurements and calculations on pressure
broadening of ammonia have been carried on also by Dhib and
coworkers [26] on the m4 band. With helium as the host gas their
results are little higher than ours. In the m2 band Dhib et al. [27] ob-
tained N2- and air-broadening coefficients little lower than or
equal to ours. In the m4 band Hadded et al. [28] measured and
calculated the self-, He-, H2- and Ar-broadening coefficients. In
comparison our coefficients are similar with the exception of the
He-broadenings that in our case are higher. Later on in the m4

and 2m2 bands Nouri et al. [29] measured N2- and H2-broadening
coefficients and their results are again comparable to ours. In the
m1 þ m3 band Cubillas et al. [7] obtained in average self-broadenings
similar to ours. In the same combination band Kosheley et al. [5]
measured the N2-broadening coefficients at 297 K, and in average
their results comes to be little lower than ours. Some lines in the
m1 þ m3 band have been studied also by Gibb et al. [30] and the
N2- and H2 -broadening coefficients at 294 K are a little lower than
ours: they fitted the resonances by the Galatry function [31] as
they observed the Dicke narrowing effect. Between 6850 and
7000cm�1 air- and N2-broadening coefficients have been measured
by O’Learly et al. [6] and in average they are similar to ours, while
the self-broadening coefficients are considerably higher.

For what the ammonia shifting measurements concerns, yet
there are no results for the absorption band faced in this work. In
any case our few data are comparable to what found in the litera-
ture for the N2-shift [27] and for the self-shift [23] on the m2 band,
and for the H2-shift [32,27] on the m4 and 2m2 bands. A big differ-
ence has to be reported for the line-shift by He on the m4 band,
where Dhib and coworkers [33] found almost always negative shift
cN2
(MHz/Torr) cH2

(MHz/Torr) cHe (MHz/Torr)

11 ± 1 9.1 ± 0.7 6 ± 1
7.2 ± 0.7 8.9 ± 0.4 4.8 ± 0.6
6.6 ± 0.5 4.0 ± 0.6
9.1 ± 0.6 7.3 ± 0.4 3.7 ± 0.3
10 ± 1 13 ± 2 5 ± 2

11.1 ± 0.9 7 ± 1 14.5 ± 0.6
10.1 ± 0.5 10.3 ± 0.4 5.8 ± 0.4

10 ± 1 8.4 ± 0.6 4.3 ± 0.5
8 ± 2 7 ± 2 5 ± 1

9.7 ± 0.5 9.5 ± 0.7 4 ± 1

09), doi:10.1016/j.optcom.2009.05.049
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Fig. 3. Behavior of Eq. (13) as a function of the modulation parameter m.
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coefficients, but this can be explained by the strong dependence of
this effect on the vibrational state, as they mention in their work.

4. Conclusion

By using a tunable diode laser spectrometer with high resolving
power ðk=Dk � 107Þ, the aid of the wavelength modulation spec-
troscopy technique with the second harmonic detection, and a
30 m total path-length multipass measurement cell, 173 NH3 lines
around 13;100 cm�1, and their positions have been measured
within 0:01 cm�1ð3rÞ. The ammonia lines presumably constitute
the 3m1 þ 2m4 and the 4m3 combination overtone bands. The line
positions have been obtained by the comparison with reference
I2 absorptions and the utilization of a very precise atlas. When
using a high modulation index, a properly suited function has been
used in order to fit the distorted absorption lines. The maximum
absorption cross section of the observed lines are in the 10�25—
10�24 cm2/molecule ranges at room temperature. The correspond-
ing strengths are in the 10�26 cm/molecule order of magnitude. The
collisional broadening coefficients for different perturbing gases
have been measured at room temperature for some of the more
intense lines and the collisional shifting has been measured for
one line. A comparison with the results found in the literature at
different wavelengths is reported.
Please cite this article in press as: A. Lucchesini, S. Gozzini, Opt. Commun. (20
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E
DAppendix A. Frequency modulation in the high amplitude

regime

When the modulation amplitude a is increased, the derivative
approximation of Eq. (6) fails and the nth harmonic component
Hnðm; aÞ becomes [34]

Hnðm; aÞ ¼
2
p

Z p

0
sðmþ a cos hÞ cos nh dh: ð8Þ

The analytical evaluation of this integral is not always possible.
Arndt [35] and Wahlquist [36] derived the analytical form of the
harmonic components for a Lorentzian function, valid for the colli-
sional component of the absorption line-shape. The expression for
the nth harmonic component can be obtained by inverting Eq. (5):

Hnðx;mÞ ¼ en in
Z þ1

�1
ŝðxÞ JnðmxÞeixxdx; ð9Þ

where

ŝðxÞ ¼ 1
2p

Z
sðxÞe�ixx dx ð10Þ

is the Fourier transform of the transmittance profile; x ¼ m=C and
m ¼ a=C are respectively the frequency and the amplitude of the
modulation, normalized to the line-width C; Jn is the nth order Bes-
sel function; e0 ¼ 1; en ¼ 2ðn ¼ 1;2; . . .Þ and i is the imaginary unit.
Assuming a Lorentzian absorption line-shape centered at m ¼ 0 (this
is acceptable when, as in this case, collisional broadening domi-
nates) the cross-section coefficient will be

rLðx;mÞ /
1

1þ ðxþm cos xtÞ2
: ð11Þ

Referring to the work of Arndt we recalculated the second Fou-
rier component of the cross-section coefficient by putting n ¼ 2:

H2ðx;mÞ ¼ �
1

m2

f½ð1� ixÞ2 þm2�1=2 � ð1� ixÞg2

½ð1� ixÞ2 þm2�1=2 þ c:c:

" #
ð12Þ
09), doi:10.1016/j.optcom.2009.05.049
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and by eliminating the imaginary part:

H2ðx;mÞ ¼
2

m2�
21=2

m2

�1=2½ðM2þ4x2Þ1=2þ1� x2�½ðM2þ4x2Þ1=2þM�1=2þjxj ½ðM2þ4x2Þ1=2�M�1=2

ðM2þ4x2Þ1=2 ;

ð13Þ

where

M ¼ 1� x2 þm2:

The behavior of Eq. (13), which is proportional to the 2nd deriv-
ative of the absorption feature only for low modulation, is shown
in Fig. 3 as a function of the modulation parameter m. For m ¼ 3
the 2nd derivative is completely deformed by broadening, as it
happens in the reality.
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