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Abstract— A crucial issue in designing learning machines is to 

select the correct model parameters. When the number of 
available samples is small, theoretical sample-based 
generalization bounds can prove effective, provided that they are 
tight and track the validation error correctly. The Maximal 
Discrepancy approach is a very promising technique for model 
selection for Support Vector Machines (SVM), and estimates a 
classifier’s generalization performance by multiple training 
cycles on random labeled data. This paper presents a general 
method to compute the generalization bounds for SVMs, which is 
based on referring the SVM parameters to an unsupervised 
solution, and shows that such an approach yields tight bounds 
and attains effective model selection. When one estimates the 
generalization error, one uses an unsupervised reference to 
constrain the complexity of the learning machine, thereby 
possibly decreasing sharply the number of admissible hypothesis. 
Although the methodology has a general value, the method 
described in the paper adopts Vector Quantization (VQ) as a 
representation paradigm, and introduces a biased regularization 
approach in bound computation and learning.  Experimental 
results validate the proposed method on complex real-world data 
sets. 
 

Index Terms— Support Vector Machine, Vector Quantization, 
Maximal Discrepancy, Mixed Unsupervised and Supervised 
methods 

I. INTRODUCTION 
earning machines acquire knowledge by adjusting a 

model empirically in compliance with training data, hence 
the correct selection of the model parameters is a crucial issue. 
That choice is usually driven by predicting the generalization 
performances that are associated with the possible model 
settings.  From a most general viewpoint, the bound to the 
generalization error, π~ , results from the sum of two terms: the 
empirical error on the training sample, ν, and a penalty term, 
Δπ, associated with the model complexity; the underlying 
epistemic assumptions is that complex models are exposed to 
the risk of overfitting data, hence should be subject to high 
generalization bounds: 
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The first term in the right-hand side of (1) depends on 

training data, whereas the second term should not depend on 
the classes of training patterns. In the case of Support Vector 
Machines for classification [1,2], the literature offers a variety 
of theoretical approaches to attain an (usually upper-bounded) 
estimate of the generalization error [3,4]. This proves 
especially useful in the presence of limited training samples, 
when classical techniques such as Cross-Validation [5] may 
waste samples because one has to exclude training patterns 
from the parameter adjustment. The Maximal-Discrepancy 
(MD) approach [6] is often effective in those cases for 
estimating the generalization penalty, Δπ. The computation of 
the latter quantity requires several, independent training 
processes on random label configurations.  In most theoretical 
approaches, however, the resulting bounds may prove quite 
loose because the assumptions involved are, in general, 
strongly conservative. This typically leads to large values of 
the penalty terms, Δπ, of the bounds themselves. 

Within that framework, this paper introduces a novel model 
(VQSVM) to support the computation of tighter penalty terms, 
Δπ. The method sets two fixed references: the SVM solution 
of the classification problem with the original classes, and an 
unsupervised representation of the training patterns.  In the 
computation of the penalty term, Δπ, for the basic classifier, 
any contribution is generated by a set of possible hypothesis 
that are constrained by the two references.  

The unsupervised analysis of training data is based on 
Kernel Vector Quantization (VQ) for unsupervised clustering; 
hence an implicit cluster hypothesis is made on data to get 
tighter bounds. This hypothesis is typical of semi-supervised 
learning approaches [7,8,9]; in the present research (and also 
in [10,11]) this hypothesis is used only on labeled data and 
does not involve the usual dichotomy between labeled and 
unlabeled data. Finally the MD approach is used as a tool to 
compute the penalty term. The VQSVM methodology, 
however, features a wider general validity and is not tied to 
either of those approaches.  The theoretical analysis shows 
that the method always improves on, or at least is equivalent 
to the classical Structural Risk Minimization paradigm [1], 
whose results reduce to a special (worst-) case of the VQSVM 
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predictions.  
At the same time, the paper proves the convexity of the VQ-

constrained problem formulation; the (global) optimal solution 
is always achieved when one minimizes the VQSVM 
functional to compute the generalization bound. Finally, the 
theoretical analysis describes an efficient procedure to 
compute the penalty term under the unsupervised-constrained 
assumption. 

The method effectiveness is demonstrated on different, real-
world testbeds: the NIST dataset [12], the Newsgroup-20 text-
mining dataset [13], and several other UCI datasets [13]. The 
former two cases are significant because of the high-
dimensional nature of the data space, the large size of the 
sample and the full compliance to the cluster hypothesis. 
Empirical results show that the VQSVM method succeeds in 
improving model selection whenever possible, and always 
yield tighter generalization bounds than those predicted by 
conventional MD methods. 

The paper is organized as follows: Section II briefly 
overviews the overall theoretical background; Section III 
illustrates the actual use of unsupervised clustering for 
classifier design and Section IV describes the optimization 
problem. Experimental results are presented in Section V. 
Some concluding remarks are made in Section VI. 
 

II. THEORETICAL BACKGROUND 

A.  Notation for Support Vector Machines in classification 
problems 
A binary classification problem involves using a set of 

labeled patterns Z = {(xi, yi); i = 1,..,np; yi∈{–1, +1} }. The 
Support Vector Machine model [2] proves a valuable 
algorithm for that task [14], and requires the solution of a 
Quadratic Programming problem: 
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where {αi} are the SVM parameters setting the class 
separating surface, the scalar quantity C upper bounds the 
SVM parameters, and K(⋅,⋅) is the kernel function, i.e., a basis 
for the SVM series expansion. If Φ(xi) and Φ(xj) are the points 
in the “feature” space associated with xi and xj, respectively, 
then their dot product can be written as 〈Φ(xi),Φ(xj)〉 = 
K(xi,xj). An SVM supports a linear class separation in that 
feature space; the classification rule for a trained SVM is:  
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where b is a bias term and can be computed by using the set 

of values {αi} [2]. The set of patterns, including SVn ≤ np 
“support vectors”, such that the associate parameters αi are 
non-null can be found by solving (2). In the Hilbert space, 
these vectors span a hyperplane that separates classes and is 
expressed as: 
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For an exhaustive presentation of the method, see [1]. The 
complexity of the hypersurface (3) is affected by both the 
value of C and the specific kernel adopted.  
 

B.  Maximum Discrepancy Generalization Bounds 
Formal approaches to predicting a classifier’s generalization 

error [1] often prove impractical, mainly due to the loose 
bounds obtained. Conversely, empirical methods such as 
cross-validation and k-fold cross validation [15] can attain 
useful estimates at the cost of reducing the number of training 
patterns.  

Maximum-Discrepancy [6] methods for assessing 
generalization bounds aim to ensure the validity of analytical 
predictions while retaining the advantages of empirical 
estimates.  In a MD procedure, one splits the available dataset, 
Z, into two halves (suppose np is even), and computes the 
fractions {ν1, ν2} of misclassified patterns for the two halves: 
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where L[⋅,⋅] is the classical 0-1 loss function, and f(x) is a 

model belonging to the hypothesis space Λ, (i.e., the space of 
admissible models resulting from a learning process). Finally, 
one computes a random variable, called Maximal 
Discrepancy, as: 
      ( )12Z max ννξ −=

Λ
                            (6) 

The definition of ξZ leads to a tight, data-dependent 
generalization bound: if one denotes with π  and ν  the true 
generalization error and the classification error on the training 
set, respectively, theory shows [6] that, with probability higher 
than 1-δ , the following bound holds true: 
 
     ( )δξνπ ,Z npBΔ++≤                             (7) 

where the Bernoulli correction term, ΔB, in (7) only depends 

on the training set cardinality: ( ) ( ) )2/(ln3, 1 npnpB
−=Δ δδ . 

The method presented in [6] gives a straightforward way to 
compute ξZ: one flips the classes in one of the two halves, 
leaving the other half unchanged; then one trains a 
conventional classifier on this modified dataset and measures 
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the empirical training error, ν . If 2ν  denotes the 
classification error on the fraction of patterns with flipped 
targets, then clearly one has: 22 1 νν −= ; therefore the penalty 
term (6) can be written as: 

                                                                        

ννν

ννννξ
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Λ
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Thus the penalty term (6) is worked out by minimizing the 

classification error, ν , on the modified training set with a 
conventional SVM training process. The computation (8) is 
iterated several times by random flipping (a half of) the 
pattern classes to attain a robust estimation of the penalty term 
(6).  As compared with data-independent bounds resulting 
from worst-case analysis [1], the data-dependent bound (7) 
usually proves tighter [6]. From a strictly theoretical 
viewpoint, Maximum Discrepancy [6] does not completely 
adhere to the SVM model, as the SVM loss function is not 0-
1; nevertheless, it turns to be very effective and reliable [16]. 
For these reasons, the approach presented in this paper relies 
on Zξ  as an estimator to drive the complexity-reduction 
process. 

 

III. CONSTRAINING SVM CAPACITY BY UNSUPERVISED 
ANALYSIS 

The VQSVM method proposed in this paper is effective in 
the computation process of the penalty term (6), which is 
estimated by solving a battery of SVM training problems.  The 
main idea is to set the result of unsupervised Vector 
Quantization as a reference solution to constrain the capacity 
of each SVM in that battery.  

This section shows that adding a suitable constraint to the 
SVM formulation leads to a refined model (VQSVM), which 
replaces the original SVM problem setting in the computation 
of the penalty term on random target configurations.  It is 
worth stressing that the VQSVM approach does not affect the 
first term, ν, in the generalization estimate (7), which always 
depends on training data and is computed by training a 
classical SVM on real classes. Instead, the proposed method 
contributes to the computation of the sample-based, target-
independent evaluation of the penalty term, Δπ; it does not 
affect the complexity of the classifier trained on real labels, 
but reduces the complexity of the several classifiers that are 
involved in the computation of the bounding term. 

 

A.  Unsupervised learning in the kernel space 
The kernel-based unsupervised representation in the feature 

space follows a two-step process: 1) a classical unsupervised 
clustering (in fact, a dichotomy) of training patterns [17-19]; 
2) a Support Vector-based representation (3) of the clustering 
results. 

Step 1) The Kernel k-means algorithm [17-19] divides the 

projections, Φi, of input data into two clusters, Cu (u =0,1). 
The algorithm operates on distance values that are computed 
by using the kernel trick without the explicit coordinates of 
cluster centroids, Ψu.  Let the “membership vector” m 
∈{0,1}

np 
encode the partitioning of input patterns into the two 

clusters: mi = 0 if Φi ∈C0 and mi = 1 if Φi ∈C1, i = 1,…, np.  
Each prototype lies in the centroid of its associate partition, 
hence the membership vector m determines the prototypes’ 
positions even though they are not stated explicitly. For a 
pattern ix , the square distance, d, from its image, Φi, to Ψu is 
worked out as: 
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where u =0, 1, δju=1 if mj=u, and 0 otherwise; ∑
=

=
np

j
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δ  is 

the number of patterns in the cluster Cu.  By using expression 
(9), which includes only kernel computations, one identifies 
the closest prototype to the image of each input pattern, and 
ascribes the pattern membership accordingly: 
 

      The feature-space version of k-means clustering 

1. Initialize m with random memberships mi 

∈{0,1}; mark m as ‘modified’ 

2. While (m is modified): 

a. Compute distances:   

d(Ψu ,Φi), u = 0,1; 

i=1,…,np;   

b. Update m such that:  

( )iuui dm ΦΨ= ,minarg  

 

Step 2) The pair of clusters obtained from step 1) supports 
an (artificial) classification problem in which the cluster 
membership of each pattern sets the provisional class of the 
pattern itself. In this respect, one cannot decide a priori which 
artificial label {+1, –1} should be assigned to either cluster, 
thus one builds up an artificial training set, +Z , whose 
elements are labeled as: 

( )( ) ( ){ }12  ;,...,1  ;, KMKM −=== +++
iiii mynpiyZ x . This set 

undergoes a conventional SVM training process (2). The 
resulting hyper-plane, ( )+KMw , is given by: 
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w(KM)+ 
w(KM)– 
p

w(TG) 

 
Fig.2 The original target solution, w(TG), and the candidate centers for 
unsupervised reference, w(KM)±. The spheres intersect at w(TG) and the smaller 
radius determines the eventual reference, w(KM).  
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where the coefficients ( ){ }+KM
iα  are associated with cluster-

related provisional classes, ( )+KM
iy . Then one builds up the 

dual training set, which supports the opposite labeling schema: 
( )( ) ( ){ }iiii mynpiy 21  ;,...,1  ;,-Z KMKM −=== −−x , and obtains 

the alternative parameters, ( )−KMw , as: 
 
           w(KM)– = -w(KM)+                            (11) 

To choose between the two alternatives { ( )+KMw , ( )−KMw }, 
one follows the Structural Risk Minimization principle, and 
picks the labeling schema that better constrains complexity.  If 
one denotes with ( )TGw  the solution obtained by using real 
labels, and with w(KM)  the unsupervised “reference” solution,  
the latter parameter set that further constrains SVM capacity 
is: 
 

 ( ) ( ) ( ) ( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛ −−= −+ TGKM2TGKMKM ,minarg wwwww (12) 

 
Upon completion of the unsupervised analysis, it is 

convenient to use the reference solution, w(KM), and the 
artificial target settings, y(KM), adopted to attain the 
unsupervised SVM training, to compute the following 
quantities: 
 
      ( ) ( )∑=

j
jjii kyy )(KMKM

ji x,xαβ ;     i = 1,…, np         (13) 

This set of parameters will be used later in the theoretical 
treatment. 
 

B.  Using unsupervised clustering to constrain SVM 
capacity during bound computation 
The result (12) of the unsupervised analysis is used in the 

computation of the MD bounding term (8) on random targets, 
and sets a reference to arrange the family of classifiers within 
the hypothesis space, Λ. The quantity ruling the ordering of 
classifiers is the distance, in the weight space, between a given 
SVM solution, w, and the reference configuration, w(KM): 
 
        ( )KMwww −=ρ               (14) 

 
Such an unsupervised-reference approach offers a 

straightforward interpretation: whenever the result of 
clustering matches the true distribution of pattern classes, the 
unsupervised separation surface, w(KM)

 , and the real 
classification surface, w(TG), must coincide. Of course, the 
opposite case may occur, in which the target distribution is 
totally uncorrelated with the obtained clusters; those extreme 
situations are illustrated in Fig.1.  The varying displacements 

obtained from empirical  results can give useful information 
about the complexity of the specific classification problem.   

Such a distance-based ordering is profitable in the 
Maximal-Discrepancy approach to limit the number of 
admissible solutions. For a given value of ρw, only the 
classifier configurations lying within the hypersphere having 
radius ρw and centered in w(KM), will be considered to compute 
the  penalty term (8). Larger and larger spheres enable the 
training algorithm to pick the optimal weight set, w, from 
among wider and wider families of classifiers.  
As the chance of fitting the various random target settings 
increases, the associated generalization bounds widen 
accordingly.   

Fig.1 Opposite situations may arise from unsupervised analysis: a)
Consistent case: clusters match class distribution. b) Opposite case: clusters
do not match classes. 
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The radius, ρw, of the sphere that includes the admissible 
solutions of (8) is the crucial quantity driving the SRM 
principle (Fig.2), and the proper setting of such a 
regularization parameter is of paramount importance.  The 
VQSVM approach uses the SVM solution, w(TG),  obtained on 
the real labels to delimit the valid portion of the weight space 
for the admissible solutions of (8).  The regularization 
parameter is set as:                                                                                         

                           ( ) ( )KMTG
0    ww −=

def
ρ                            (15) 

 
In other words, every solution, w, obtained during the MD 

estimation process must obey the distance-based criterion:   
 
              0ρρ ≤w                                      (16) 

and the optimization problem to be solved is expressed by 
(2) under the additional constraint (16). This poses two major 
questions.  

The first question regards the effectiveness of constraint 
(16) in bounding the generalization error. In the most 
favorable case, one has w(TG) ≡ w(KM), as per Fig.1a): the 
separating surface drawn by unsupervised clustering on 
artificial targets coincides with that obtained with real targets, 
hence one has: max(ρw) = 0. When the empirical classifier 
matches the natural distribution of data, the number of allowed 
family members reduces to one, and the associate penalty 
term, ξZ, theoretically vanishes. By contrast, the worst 
situation occurs when ( ) ( ) ∞≈− KMTG ww . As the 

hypersphere encompasses the entire weight space, all 
classifiers in Λ are admissible, hence one must pay the price of 
testing the whole set of alternatives within the family.  In this 
case, the generalization bound gets back to the basic 
prediction provided by classical Structural Risk Minimization.  
This proves that the VQSVM approach is consistent with (and, 
on average, improves on) the conventional sample-based 
SRM, whose prediction is taken as the worst-case option.  

The second, operational question concerns the availability 
of an effective optimization process to solve the reformulated 
problem (2)+(16). The crucial issue is that (16) involves a 
quadratic constraint, hence the optimization problem cannot 
be expressed any longer as a conventional SVM training. The 
following sections derive an iterative approach to the 
augmented formulation (2)+(16), which can still take 
advantage of a Quadratic-Programming formulation and 
ensure convergence to the global, optimal solution. 
 

C. Including the additional constraint into the SVM 
optimization problem  
The modified Primal formulation includes the quadratic 

constraint (16) in the SVM basic problem setting to solve (2) 
on the random targets assigned by the MD procedure, and can 
be written as: 
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where PM stands for Modified Primal, and λ is the Lagrange 
multiplier associated to the constraint (16).  One derives a 
Dual problem formulation [1] by nullifying the partial 
derivatives with respect to the optimization variables: 
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By solving (18a) with respect to the weight components, wi, 
one obtains: 
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When the multiplier λ is zero, constraint (16) is inactive and 
the solution, w, takes back the form of the basic SVM 
parameters; this means that the solution lies inside the sphere 
(16). In the following, the symbol w(λ0) will denote the weight 
vector associated with this case: 

        ( ) )(
1

0 ∑
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Φ=
np

i
iii y xw αλ         (20) 

Expression (20) holds for any class configuration {yi}, and 
embeds the part of the solution which does not consider the 
quadratic constraint (16).  Rewriting problem PM into its Dual 
formulation leads to the optimization problem: 
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The cost function in (21) comprises two terms: the left term, 
denoted as DM,SVM, identifies the portion of the total cost that 
only depends on parameters αi; it coincides with the ‘classical’ 
SVM Dual cost. The additional right term, defined as DM,λ , is 
parameterized by λ  and takes into account the contribution of 
the quadratic constraint:   

                      
( ) ( )],[minmin M,SVMM,,,

λαα λλαλα
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After simple derivations and substitutions the dual 

optimization problem is eventually written as: 
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The additional variables in (23) embed the constraints (16); 
δ ensures non-negative values of the basic Lagrange 
multiplier, λ. To find the solution to the Modified Dual, one 
first computes the (classical) SVM solution (2) without the 

additional constraint, then check if condition (16) is fulfilled; 
this may result in three different cases, depending on the 
position of the solution vector, w. 

Case 1)  (Fig.3a) The solution lies inside the sphere (16), 
hence the constraint is inactive and λ=0. The Modified 
problem (21) reduces to the conventional form, and the vector 
w is a valid solution.  

Case 2) (Fig.3b) Both λ and δ vanish, hence the SVM 
solution lies exactly on the sphere surface and the constraint is 
inactive. In this case, too, the solution w is a valid solution.  

Case 3) (Fig.3c) The solution is out of the sphere, λ>0, the 
constraint is active, and one has: 

            2
0

2)KM( ρ>− ww                         (24) 

In this case, to reach a valid solution one requires an ad-hoc 
optimization process, which will be presented in the following 
Section. 
 

IV. ALGORITHM FOR CONSTRAINED OPTIMIZATION 

The optimization of the training problem involved by 
eq.(21) is in fact straightforward. As it will be shown in the 
following, the problem is convex and allows one to reach a 
global solution, since any gradient descent-based algorithm 
can support the optimization task. This Section proposes a 
simple two-step procedure that optimizes (21) and relies on 
any off-the-shelf SVM optimizer (e.g. SMO [22]), thus 
yielding a straightforward algorithmic implementation. 
 

A. Optimization Theory for the Modified Dual Problem 
A prerequisite to ensure that the minimum of DM can 

always be found is to verify that the functional (21) is convex.  
The following Theorem confirms this fact by proving that the 
associate Hessian matrix, H, is positive semi-definite. It is 
convenient in the following to use a compact notation and 
define the matrix Q, having size np × np, as the matrix 
composed by the elements: 

 
        a)                b)                c)         

Fig.3 Relative positions of the solution vector, w, with respect to the unsupervised reference, w(KM) a) Case 1): Within the hypersphere; b) Case 2: on
the hypersurface; c) Case 3: Out of the hypersphere 

w(TG)

w(KM)

wρ
0

w(TG)

w(KM)

w =

ρ
0

w(TG)

w(KM)

w

ρ
0
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      ( )jijiij Kyyq xx ,=         (25) 

Theorem 1: The Modified Dual functional (21) is convex, 
and its minimization implies a convex optimization problem 
that admits a global  solution. 

Proof: for the sake of brevity, the proof is given in the 
Appendix. . 

The Modified Dual cost does not benefit from the 
straightforward quadratic form that characterizes conventional 
SVMs, hence no classical SVM-training algorithm applies 
directly to solve (21) under Case 3). The VQSVM framework 
includes an ad-hoc algorithm that offers two advantages: it 
ensures convergence to the global minimum, and it allows one 
to reuse efficient SVM training algorithms (e.g., SMO [20]).   
The algorithm proceeds by alternating two steps.  The first 
step minimizes DM,λ and works out the optimal value, λ~ , of 
the Lagrange multiplier when the parameters, α, remain fixed 
in (21). The following Lemma gives the analytical expression 
of λ~ , in which the apex T denotes the vector-transpose 
operation. 

Lemma 1 : The optimal value, λ~ ,  that minimizes λM,D  

for a fixed set of parameters, α, is:   
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0
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λ wwwQαα KM         (26) 

 
Proof: the proof is given in the Appendix. . 

The second step minimizes the functional (21) over the 
parameters, α , while λ~  keeps fixed. The following Lemma 
proves that, in the latter case, the cost takes on the typical 
formulation of SVM with a minor correction to the linear 
term; this allows one to use efficient, conventional algorithms 
for SVM training to support the second step. 

Lemma 2 : For a fixed value λ~ , the quadratic convex cost 
MD  to be minimized can be written as: 
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                    (27) 

Proof: the proof is given in the Appendix.  
In the following, b̂  will denote the Lagrange multiplier 

associated with the linear constraint in problem (21); this 
multiplier is worked out as a side result of the minimization 
process of (21).  

The procedure alternating Lemma 1 and Lemma 2 iterates 
until a solution lying within the hypersphere (16) is found.  
The following Theorem proves that such a procedure always 
converges to the global minimum. 

Theorem 2 –  A procedure alternating the partial 
optimizations as per Lemma 1 and Lemma 2, always reaches 
the global minimum of the Modified Dual cost eq.(21).   

Proof.  Lemma 1 and Lemma 2 ensure the minimization of 
DM,SVM and DM,λ when the multiplier λ~  and the parameters, 
α, remain constant, respectively. This implies that at least one 
term in the summation (21) decreases. Therefore, at the i-th 
iteration alternating Lemma 1 and Lemma 2, one always has: 

( ) ( )1
MM

−< ii DD , and the process necessarily minimizes cost (21).  
Theorem 1 proves that that cost is convex, hence the minimum 
is global, and the sequence { ( ) ( ) ( ) ( )n

MMMM DDDD ,...,, 321 } converges 
to the global minimum of (21).  

VQ-SVM Optimization Algorithm for the Modified Dual 
1. α argmin , ,  0=λ  
2. argmin ,    as per (26) 

3. Repeat until ( ) τρ <−− 2
0

2KMww      

a. )~(minarg~
M λD

α
α =        as per (27)  

b. )~(minarg~
,M αλλ

λ D=       as per (26) 

 
In the pseudocode, τ  is a tolerance threshold to detect 

when the solution is close enough to the surface of the 
hypersphere.  
 

B. Operational Aspects in the Optimization Procedure 
The most computation-intensive phases of the above 

algorithm are the optimization processes at step 3.a) and step 
3.b). It has been proved [21] that the computational cost of 
SMO is roughly a quadratic function of the number of 
patterns; the computational cost of (26) is a quadratic function 
of the number of support vectors that result from the modified 
SVM solution. Thus, if one denotes with k the number of 
iterations of the optimization algorithm, the complexity can be 
worked out as: 
        ( )( )22 npknO SV ⋅+                              (28) 
 

Since the iterations are performed on the same dataset, the 
kernel matrix can be computed once and offline. The 
tolerance-based stopping criterion is not critical, as with a 
typical tolerance threshold τ = 10–3 the quadratic constraint is 
found to be satisfied easily. The only crucial aspect in the 
procedure is to attain a ‘precise’ solution in the SVM-based 
inner loop; this means that the Karesh-Kuhn-Tucker 
conditions [1] must be fulfilled with a tolerance no larger than 
τ.   

Finally, an important aspect concerns the decision function 
to classify new input patterns. This function can be obtained 
from problem DM by using (19), and is written as: 
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or equivalently: 
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When λ = 0, the regularization is no more biased and the 
problem reduces to the classical SVM decision function (3). 
The bias term in eq.(30) obeys the following Lemma: 

Lemma 3 : Let b̂  be the Lagrange multiplier derived from 
minimizing problem (21):  then the bias b  appearing  in the 
decision function (30) is )1/(ˆ λ+= bb . 

Proof: for clarity, the proof is given in the Appendix. 
 

C. A synthetic review 
The basic idea to control the complexity of a Support 

Vector Machine is to reduce the space of admissible classifiers 
by a (sample-based) reference solution. In the present 
approach, constraint (16) implements an unsupervised-based 
reference criterion. The resulting, additional constraint turns 
the conventional SVM learning process into a Quadratic-
Constrained, Quadratic-Programming optimization problem. 
The theoretical and practical frameworks prove that the 
described approach solve that problem effectively, as it can 
find the global minimum and, at the same time, re-use existing 
efficient algorithms for SVM training. One can efficiently use 
VQSVM (instead of SVM) within the computation of the 
Maximal-Discrepancy bound, and attain model-selection 
results that always are equal (at worst) or better that those 
provided by classical Structural Risk Minimization. 
 

V. EXPERIMENTAL RESULTS 
The empirical validation of the proposed method involved 

extensive experiments on real-world datasets, namely, the 
MNIST numerical recognition testbed [12], text-classification 
problems drawn from the “Newsgroup-20” dataset [13]; 
reference UCI datasets “Heart”, “Ionosphere”, “Sonar”, and 
“Pima Indian Diabetes” [13] were also tested.   
 

A. Experimental Procedure 
A version of SMO with RBF kernel supported the model 

presented in [22] with first-order selection of the working set.  
In the iterated procedure, the tolerance value for both SMO 
training and the Vector-Quantization constraint-based version 
(see pseudocode) always was τ = 10–3.  The model-selection 
approach scanned wide ranges of hyper-parameter settings; 
this lead to a huge number of SVM training cycles. For each 

cycle, the input quantities were:  

• the specific settings of the SVM hyper-parameters 
{C, σ};  

• a training set, Z, of labeled data – in the bound 
estimation, classes were set at random in compliance 
with the MD procedure as per (8);  

• a validation set, ZVAL, of patterns whose labels 
always coincided with the true classes, which was 
used to verify the accuracy in predicting 
generalization performance. 

The latter steps allowed one to compare directly the two 
bound estimates, and to get a sound verification of the 
effectiveness of the additional constraint in two ways: first, by 
assessing the contribution of the VQ-induced constraint in 
shrinking the theoretical bound; secondly, by measuring the 
actual reduction in classification error on unseen data.  
The outputs of the procedure included:  

• the generalization error bound, ( )TGπ , that resulted 
from summing the training SVM error, ν, with the 
conventional MD-based penalty term computed as 
per (8);  

• the generalization error bound, ( )TG-VQπ , that 
resulted from summing the training SVM error, ν, 
with the MD-based penalty term subject to the 
quadratic constraint (16);  

• the “true” empirical generalization error, VALπ , 
measured on the validation set, ZVAL. 

 

B. MNIST Experiments 
The MNIST testbed involved a 10-digit character 

recognition problem. The experimental procedure covered all 
pairs of digits exhaustively, thus involving 45 independent 
problems.  For each problem, the training set included 200 
patterns; at the same time, each experiment included a 
validation set holding a separate group of 6000 patterns. Using 
a small training set and a much larger test set made it possible 
to verify the method’s effectiveness in a limited-sample 
scenario, yet benefiting from a reliable estimate of the true 
generalization error.   

To complete model selection for each binary problem, the 
training process was repeated for a set of hyper-parameter 
settings, {C, σ }, whose admissible values were: 

}10,10,10,10,1{ 432∈C , and }10,10,10,10,10{2 654322 ∈σ .  
This required to solve about one million of QP problems, each 
having complexity np = 200. Each row in Table I addresses 
one of the 45 binary OCR problems and gives:  
• the most promising hyper-parameters, )2,( 2σC , resulting 

from the model-selection process; 
• the associate generalization bounds, for both the 

conventional and the constrained MD approach; 
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TABLE I 
 NIST DIGIT RECOGNITION. MODEL-SELECTION RESULTS, BOUNDS, AND ACCURACY OF CONVENTIONAL SVM AND CONSTRAINED SVM. 

Problem 
Conventional SVM Constrained SVM Theoretical Bound Validation Error 

( )TGC  ( )[ ]2TG2σ  
( )TG-VQC  ( )[ ]2TG-VQ2σ  π 

(TG)
 π 

(VQ-TG)
 ( )TG

VALπ  ( )TG-VQ
VALπ  

0 vs 1 1 1e6 1e3 1e6 6.20% 5.70% 0.65% 0.63% 

0 vs 2 1 1e6 1 1e2 6.80% 5.23% 1.42% 0.65% 

0 vs 3 1 1e6 1e4 1e6 7.01% 5.47% 0.55% 0.42% 

0 vs 4 1 1e6 1 1e2 6.78% 5.83% 0.27% 0.22% 

0 vs 5 1 1e6 1e3 1e6 6.32% 5.70% 1.23% 0.92% 

0 vs 6 1e3 1e6 1e2 1e4 6.51% 5.62% 0.98% 0.60% 

0 vs 7 1 1e6 1 1e2 6.69% 5.64% 0.43% 0.35% 

0 vs 8 1 1e6 10 1e3 6.83% 5.68% 2.07% 0.77% 

0 vs 9 1 1e6 1e4 1e6 6.73% 5.48% 0.97% 0.68% 

1 vs 2 1 1e6 1e3 1e6 8.68% 7.64% 2.97% 1.65% 

1 vs 3 1 1e4 1e3 1e6 6.91% 6.40% 0.87% 0.83% 

1 vs 4 10 1e4 1 1e3 9.21% 8.59% 3.28% 3.28% 

1 vs 5 1 1e3 1 1e3 7.26% 6.24% 1.67% 1.67% 

1 vs 6 1 1e4 1 1e6 6.30% 6.04% 0.95% 0.95% 

1 vs 7 1 1e6 1e4 1e6 6.62% 5.64% 1.15% 1.02% 

1 vs 8 10 1e4 1 1e2 7.92% 6.48% 1.73% 1.65% 

1 vs 9 1 1e3 1 1e3 6.27% 6.17% 0.80% 0.80% 

2 vs 3 1 1e3 1e4 1e6 8.54% 6.40% 2.93% 2.38% 

2 vs 4 1 1e6 1e3 1e6 7.47% 6.96% 1.32% 0.90% 

2 vs 5 10 1e4 1e3 1e6 8.55% 7.19% 2.53% 2.53% 

2 vs 6 1 1e3 1e3 1e6 7.10% 6.34% 1.40% 1.40% 

2 vs 7 1 1e6 10 1e3 7.36% 5.61% 1.68% 0.58% 

2 vs 8 1e3 1e6 1 1e2 7.97% 5.98% 2.57% 1.90% 

2 vs 9 1 1e6 1 1e2 7.25% 5.65% 1.55% 0.82% 

3 vs 4 1 1e6 1e3 1e6 6.97% 6.33% 0.52% 0.30% 

3 vs 5 1 1e3 1 1e2 8.19% 5.74% 3.07% 1.47% 

3 vs 6 1 1e6 1e3 1e6 6.46% 5.70% 0.38% 0.28% 

3 vs 7 1 1e6 10 1e3 6.82% 5.64% 1.15% 0.63% 

3 vs 8 1 1e6 1e3 1e6 9.02% 7.92% 5.50% 4.95% 

3 vs 9 1 1e6 1e4 1e6 6.22% 5.48% 1.47% 0.80% 

4 vs 5 1e2 1e5 1e3 1e6 7.79% 6.59% 0.88% 0.88% 

4 vs 6 10 1e4 1 1e2 8.23% 6.76% 1.12% 0.88% 

4 vs 7 1 1e6 1e3 1e5 7.36% 6.32% 1.55% 0.82% 

4 vs 8 1 1e6 10 1e3 7.88% 6.16% 2.15% 1.25% 

4 vs 9 1e2 1e5 1 1e3 7.89% 6.67% 4.77% 4.83% 

5 vs 6 1 1e6 1e4 1e6 7.47% 6.05% 1.90% 1.02% 

5 vs 7 10 1e4 1e3 1e6 7.24% 6.14% 0.78% 0.78% 

5 vs 8 1 1e3 1 1e3 8.16% 7.28% 3.73% 3.73% 

5 vs 9 1 1e6 1e3 1e2 6.91% 5.59% 2.05% 0.83% 

6 vs 7 1 1e6 10 1e3 6.80% 5.56% 0.13% 0.17% 

6 vs 8 1 1e6 1e4 1e6 6.25% 5.62% 1.12% 0.57% 

6 vs 9 1 1e6 1 1e2 6.65% 5.48% 0.42% 0.43% 

7 vs 8 10 1e4 1e3 1e6 7.31% 6.25% 1.22% 1.22% 

7 vs 9 1 1e6 1 1e2 7.86% 6.75% 4.27% 2.57% 

8 vs 9 1 1e3 1e4 1e6 7.36% 5.79% 2.55% 2.02% 
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C. Newgroup-20 Experiments 
This experimental campaign involved bi-class problems 

from the Newsgroup-20 dataset for text mining [13]. Patterns 
were represented by text documents, whose pre-processing 
phases included stop-words removal (i.e., the elimination of 
semantically non-selective expressions from the text) and 
Porter’s word stemming [24] (to group  derived lexical 
instances). 

Thus, a document D eventually consisted in a sequence of 
significant tokens called ‘index terms’. The associate vector-
space model [25] spanned a T-dimensional dictionary, and 
represented each document D as a vector of real-valued weight 
terms. Each component of the T-dimensional vector is a non-
negative weight term that denotes the relevance of the term 
itself within the document D, (e.g., its term frequency).  The 
text processing adopted the methods and paradigms presented 
in [26]. The experiments involved the following five binary 
classification problems: sci.electronics VS rec.sport.baseball, 
sci.space VS sci.med, alt.atheism VS sci.crypt, 
rec.sport.hockey VS rec.sport.baseball, talk.politics.guns VS 
talk.politics.mideast.  Table II summarizes the experimental 
set-up for the involved tests. For each problem, a set Z of 200 
training documents were randomly drawn for each class; the 
remaining documents were used to measure the generalization 
error. The settings of hyper-parameters were C ∈ {10–3, 10–2, 
10–1, 1, 10, 102, 103}, and 2σ2 ∈ {1, 10, 102, 103, 104, 105}. 
 

TABLE II  
NEWSGROUP-20 BINARY PROBLEMS 

Dataset #Training #Test 
sci.electronics VS rec.sport.baseball 200 1775 

sci.space VS sci.med 200 1777 
alt.atheism VS sci.crypt 200 1590 

rec.sport.hockey VS rec.sport.baseball 200 1793 
talk.politics.guns VS talk.politics.mideast 200 1650 

 
 
The reported results confirmed some significant properties 

that have been observed in the MNIST experiments.  First, the 
conventional and VQSVM-based generalization estimates lead 
to different model selection outcomes, and, overall, the latter 

method leads to higher settings of hyper-parameter C. This 
witnessed the fact that the models chosen by the VQSVM 
model appear less conservative as compared with the classical 
one.  More importantly, for the Newsgroup-20 testbed, too, a 
significant reduction in the bound values coincided with more 
effective model-selection choices in matching the actual 
generalization errors. 
 

D. Experiments on limited sample UCI datasets 
The experimental verification of the VQSVM approach 

involved an additional set of reference datasets from UCI [13], 
namely, Spec “Heart”, “Sonar”, Pima Indian “Diabetes” , and  
“Ionosphere”.  In all cases the testbeds were chosen mainly for 
their particular (limited) distributions of the training sets, in 
the presence of possibly intricate decision surfaces.   

The experiments involving Spec “Heart” maintained the 
original partitions of data, including 80 training patterns and 
187 test patterns. The “Sonar” sample was used for training 
entirely, due to the very small number of patterns (np = 208).  
The patterns for Pima Indian “Diabetes” were randomly split 
into a training set holding 230 patterns, and a test set including 
538 patterns.  The “Ionosphere“ dataset was split into a 
training set of 251 patterns and a test set of 100 test patterns.  

In all testbeds, the model-selection grid of tested hyper-
parameter settings was made by: 10 , 10 , 1,10, 10  

}10,1,10,10{2 122 −−∈σ . Tables IV (a,b,c), V (a,b,c) , VI 
(a,b,c), VII (a,b,c) presents the obtained results; The Tables 
compare the predictions for both classical and VQSVM-based 
error bounds, and report, whenever possible, the outcomes of 
the model-selection processes in terms of measured 
generalization performance.  

Empirical evidence highlights the complex nature of the 
classification problems involved; in the VQSVM framework 
that complexity partially invalidated the “cluster assumption” 
discussed in Section III.2 (Fig.1). This feature, in conjunction 
with the limited empirical sample, led to bound values that 
were objectively quite high for both the classical MD and the 
VQSVM-based approach.  

 
TABLE III 

NEWSGROUP-20 RESULTS 

Problem 

Conventional SVM Constrained SVM Theoretical Bound Validation Error 

( )TGC  ( )[ ]2TG2σ  
( )TG-VQC  ( )[ ]2TG-VQ2σ  π 

(TG)
 π 

(VQ-TG)
 ( )TG

VALπ  ( )TG-VQ
VALπ  

sci.electronics 
rec.sport.baseball 1 1 1000 10 24.0% 6.3% 24.0% 5.9% 

sci.space 
 sci.med 1 1 1000 10 8.6% 6.4% 8.1% 4.9% 

alt.atheism 
 sci.crypt 10 1000 10 1 16.2% 5.4% 12.5% 4.1% 

rec.sport.hockey, 
rec.sport.baseball 10 1 1000 10 34.0% 7.8% 7.4% 7.2% 

talk.politics.guns, 
talk.politics.mideast 10 1 1000 10 16.89% 5.3% 4.24% 3.64% 
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TABLE IV A 
“HEART” TESTBED. COMPARISON BETWEEN CLASSICAL MD AND VQSVM GENERALIZATION BOUNDS. 

2σ 2 

C 

0.01 0.1 1 10 100 

π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) 

1e-2 51.5% 51.5% 51.47% 51.42% 86.05% 75.42% 86.05% 74.7% 86.05% 71.97% 

1e-1 51.47% 51.47% 51.47% 51.42% 86.05% 75.42% 86.05% 74.7% 86.05% 71.97% 

1 50.77% 50.77% 50.77% 50.77% 86.05% 75.55% 86.05% 74.7% 86.05% 71.97% 

10 35.75% 35.75% 35.75% 35.75% 79.4% 65.07% 86.05% 79.82% 86.05% 79.42% 
 

TABLE IV B 
 “HEART” TESTBED. MEASURED TEST ERROR FOR MODEL SELECTION VALIDATION. 

2σ 2 
C 

0.01 0.1 1 10 100 

1e-2 6.41% 6.41% 10.16% 10.16% 10.16% 

1e-1 6.41% 6.41% 10.16% 10.16% 10.16% 

1 6.41% 6.41% 10.16% 10.16% 10.16% 

10 10.69% 10.69% 19.78% 21.92% 21.92% 

 

 
TABLE V A  

“IONOSPHERE” TESTBED.  COMPARISON BETWEEN CLASSICAL MD AND VQSVM GENERALIZATION BOUNDS. 

2σ 2 

C 

0.01 0.1 1 10 100 

π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) 

1e-2 43.06% 43.06% 43.06% 43.06% 100% 99.52% 100% 100% 100% 98.42% 

1e-1 43.06% 43.06% 43.06% 43.06% 97.88% 96.57% 100% 97.76% 100% 97.96% 

1 43.06% 43.06% 43.35% 43.24% 78.48% 72.49% 95.88% 76.15% 99.47% 73.99% 

10 43.06% 43.06% 13.36% 12.53% 46.86% 40.58% 67.72% 54.62% 85.62% 66.91% 
 

TABLE V B 
 “IONOSPHERE” TESTBED. MEASURED TEST ERROR FOR MODEL SELECTION VALIDATION. 

2σ 2 
C 

0.01 0.1 1 10 100 

1e-2 29% 29% 28% 28% 28% 

1e-1 29% 29% 28% 28% 28% 

1 29% 29% 11% 10% 10% 

10 29% 5% 5% 3% 5% 

 

TABLE VI 
 “SONAR” TESTBED. COMPARISON BETWEEN CLASSICAL MD AND VQSVM GENERALIZATION BOUNDS. 

2σ 2 

C 

0.01 0.1 1 10 100 

π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) 

1e-2 57.06% 57.06% 57.06% 57.06% 100% 100% 100% 100% 100% 100% 

1e-1 57.06% 57.06% 57.06% 57.06% 100% 100% 100% 100% 100% 100% 

1 56.97% 56.97% 56.97% 56.95% 99.16% 98.88% 100% 99.89% 100% 99.89% 

10 53.72% 53.72% 37.85% 37.85% 63.28% 62.04% 96.62% 78.62% 100% 78.41% 
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As expected from theory, even in such this situation (where 
the fundamental cluster hypothesis is not completely or 
partially true) the bounds predicted by the VQSVM paradigm 
always kept at most equal or lower that those obtained by the 
conventional MD procedure.  The fact that the outcomes of 
model selection mostly coincided for the classical and the 
VQSVM approaches witnesses the relative advantage of the 
latter method within the framework of the Structural Risk 
Minimization principle. 

VI. CONCLUSIONS 
The search for the best-fitting model is a crucial issue in 

designing a learning machine. The solution of this problem 
depends on an accurate estimation of the generalization error 
or, at least, on the characterization of the trend of the error 
with respect to the configuration parameters [23]. 

The Maximum-Discrepancy (MD) probabilistic method for 
assessing a classifier’s generalization ability features a sound 
theoretical background and can provide analytical bounds 
[16]. Thus MD-based estimation provides the basic approach 
for assessing the run-time performance of Support Vector 
classifiers. A significant drawback of this method lies in the 
fact that, in real applications, the resulting MD estimates often 
does not well track the validation error. 

To overcome this hindrance the paper has proposed a 
criterion to identify and sort a subset of admissible functions 
within the considered general model. The method uses 
unsupervised learning to derive a ‘reference’ classifier, and the 
SVM parameters trained on the actual targets to set a limiting 
boundary. Only the SVM classifiers that lie within that 
boundary, with respect to the reference, are admissible when 
computing the generalization bound. The paper has described 
an express procedure for implementing the optimization 
process under the constrained-capacity mechanism.  

The effectiveness of the method has been illustrated by 
using real world datasets; results confirmed that the constraint-

based approach leads to optimal hyper-parameters and 
featured tighter bounds than the conventional SVM method. 
Moreover, the predicted optimal models proved more accurate 
in terms of validation error, as compared with those obtained 
by applying the Maximal Discrepancy estimation to classical 
SVM’s when a cluster hypothesis exists and when the vector 
quantization algorithm proves effective in identifying the 
clusters structure. 

In this paper, the constraining method was applied to SVM 
by using VQ results as a reference. In fact, the methodology 
has a wider general validity, and the approach can be extended 
to other classifier models.  Since choosing a certain reference 
solution is equivalent to choosing a ‘prior’, other reference 
solutions than VQ can be adopted. The work presented in this 
paper mainly aimed to set a starting point on the refinement of 
SRM, by using biased regularization for the computation of 
generalization bounds.  

Future research may investigate to analyze the 
performances of the SVM model when using other constraints 
and reference models than Vector Quantization. Likewise, it is 
being studied the effects on the generalization bounds of 
applying biased regularization to various learning machines. 
Another point that is being studied is the effect on bounds 
when the ray of the hypersphere 2

0ρ  is a free parameter and 
not locked as in this theory; this means studying VQSVM as a 
learning tool and no more only as a support tool for SVM tight 
bounds computation. 

 
 
 
 
 
 
 
 

TABLE VII A 
“DIABETES” TESTBED.  COMPARISON BETWEEN CLASSICAL MD AND VQSVM GENERALIZATION BOUNDS. 

2σ 2 

C 

0.01 0.1 1 10 100 

π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) π(TG) π(VQ-TG) 

1e-2 46.64% 46.64% 46.64% 46.64% 100% 97.76% 100% 89.10% 100% 84.73% 

1e-1 45.63% 45.63% 45.63% 45.63% 96.6% 91.83% 100% 95.92% 100% 96.36% 

1 42% 41.58% 42.31% 42.06% 55.57% 49.84% 80.4% 74.81% 99.47% 89.88% 

10 41.42% 41.07% 41.42% 41.06% 36.82% 34.46% 43.28% 41.44% 85.62% 50.02% 
 

TABLE VII B 
“DIABETES” TESTBED. MEASURED TEST ERROR FOR MODEL SELECTION VALIDATION. 

2σ 2 
C 

0.01 0.1 1 10 100 

1e-2 34.75% 34.75% 34.75% 34.75% 34.75% 

1e-1 34.75% 34.75% 34.57% 34.01% 34.01% 

1 34.75% 34.75% 25.65% 26.95% 34.20% 

10 34.75% 34.75% 25.65% 23.42% 24.72% 
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APPENDIX 
Proof of Theorem 1: 
 
Formally the thesis is:    
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The term on brackets is ( ) 2KM)(0 |||| ww λλ + . Because of the 
square, and recalling the fact that λ  is always positive being a 
Lagrange multiplier, than the problem is convex. The problem 
is strictly convex depending on Q.  If  Q is positive definite 
then the problem is strictly convex, if Q is only positive 
definite then the problem is convex. . 
 
Proof of Lemma 1: 
 
In this case it is necessary to compute λ  that minimizes (23). 
By computing the derivative along λ  and setting to 0 one 

gets: 
( )

0
)1(2

||||
2 2

2KM)(02
0 =−

+
−

− δ
λ

ρ λ ww . From which: 

( )
( )

δρ
λ

λ

2
||||1 2

0

2KM)(0
2

−
−

=+
ww . When the solution lies outside 

the bounding sphere the constraint is active and consequently
0>λ . At the optimum must hold 0=λδ  that leads to 0=δ . 

In other words the new λ  can be estimated by: 

( ) ( )

2
0

2KM)(02 ||||~1
ρ

λ
λ ww −

=+ . Between the two possible 

solutions, that with 
( )

2
0

2KM)(0 ||||
ρ

λ ww −
+  must be chosen 

being 0~1 >+ λ  (because 0>λ ). More explicitly 

( )[ ] 12||||~
2
0

KM)(T02KM)(T
−

−+
=

ρ
λ

λ wwwQαα . Now 

)(|||| KM)(KM)(

1,

KM)(KM)(2KM)(
ji x,xw kyy ji

np

ji
ji∑

=

= αα  and 

( )[ ] )(KM)(

1,

KM)(KM)(T0
ji x,xww kyy ji

np

ji
ji∑

=

= ααλ .  Plugging all 

together the explicit formula for computing λ
~  is: 

 

          

1)(2

)(

)(~

2/1

2
0

KM)(

1,

KM)(

KM)(KM)(

1,

KM)(KM)(

1,

−
⎟⎟
⎟

⎠

⎞
⋅

⎥
⎥
⎦

⎤
−

++

⎜⎜
⎜

⎝

⎛

⎢
⎢
⎣

⎡
+=

−

=

=

=

∑

∑

∑

ραα

αα

ααλ

ji

ji

ji

x,x

x,x

x,x

kyy

kyy

kyy

ji

np

ji
ji

ji

np

ji
ji

ji

np

ji
ji

 

 
 
Proof of Lemma 2: 
 
Here the objective is to compute MD  when λ  is kept fixed. 
This means that the terms that contain α  in MD  are 
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 or, multiplying by ( )λ+1  in a more usual form as:  

∑ −+−
i

ii ))1(1(
2
1 T βλαQαα  

 
Proof of Lemma 3: 

The Lagrange multiplier b̂  obtained by the minimization 
process of (27) must be divided by the factor λ+1  to get the 
bias b to be used in the decision function (30). This aspect can 
be simply seen by looking at (23) where for obtaining the final 
cost (27) everything was multiplied for λ+1  (as for the 
previous lemma). For this reason, to recover the bias value it is 

necessary to divide the Lagrange multiplier b̂  by λ+1 . 
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