Note of Numeric Caculus Foxes Team

Multiprecision Gamma function (x)
Leonardo Volpi, April, 2007

Scope

This note explains how to develop routines for computing gamma function for real values with
multiprecision. They use the freeware multiprecision ActiveX library Xnumbers.dll for VB 6, but
the algorithms could be implemented as well in C/C++ using, for example, the MPFR
multiprecision library.

Remark about gamma function
The gamma function can be defined as a definite integral (Euler'sintegral form).

¥
G(x) = (‘j“e'tdt (D)
0
The extension to negative values, X < 0, can be done by the following identity (reflection identity)
GG x) = @
xsin(p x)

That is valid for any x except 0 and integer values. The gamma function, as shown in the following
graph, is defined everywhere except at 0, -1, -2, -3, ...

The following recurrent relations are aways valid

C(x+1) =xC(x) ©)
Gn+u) =GO (- i+u) @

where n=[x]-1,and u=x-n
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The reduction formula (4), can be used for computing G(x) for any value x if we know the value
Gu) with 1<u<2
Another identity formula, for x # O, states

C(x) =C(A+x)/x (5)

Thisformulais useful for computing the gamma function with small positive argument. In fact
when x — 0%, G(x) — oo and all the approximating formulas leads to precision loss. With the
formula (4), on the contrary, we lead again the evaluation to the well posed interval [1, 2]

Spouge formula
This agorithm computes the gamma function for [x| < 171 with variable precision up to 180 digits.
It uses the Spouge's formula, rewritten here in way that avoid large oscillation of the coefficients

7 n_l AY
GL+X) = (x+n)*"%e*H +Q i_g (6)
é iz X+1Q

where the n coefficient bi are;

b=ev2p,  p=CD g‘l')’l e @

The number nis choosen by the precision wanted; with 0 < x < 1 it can be estimated by the
following simple formula n =[0.75-digits]+1

y =1.33x +0.61
n LRE 120 ‘s RZ=1.00
10 15 100 -
15 20 80 |
20 26 60
30 40 40
40 54 20 |
50 68 f
60 80 ’ 0 2‘0 4‘0 6;0 86 100
70 93
For example, if we want to implement agamma  P(0) = 1.54012564101896E- 05
function having a precision of 15 digitsin the o(1) = 1.2201180744513
fu gap g b(2) = -4.279677428117
interval 0< x <1, we have to choose n = 12. b(3) = 6.04912880669547
The explicit coefficients, calculated with the b(4) = -4.42064638634256
. : b(5) = 1.78343599950919
formulas (7) are shown in table at the right. b(6) = -0.393444736450643
Note that, using the reduction formula (4), the ~ b(7) = 4.42497843410595E- 02
reflection formula (2) and the expansion b(8) = -2.18103956172808E- 03
: b(9) = 3.47824207712617E-05
formula (5), we can compute the function for b(10) = -9.05893423645743E- 08
any argument value. b(11) = 4.60254100260297E- 12

The following code computes the Spouge series coefficients for any value of n.
The parameter DgtMax set the arithmetic accuracy, that shoul be set about 20% more that the
precision required for the gamma function; that is DgtMax = 1.2-digits.

'conputes the n-th Spouge's coefficients in nultiprecision (Digits_Max <= 200)
Private Sub Spouge_coeffx(b, n, DgtMax)

Dmi& p, e y, s, u

Dim MP As New Xnumbers

Wth M
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. Di gi tsMax = Dgt Max

ReDi m b(n)
b(0) = .xmult(.xSgr(.x2pi()), .xexp(-n))
p=1
e = . xE()
For i =1 Ton- 1
y = .xdiv((n - i), e)
u = .xpowy, i)
s = .xSqr(n - i)
b(i) = .xdiv(u, s)
If i > 2 Then

p=.xmult(p, (i - 1))
b(i) = .xdiv(b(i), p)
End | f
If i Md 2 = 0 Then b(i) = .xneg(b(i))
Next i
b(n) =0
End Wth
Set MP = Not hi ng
End Sub

The statement "Di m P As New Xnumbers" @t the beginning of the subroutine, declares and creates a
new instance of the multiprecision library, Of course, because it works correctly, you have to link
this code with the xnumbers.dll library (see xnumbers.dll reference for further details).

Now let's see how Spouge's method work practically. The following code implement the gamma
function y = G(x)

"Mul tiprecision Gamma function ' 15 <= Digits_Max <= 180
"wi th Spouge fornula
"accepts al so negative values x<0, with x <> 0, -1, -2, -3...
Sub np_gammal(x, y, Optional Digits_Mx = 15)
Di m Dgt Max&, n& t, xa, m&, z
Dim MP As New Xnumbers
"input check
If Int(x) = x And x <= 0 Then
y = "2
Exit Sub
End |f
"arithmetic accuracy estimation
DgtMax = Int(Digits_Max * 1.2)
I f Dgt Max > 200 Then Dgt Max = 200
' Spouge's serie terns estimation
n=Int(Digits_ Max * 0.75) + 1
Wth M
. Di gi t sMax = Dgt Max
xa = . xAbs(x)
"input val ue reduction
| f CDbl (xa) >= 1 Then
m=Int(xa) - 1
z = .xSub(xa, m+ 1)
El se
Z = Xxa
End |f
' comput e (z+n)"(z+0.5)*exp(-z)
t = .xnmult(.xExpBase(.xadd(z, n), .xadd(z, 0.5)), .xexp(-2z))
'conpute the Spouge's serie coefficients
Spouge_coeffx b, n, DgtMax
s = b(0)
For i =1 Ton- 1
s = .xadd(s, .xdiv(b(i), .xadd(z, i)))

t = .xmult(t, s)
‘recursive productory
If CDbl (xa) >= 1 Then
p=1
For i =1 To m
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p = .xmult(p, .xSub(xa, i))
Next i
t = .xmult(t, p)
El se
t = .xdiv(t, xa)
End |f
'negative argunent transform
If X < 0 Then
"-pi/(x*sin(pi*x))/t
p xmul t(xa, .xSin(.xmult(.xpi(), xa)))
t .xneg(.xdi v(.xdiv(.xpi(), p), t))
End |f
y = .xroundr(t, Digits_Max)
End Wth
Set MP = Not hi ng
End Sub

For example, here are the first 60 digits of gamma function for x = 1.74

G(1.74) = 0.916826025151838603000657014812211836876760872759860492036195

Of course, al that accuarcy has a cost. The
routine spend about 0.25 sec’ for reaching this 2
. . . time (sec)
result and the time increases with the accuracy 15
as shown in the graph.
We see that a precision of 30 digits need less 11
then 0.1 sec but it takes more that 1 sec to reach 05 |
a precision better that 150 digits! ' digits
0
0 50 100 150 200

Lanczos formula
This agorithm computes the gamma function for x| < 171 with quadruple precision ( 30 digits).
It uses the efficient Lanczos's formula

e’ +g+ns e 3 c 0
1+ Xx) = >€ = + (I 8
al+x Np e e g g30 o X+l ©®

The parameter g set the global precision. For 30 digitsg =22 and n = 22.
The Lanczos series coefficients, approximated at with 40 digits are enclosed as string in the
following routine. Remember that if you system is set with comma as decimal point, you have to

replace consequently the period "." with comma"," in al coefficients.

' Conputes the ganma function in extended precision with the Lanczos fornul a
"accuracy better then 1E-30 for 1E-6 < | x| < 170
"accepts al so negative values x<0, with x <> 0, -1, -2, -3...
Sub np_gamma2(x, y)
Dim expo, mantl, mant2, w, z, a, b, t
DmG, e, Coef, s, i& el, tiny
Dim MP As New Xnumbers
"input check
If Int(x) = x And x <= 0 Then
y ="
Exit Sub

I The elaboration timeis aways referred to a Pentium PC with 1.2 GHz, 256 RAM, if not differently indicated
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End |f

Wth M
.DigitsMax = 40
tiny = 0.8
G 22
. xe()
. XAbs( x)
f CDbl(qg) <= tiny Then 'snull value
z = ¢
El se
z = .xSub(qg, 1)
End |f
b = .xadd(z, 0.5)
a = .xdiv(.xadd(z, G_+ 0.5), e ) '(z+g+0.5)/e
‘' conpute a’b
t = .xExpBase(a, b)
"''now conpute the Lanczos series
S= 1/ w[c0+cl/ (z+1)+c2/ (z+2)...c21/(z+21)]
w = . xdiv(.xexp(G), .xsqgr(.x2pi())) "W = exp(g)/sqrt(2Pi)

e
q
I

'Lanczos coefficients
Coef = Array("1", _
"4,022172169679420212838299827836933739411E9", _
"-2.961950091389316279959645457315944575460E10",
"9.856188383746829256147548949563099859878E10",
"-1.960233378716418180182280149298582058360E11",
"2.597308139382870751884177762108581500653E11",
"-2.419632807129005613736768617688826967462E11",
"1.630414679989116213727215471369828479465E11",
"-8.053961212505866420008167292495003932404E10", _
"2.925513323169038847988690230437913144607E10",
"-7.770933282123200862909541011972789410840E9" ,
"1.488884122262515313670212609997986040260E9",
"-2.011515331593480848304072894606059739897E8", _
"1.853172069143227511372409064728777940333E7", _
"-1.109911478347132431218591472890591024214E6" ,
"4,.037370888444817768117066457097926089369E4"
"-808.1307178302618759572739067006850024654"
"7.671751009798620659014009700338368567746", _
"-0.02725120497030476797136339326958092963569", _
"2.398051759688832574934548039686452192937E- 5", _
"-2.298168239117476938951910642420805688844E- 9", _
"2.993115088362164567208543220645468126824E- 15") 'for G = 22

s = Coef (0)

For i = 1 To UBound( Coef)

s = .xadd(s, .xdiv(Coef(i), .xadd(z, i)))

Next

s = .xdiv(s, w

‘""finally conpute the gamma function S*a”b

t = . .xmult(s, t)

If g <=tiny Thent = .xdiv(t, q) 'snall value

'negative val ue transfornation

If x < 0 Then
tmp = .xmult(-q, .xsin(.xmult(.xPi(), q)))
t = .xdiv(.xPi(), .xmult(t, tnp))

End | f

y = .xRoundr(t, 30)

End Wth

Set MP = Not hi ng

End Sub

Thanks to its efficiency, this algorithm is quite faster, at the same precision, then the previous one.

It does not need the recursive reduction formula. It takes less then 0.03 sec for all valuesx 1E-6 <
[x] < 170, with an accuracy of 30 significant digits in the entire range.
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On the other hand the computing of the coefficientsis not simple asin the sponge algorithm and
they must be recal cuated from scratch when we design a new routine for adifferent precision
range.

Continue Fraction formula
This agorithm aso computes the gamma function for |x| < 171 with quadruple precision ( 30
digits). But it uses the continue fraction interpolation method

X- %
25 ©

where [Xo, X1, ...Xn ] @rethe knots of interpolation and [&, &, ... & ] are the coefficients

The number n+1 of knots, as we can easily imagine, gives the accuracy of the algorithm
Conceptually speaking this methods is much more simple then the other methods.

Choosing a set of n+1 knots of gamma values containing the range that we want to interpolate, for
example 1 < x <2, we simply compute the coefficients of the continue fraction interpolation. The
values of the gamma function can be taken by other source (math programs, tables, etc.).

In that case we have chosen a set of 15 points, between 0.8 and 2.2 with fixed step h=0.1.
Experimental tests shows that this set assures a precision better then 16 digits for all values 1 < x <2

X Gx) coefficients
16 \ 0.8 1.16422971372530 1.16422971372530
1.4 Gx) 0.9 1.06862870211932 -1.04601403604546
10 1 1 -0.582097976
1.1 0.95135076986687 3.17518934563744
11 1.2 0.91816874239976 -1.34468149377593
0.8 1 1.3 0.89747069630628 4.79683190289953
06 1.4 0.88726381750308 0.21626283144713
15 0.88622692545276 -9.94193351153482
0.4 4 1.6 0.89351534928769 0.88662503123056
0.2 1 1.7 0.90863873285329 22.33231143961830
0 ‘ X 1.8 0.93138377098024 -0.11395642996203
0 05 1 15 : 25 1.9 0.96176583190739 -21.66305100677670
2 1 -0.699929198
2.1 1.04648584685356 -8.13904972307284
2.2 1.10180249087971 0.63091282561672

Also the Lanczos formula requires about 15 coefficients in order to reach the same accuracy but we
have to consider that it works for a wide range [x| < 171, while the continue fraction interpolation

worksonly intherange 1 <x < 2.

In order to cover the range |x| < 171, the continue fraction a gorithm needs the recurrent reduction
formula (4), that generally takes more time. Lancozos formula is surely more efficient but we have
to consider, thus, that the continue fraction interpolation, involving only elementary arithmetic
operations, is more simple and light then the Lanczos formula. We hope this compensates the time
spent in the reduction formula.

Another advantage of the continue fraction interpolation algorithm regards the software coding that
Is quite compact and straight. Just for example the following routine implements the gamma
function in double precision (15 digits) for |x| < 171.

‘returns the gamma function in double precision (1lE-15)
"accepts argunents | x| < 171 and x<0, with x <> 0, -1, -2, -3...
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Functi on ganma(x)
Dim coeff, y#, knot, n& i& z#, m&, pi_#, xa#, p#

"argunment check
If Int(x) = x And x <= 0 Then
gamma = "°?"
Exit Function
End |f
xa = Abs(x)
If xa >= 1 Then
m= Int(xa - 1)
z xa - m
El se
z
End | f
coeff = Array( _
1.1642297137253, -1.04601403604546, -0.58209797628432
3.17518934563744, -1.34468149377593, 4.79683190289953
0.21626283144713, -9.94193351153482, 0.88662503123056, _
22.3323114396183, -0.11395642996203, -21.6630510067767, _
-0.69992919755029, -8.13904972307284, 0.63091282561672)

1 + xa

n = UBound(coeff)
ReDi m knot (n)
For i =0 To n: knot(i) = 0.8 + i * 0.1: Next
‘continue fraction expansi on
y = coeff(n)
For i = n- 1 To O Step -1
y = coeff(i) + (z - knot(i)) / vy
Next i
If xa >= 1 Then
"recursive productory
p=1
For i =1
p=0n
Next
y=y*p
El se
y =y / xa
End |f
If X < 0 Then
'negative argunent transform
pi_=4* An(l)
y = -pi_ 1/ (xa* Sin(pi_* xa)) /vy
End | f
ganma =y
End Functi on

To m
* (xa - i)

Thanks to its high speed, it isimplemented as VBA macro function for Excel spreadsheet. It takes
less then 0.1 ms sec for computing the gamma function for any argument in the range [x| < 171 with
agood accuracy (error less then 1E-15).

Thisis remarkable because, this routine does not require any other external library

The following subroutine performs the same task but with 30 digts precision and it requires the
Xnumbers.dll multiprecision library.

' Comput es the ganma function in extended precision with the continue fraction
"accuracy better then 1E-30 for 1E-6 < | x| < 170
"accepts al so negative values x<0, with x <> 0, -1, -2, -3..
Sub np_gamma3(x, Yy)
Dim coeff, knot, n& i& z, m& pi_, xa, p
Dim MP As New Xnumbers
"argunment check
If Int(x) = x And x <= 0 Then
y ="

26/04/2007 7/10



Note of Numeric Caculus

Exit Sub
End |f
Wth MP

.DigitsMax = 40
xa = . xAbs(x)
| f CDbl (xa) >= 1 Then

m= Int(xa - 1)

z = .xSub(xa, m
El se

z = .xAdd(1, xa)
End |f

ReDi m coef f (30)
‘continue fraction coefficients

coeff(0) = "1.29805533264755778568117117915281161"
coeff (1) = "-0.6883389716251620054994656470110554"
coeff(2) = "-0.8488660503934381846778310070455584"
coeff(3) = "3.256306683356039724373498708692452"
coeff(4) = "-1.765801460293971794708728558029223"
coeff(5) = "0.9962945362919307743350858489130241"
coeff(6) = "0.9460372099388620804735105394100844"
coeff(7) = "-9.35408935490435845899828194755444"
coeff(8) = "0.6996356373174796357342960205828161"
coeff(9) = "-32.80049800288017580219606918385201"
coeff(10) = "-2.777692198875000987076415316495102E- 2"
coeff(11) = "44.51368982912936020271161609644044"
coeff(12) = "-0.4770600420414227024396313381876586"
coeff(13) = "-38.6615055125932565493643133163229"
coeff(14) = "0.1200458585737961309958674510605318"
coeff (15) = "44.83280894989578002282996116905182"
coeff(16) = "0.3134583802232278954871577520874977"
coeff(17) = "15.19801830038985082731789493648723"
coeff(18) = "-0.3246252892846237884276265628630774"
coeff(19) = "-80.57807362771244935429833231256949"
coeff(20) = "0.1944279417341480622104345393432769"
coeff(21) = "-67.92489578269287391774863426300384"
coeff(22) = "-3.703382652715721261377634290764893E- 2"
coeff(23) = "159.3181730883064622570179505405649"
coeff(24) = "-0.1465541847205154017487323991154874"
coeff(25) = "-163.8478601551737280120002585418295"
coeff(26) = "4.384943427103193281324627347834941E- 2"
coeff(27) = "18.74151458434201630012609148665023"
coeff(28) = "4.052522336907972391802000916514176E- 2"
coeff(29) = "-57.26360570499208965219767272527122"
coeff(30) = "-1.298859127309160565387005917257284E- 2"

n = UBound(coeff)
ReDi m knot ( n)

For i =0 To n: knot(i) = 0.7 + i * 0.05: Next
‘continue fraction expansi on

y = coeff(n)

For i n-1To O Step -1

y . XAdd(coeff (i), .xDiv(.xSub(z, knot(i)), vy))
Next i
| f CDbl (xa) >= 1 Then
"recursive productory
p=1
For i

p
Next i

y = .xMilt(y, p)
El se
y = .xDiv(y, xa)
End | f
If x < 0 Then
'negative argument transform
pi_ =4 * Atn(1l)
y -pi _/ (xa * Sin(pi_* xa)) /vy

1 To m
.xMul t (p, .xSub(xa, i))

End |f

y = .xRoundr(y, 30)
End Wth

End Sub
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This routine takes about 0.03 sec for computing 30 digits of the gamma function for [x| < 60.
and less then 0.06 sec for 60 < |x| < 170. As we can see, for moderate value of X, thissimple
algorithm is competitive with the more sophisticated algorithms.

Software
All the code shows here is available in the module mpgamma.bas contained in the same package of

this document
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