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Introduction

The moment regression means the objective of finding afunction f(x) from the knowledge of its
moments. In other words, givens a set of moments we want to search a function f(x), if exists, that
best fits the given moments in the specified integration interval.

The numerical solution of this problem is not ssimple. Using theoretic formulas can easily fail for
high complexity or instability (see the moments theorem). In this paper we show a method, quite
simple, for finding f(x) as expansion of Legendre polynomials that can be successfully used for
fitting smooth regular functions using up to 10 , 20 moments

Moments Definition
Given afunction f(x), regular and integrable in the range [a, b], we define

b b b

b
m, = Of (X) dx m =of (X)xdx  m, =f )xX*dx ... m= Of (x)x"dx

The quantities [mg, My, m,...m;] are called moments (or also raw moments) of the function f(x)
We note that mg represents the mean y and m; represents the mean X .

Very diffused are also the central moments, defined as

b

b b
m, = Of (x) dx m = Of (¥)(x- X) dx e = OF ()(X- X)"dx

There are relations between the raw moments and the central moments so they can be derived from
each others. For example, we can derive the raw moments from the central moments using the
following iterative algorithm.

m,=mM,, M=m+xm, m=m+2Xxm-Xm,,..
and, generally

— Owo —\i
mn=mn-agi:(-><)mn.i
i-=1e' g

The above formula computes the moment n™ using the correspondent n™ central moment and the
previous moments my.1, M2, ... My, My, M. Because it always possible to convert the central
moments into raw moments, in the following papers we always refer to the raw moments for the
sake of simplicity

Legendre Polynomials
We assume to approximate the unknown function f(x) with a polynomial of n"™ degree

f(x) @, +a,x+..a,x"

The unknown coefficients [ao, ay, ...a,] would be determined by n+1 conditions, such as those
derived form the n+1 moments. Unfortunately the direct approach leads to a linear system with a
Vandermonde matrix that it is hill-conditioned even for low-moderate degree.

! The symbols used here are chosen for our convenience. In other documents you may find other symbols.
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In order to gain robustness, we use the Legendre orthogonal polynomials expansion
Here are the first Legendre polynomials, from 0 to 6 degree

€ 3z°-1 52°- 3z 35z*- 302*+3 63z°- 70Z° +15zU
é 1 & 2 ’ 2 ’ 8 ’ 8 H

These polynomials are orthogonal respect to the symmetrical interval [-1, 1]. Thus, thefirst stepis
to transform the original integration interval [a, b] into the Legendreinterval [-1, 1]. Thisstepis
called normalization, and it can be always performed with the following linear transformations

®e2 0 aatbo _ab-ao_ ,atbo
- -+ X=¢ Tz+ -+

zZ= - - - 0
eb-azEZﬂ e2ﬂ32ﬂ

Using the normalized variable z, the Legendre orthogonal polynomials expansion becomes
g(Z) @ C'OFE) + Clpl(z) + CZ PZ(Z)"'Cn I:)n (Z)

where: g(2) = f(k z+q) andk = (b- @/2 and q = (a+b)/2
Of course, the moments m, of the original function f(x) are different from the moments m, of the
new function g(z). They are called normalized moments respect to the interval [-1, 1]

Normalized Moments

In order to save the information, the original moments must be transformed into normalized
moment by the integration variable substitution.

b 1

m, = Of (dx=kp(Ddz=kry, P My, =my /K
a -1

b 1

1 1
m = Of (xdx= kep(2)(kz+a)dx= k*cp(2)zdz+kadg(z)dx= kM +qkriy,
a -1 -1 -1
P m=m/k*- q/km

For the general ™ normalized moment:

wherea =q/k=(a+hb)/(b- a)
The above formula computes the normalized moment n™ using the correspondent n™ moment and
the previous normalized moments m, , , M, , ..M, M.

Let's see with practical examples how the normalization works.

Example. Assume to have the following function f (x) = (2x- x*)¥? intherange O£ X £ 2

Performing the substitution x = z+1 we have the following normalized function g(z) = (1- z°)%?
in the range [- 1, 1]. Note that, in that case the transformation acts a simple translation. The shape
remains unchanged but the extreme shifts to the origin. The two functions are shown in the
following graphs
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Origina function f(x)

(2x-x"2)N(5/2)

Moments Regression

Normalized function g(2)

(1-27°2)™(5/2)

1.2
Elm2t

0.8
0.6
0.4 +
0.2 4

[<»)

0.5 1

Computing analytically the moments of both functionsis possible, but not simple. A faster way is
the numerical quadrature of the function integr® in Excel. A simpler arrangement is shown in the

following spreadsheet

A | B [c[D] E [F] G [H[1] J |
1 |Moment integration —
5 |zintegr(B4,C4,04) |
I function a b/ result function a result
4 mo {12 (542) -1 1| 0 am7arTnde7 f2* -2 5/2) 0 2| DEB174TTO4247
L8 m {122 -1 1 ] (2% -2 a2 ] 2| DEB1747TTO4247
B m2 |{1-x 2SSt -1 1| 0423718463031 e A T ] 2| 1104468167275

The result of the first 8 moments of both functions f(x) and g(z) are shown in the following table.

Function f(x) a b result Function g(z) a b result
(2*x-x"2)N(5/2) 0| 2| 0981747704247 | | (1-x"2)N(5/2) 1] 1 0.981747704247
(2*X-x"2)N(B/2)*x 0 2| 0.981747704247 | | (1-x"2)"™N(5/2)*X -] 1 0
(2% X-XN2)N(B/2)*x N2 0| 2| 1104466167278 | | (1-x"2)N(B/2)*xN2 1] 1 0.122718463031
(2*X-XN2)N(B/2)*x™N3 0 2|  1.349903093339 | | (1-X"2)N(5/2)*xN3 A 1 0
(2% X-XN2)N(5/2)* x4 0| 2| 1754874021341 | (1-x"2)N(B/2)*x™N4 1] 1 0.036815538909
(2*X-X"N2)N(5/2)*xN5 0 2|  2.393010029102 | | (1-x™2)N(5/2)*xN5 1] 1 0
(2*X-X"N2)N(B5/2)*xN6 0 2| 3.390097541227 | | (L-x™2)N(5/2)*x"6 | 1 0.015339807879
(2*X-XN2)N(B/2)* XN T 0 2| 4954757944871 | | (1-X™2)N(B/2)*XNT -1 1 0

The plot of the moments set, similarly with Fourier analysis, is called moments spectrum.

Moment spectrum of f(x)

Moment spectrum of g(z)

[]

, L0
0 ‘
mo

ml

ol

m7

1.2

0.8
0.6 -
0.4
0.2

The effects of the normalization becomes now more evident. They can be summarized as:

I Thisfunction bel ongs to the collection of Xnumbers.xla, add-in for Excel, v5.2, by Foxes Team
5
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magnitude reduction of all moments.
cancellation of odd moments for symmetrical functions
inhibition of the moments "explosion” effect.

The last effect should be better explained. As we can see, the magnitude of the moments becomes
larger asthe order increases. For n — ¥ the magnitude blow-up to the infinity. Clearly thisisa
strong drawback for numerical computing that easily leads to overflow. The normalized spectrum,
on the contrary, exhibits an inverse behavior: high order moments have lower values . For n — ¥
the magnitude tend to be negligible.

All these advantages contribute greatly to the success of the method.

Example. Assume to have the following function f (x) =- (x+5)(x* - 8x+7)/32 intherange
1£ x£ 7. Performing the substitution x = 3z + 4 we have the following normalized function

g(2) =(z+3)(A- 2°)/12 intherange[- 1, 1]. Note that, in that case the transformation acts both a
trangd ation and a scaling reduction. The two functions are shown in the following graphs

Original function f(x) Normalized function g(z)
-(x+5)(x"2-8x+7)/324 (z+3)(1-27°2)/12 .
0.3 0.3
0.25 -
0.2 0.2
0.15 A
0.1 0.1
0.05 -
0 8
0 1 2 3 4 5 6 7 1 0.5 0 0.5 1

The first 6 raw moments of f(x) are: [m,, m...m
The first 6 raw moments of g(z) are: [m,, M,...17

= [1, 21/5, 97/5, 3359/35, 3495/7, 18887/7]
[1/3, 1/45, 1/15, 1/105, 1/35, 1/189]

Moment spectrum of f(x) Moment spectrum of g(z)
3000 0.35 ———
2500 - ] 0.3 -
2000 | 0.25 1
0.2+
1500
0.15
1000 011
500 4 0.05 1 I:l
0 : : ':'D 0 S = = 1
mo mil m2 m3 m4 m5 mo ml m2 m3 m4 m5

Note that, in this case, the " spectrum explosion” is much more evident and faster of the previous
examples. Itsis very dangerous from the point of view of numeric calculus. Fortunately, the
normalization solves completely this problem.
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Legendre Regression Matrix

After the normalization, we have to obtain the coefficients of the Legendre polynomial expansion
For the sake of simplicity we suppose to know the first 6 moments [, m,...M] .

The polynomial to searchisthus c,P,+c,F, +c,P, +c,P,+c,P, +c.P, € g(2)

Substituting the g(z) expansion in the moment integral, we have

1
m =@z P ()Z a P,(z2)dz =m, forn=0,1,2.5
-1 -

i=0

s &
a &P

1= -1

P.(2) dz-— m P a CoPpnsvisgy = M, forn=0,1,2.5

1

the coefficients pp+1,i+1) definedas P iy = OZ "P,(2)dz fori=0.5andn=0..5 form a(6x6)

matrix P independent from the function moments and thus it can be pre-computed once time.

8 @ A @ The matrix P = [pg+1,i+1)], thanks to the

2 a
2 orthogonal characteristic of the Legendre
e - @ . L . polynomials Pi(z) is lower triangular with many
5 4 zeros (sparse matrix). Thisfeature isvery
- ° < ° @ ) important because the linear system
s 2. . P(Cy,CyrrCs)" = (T, M.y’
° ¥ can be solved in avery efficient and fast way by
2 s 2 16 @ the forward substitution algorithm.
> » 35 This assures also agood stability and robustness
17— g 5 g 16 against the round-off errors.
7 63 693

As known, the final solution can be expressed by the following forward recurrent schema

CO:Aﬁ, b Cl:ﬁl' p21C01 p szﬁb'(pmco"'pazcl),
Pu Pz Pas

and, in general:

1 & ('5 :
C = m - a PijuCz fori=01.5
p|+l|+1 j=0 ﬂ

It can be shown that the Legendre regression matrix can be obtained for every (n~ n) dimension by
the following formula

b 1- cos(p (K+0)), (s
= b!!
& ke

where b are the coefficients of the "™ degree L egendre polynomia P,(z)

P
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Regression Examples
Example 1. Assume to have the following 6 normalized moments

m=fP o P o P
816 128 256" H

The solution of the moment regression is found solving this6” 6 linear system

2 a a a a a -1
7 == 5 5 5 a 5 Solving, we have the following coefficients
3 i6
S S 8 8 0 [ Co.C1,C2,C3,Cs,C5] =
3 15 LS
2 4 = 128 Em 125 -m 485 -n
8 — ©® — B a . 8, - - 8, .
2 £ 8 32 512 40896
2 2 i6 I
— a —_— a a
L 35 315 256
2 2 i6 a
a a _— a
? 63 6?3

The Legendre polynomial expansion will be:

€5 1253z°-1 405 35z°- 30z° +30 _ 15p(945z° - 16107* +689)
9(2) @ - + a-
§2 512 2 409 8 a 32768

The plot of this polynomial, in theinterval [-1, 1] is shown in the following graph (pink line)

il
N

0.5 1

In the same graph we have also plotted the points (blue dots) of the exact solution g(z) = (1- z°)*'?
Note the good general fitting. Consider that we have used only few moments just for exposition
simplicity. If we perform the regression using more moments (for example 8 or 12), the matching
between calculated line and exact curve will be progressively more tight.
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Example 2. Assume to have the following 6 normalized moments

Mol 1011 1 14
&’ 4515 105 ' 35° 1894

D

The solution of the moment regression isfound solving the 6” 6 linear system Pc=m
The solution is

el 1 1 1

C= B ~~ v T v T <

8 30’ 6 30

The Legendre polynomial expansion will be:

0
, 0, 0
t

1_1372-1 152°-3z _ 3+z-32-7

—Z
30 6 2 30 2 12

9(2) @é+

The plot of this polynomial, in theinterval [-1, 1] is shown in the following graph (pink line)

©
)

0.2

0.2

0.15

0.1

0.05 +

D

In the same graph we have also plotted the points (blue dots) of the exact solution
_ 52
2)= (z+3)(1- )
12

The fitting, in that case is exact because the given moments are extracted from a polynomial of
degree< 6.

a(
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Example 3. Sometime the fitting is not so perfect, of course. In these cases we should use more
moments, if possible. Let's see.
Assume that we have a data set of 101 equispaced points|z, yi] intherage[-1, 1] extracted from
the function

1

y_322+z+1

Now we calculate the first 6 moments. The analytic solution is quite cumbersome but we can get a
fast numerical solution using Excel and the Xnumbers function integr. Solving the system with
these moments and, after rearranging, we have finally the following 5" degree polynomial
coefficients g(z) @eotay z+ap 22 +as 2> +ay Z* +as 2°

function a b result poly coeff.
1/(3xN2+x+1) 1 1 1.27444951577901 ag 0.97814722363
1/ (BXN2+x+1)*X 1 1| -0.12727064866884 a -0.75084087015
1/(BxN2+x+1)*x"N2 1 1| 0.28427371096328 a -1.56460053191
1/(BxN2+x+1)*x"3 1 1| -0.05233435409815 as 1.66692563166
L/ (BxN2+x+1)*x™N 1 1|  0.14490910326718 ay 0.90305521589
1/ (3xN2+x+1)*x"5 1 1| -0.03085824972301 85 -1.02718112621

If we plot the 5™ degree polynomial obtained by the regression with 6 moments, we note a
somewhat poor approximation near the left limit z = - 1 and around the peak z = - 0.25. This means
that, for thiskind of functions, the degree of the approximating polynomial should be increased, and
this requires, consequently, more moments.

In the following graph we shows two regressions obtained, respectively, with 5" and 9" degree
polynomials. The convergence is evident.

Regression of 5" degree with 6 moments Regression of 9" degree with 10 moments
1.2 1.2
1 1
08 08
0.6 0.6
0.4 0.4
0.2 ] 0.2
0 0
15 1 05 0 05 1 15 15 1 05 0 05 1 15
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Test Functions

Several functions was used for this regression testing. For each one we have sampled 101 points
and we have computed the first 13 moments with the Cavalieri-Simpson rule and then, we have
computed the regression curve using a 12" degree polynomial. In a same graph we have compared
the original data set (dotted line) with the regression (pink line). The results are shown in the
following pages.

y=1/(32* + z+1)

12

1

0.8

0.6

0.4

0.2

0

-1 -0.5 0 0.5 1
y=(z+1e
0.14 0.12
0.12 0.1
0.1 0.08
0.08 0.06
0.04
0.06 0.02
0.04 0
0.02 -0.02
0 -0.04
-0.02 -0.06
1 0.5 0 0.5 1
y=¢ 4x2+x
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y =cos’(p / 2x2)

Moments Regression

12
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0.6
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[uy

y=7(z- 1)(z+1)*(z* +32° +3z- 15)/ 64

[

y=sin(z+1)- sin(2z+2)/2

1.4
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y — e— (z+1)

12
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0.8
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0.2

'
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[uy
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y=1/(z" +1)
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y=1/(52° +1)
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y=1/(10Z° +1)
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y=1/(52% +2z+1)
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y=1/(10z* +1)
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272-47%

'
=

-0.5 0 0.5
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272+7°- 47%

y=¢

16
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1
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0.6
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y =10z% %
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y=107% %7+

'
[

-0.5 0 0.5

[
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y = (1_ 2)3/2(1+ Z)14/5

14
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[

y - (1+ Z2)9/2
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y=2°sin(2p>2)

0.4
0.2
0
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-0.4
-0.6
-0.8
-1

[
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-0.05
-0.1
-0.15
-0.2
-0.25
-0.3
-0.35

y =€ % cos’(p x2)
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y =[z>6in(2p x2)[’
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y =10z%***? +0.1nd
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y =10z% %"*% +0.25%nd
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Moments Theorem.

Under suitable conditions it is possible to obtain a density function from its moments mp, m;, My....
From theory we know that the Laplace transform of a density f(x) is

¥

LLf ()] = Of (©)e at

Substituting the exponential with its Taylor series we have

€ _ (st)* (st)® _ & « (s
=1- st+ 2 3 ...—2_0(—1) o
_ I G I M
L[f(t)]_g)f(t)gi sy s

If isvalid the integration splitting term to term, we can transform into

¥ 2 ¥ n ¥
S

= Of (t)dt - sof (t)tdt 2 Of (Otdt- ... (-D" o Of Otdt +....
"0
¥
Observing that ¢f (t)t"dt =m, isthe moment of n™ order, we obtain the following series
0

n

n

LF1=4 (- 1>"m% )

n=0

We see that the Laplace transform of a density f(t) can be expressed as a series of its moments M,
.Observe that, in this case, the moments are similar to the derivatives coefficients of the Taylor
expansion.

The formula (1) can be used for many scopes. demonstration, simplification, convolution, etc. But
not for the scope of plotting f(t) because the variable sisin general complex s=x+iy.

Thereis also another simplified form of the moment theorem. Substituting the variable s =iw
we have
3 5

r =rfor=gm U = B W e e m

Q -I-I-O:

The function F (w) is sometime called "characteristic function” and it is, in general, complex

depending from the real variable w. But for obtaining the plot of f(t) we have to take the Fourier
anti-transform of F (w) that, in general isnot atrivial task

19
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Appendix- Routines for Moments Regression in VB6

All the computation and graphs appearing in this document have been made with the aid of the file
"Moments regression test1.xIs" *, an Excel workbook containing the following macro-routines.

MOVENTS REGRESSI ON ROUTI NES
9.12.2006 by LV, Foxes Team

' These routines conpute the array of data regression [xi, yi] fromthe
' nmonents of a regular function f(x) using the orthogonal polynonials nethod
' Monents of f(x) are definite as

" Mm= Integral ( f(x)*x"m a<x<b ) with m=0, 1,2...22

"this routine perforns the nonents regression using the Legendre orthogonal polynonials
'9.12.2006 by LV, Foxes Team

"polynom al order < 23. Max nonents = 23

"Integral ( f(x)*x"m a<x<b ) = Mm wth nr0,1,2...22

where f(x)= cO+cl*x+c2*x"2+...cnFx m

i nput Mom = vector of nonents [MO),M1),M2)...Mm]

i nput xmax, xmin = integration interval [xnmax xmn]

out put Rcf = vector of regression polynom al coefficients [c0, cl1, c2...cn]

Sub Monent _Regression(Mom xmin, xmax, Rcf)
Dmié& j& k& m& n& degree& kn(), kd, cf#(), a#()
Dim x#(), t#, h#, tO0#, t1i#, Mm()
“initialize
degree = UBound(Mom) 'max | egendre poly degree
m = degree + 1
ReDma(l Tom 1 To m
ReDi m cf (degree, degree)
ReDi m Rcf (degr ee)
ReDim x(1 To m
ReDi m Morm( degr ee)
"build the | egendre coefficient nmatrix
cf(0, 0) =1
For n = 1 To degree
Poly_Legendre_Buil der n, kn, kd
For j =0 Ton
"takes the i-th degree of |egendre pol ynon al
cf(n, j) =kn(j) / kd

Next j
Next n
"build the system sol ving matrix
For i =1 Tom
For j =1 To i
If (i +j) Md 2 =0 Then
For k =0Toj - 1
If (k +i) Md 2 <> 0 Then
a(i, j) =a(i, j) +cf(j -1, k) * 2/ (k +1i)
End | f
Next k
End | f
Next j
Next i

"nmonments nornalization
If xmin<>-1 O xmax <> 1 Then
Call Monents_Normalize(xmn, xmax, Mom Mm)
El se
For i = 0 To degree: Momm(i) = Mon{i): Next i
End | f
"solve the triangular systemw th forward substitution

! Disclaimer: This code is provided as a courtesy to others that may find it useful.

| have checked these functions reasonably well but we make no claims about their accuracy.

Aswith any computer software, check to make sure the answers you get make sense and are accurate.
That will ensure that you understand their use. There's no warranty that's free of bugs.

If you find any errors, please notify us viaemail. [eovip@libero.it

Y ou are free to use it but with your own responsibility.

The author shall take no responsibility for any trouble associated with the use of this software.
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For i =1 Tom

For k =1 Toi -1

x(i) =x(i) - a(i, k) * x(k)

Next k

x(i) = (x(i) + Mom(i - 1)) / a(i, i)
Next i
"build the final regression polynon al
For i = 0 To degree
For k = 0 To degree

Ref(i) = Ref(i) + x(k + 1) * cf(k, i)
Next k
Next i
End Sub

"Horner-Ruffini algorithmfor polynon al conputing
Private Function polyeval (coeff, x)

Dmié& y#

For i = UBound(coeff) To O Step -1
y =y * x + coeff(i)

Next i

pol yeval =y

End Function

this routine tabul ates the nonments regression using the Legendre pol ynom al s
9.12.2006 by LV, Foxes Team

yi = p(xi) , xi=xm n+(xmax-xmn)/(pmax-1)*i i=0,1, pnax-1

input xmn, xmax = sanpling interval [xmn, xnmax]

i nput pmax = nax nunber of sanples
i nput coef = regression polynom al coefficients
output Dxy = array of data sanpled [xi, vyi]

Sub Monent _Regr essi on_Sanpl i ng(xm n, xmax, pnmax, Rcoef, Dxy)
Dim h#, tO#, t1#, t#, i&
ReDi m Dxy(1 To pmax, 1 To 2)
h =2/ (pmax - 1)
(xmax + xmn) / 2
(xmax - xmn) / 2
For i = 1 To pnax
t =(i - 1) *h-1
Dxy(i, 1) =tl1 *t +1tO0
Dxy(i, 2) pol yeval (Rcoef, t)
Next i
End Sub

"this routine extract the nonents froma given dataset xy
'using the Cavalieri-Sinpson quadrature fornula

'9.12.2006 by LV, Foxes Team

"Integral ( f(x)*x"m a<x<b ) = Mm wth nr0,1,2...22

"input Dataxy = array of data points [xi, yi]

"input m= nunber of nonent to extract

'out put Mom = vector of nmonents [MO),M1),M2)...Mm]

Sub Monents_Extractor (Dataxy, m Mn

Dmié& j& pmax& xmn, xmax, rowd& h#, f#(), p#, s#, tiny#

tiny =2 * 10 ~ -15
pmax = UBound( Dat axy)
xmn = Dataxy(1, 1)
xmax = Dataxy(pnmax, 1)

If pmax Mod 2 = 0 Then

' MsgBox "poi nts nmust be odd", vblnfornation
Exit Sub

End I f

"integration step

h = (xmax - xmn) / (pmax - 1)

ReDim f (1 To pnax)

For i =1 To prmax: f(i) = Dataxy(i, 2): Next i
ReDi m Mon(m - 1)
Do
'conpute the j-th nonents
s =0 p=0
For i =2 To pnmax - 1 Step 2: s = s + f(i): Next i
For i =3 To pnax - 1 Step 2: p =p + f(i): Next i
Mn(j) =h/ 3 * (f(1l) +4* s +2* p+ f(pmax))
If Abs(Mon(j)) < tiny Then Mon(j) =0
=i +1

If j = mThen Exit Do
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For i =1 To prmax: f(i) = f(i) * Dataxy(i, 1): Next i
Loop
End Sub
This routine converts the nonments froma given interval [a, b]

Mom = raw nonents in the interval [a, b]

' 9.12.2006 by LV, Foxes Team
" MonmN = nornalized nonments in the interval

[-1, 1] (nornalized)

to [-1,

Sub Monents_Nornalize(a, b, Mom Mm)
Dmié& j& m& r#, c#, tiny#

tiny =2 * 10 ~ -15

m = UBound( Mom)

ReDi m Morm( m)

r =(a+b)/ (b- a)

For i =0 To m
Mom(i) = Mom(i) * (2 / (b - a)) ~ (i + 1)
For j =1 To i
¢ = Application. Wrksheet Function. Conbin(i, j)
Mom(i) = Mom(i) - ¢ * r ~j * Mom(i - j)
Next j
Next i
' mopup
For i =0 To m

If Abs(Mom(i)) < tiny * (1 + Abs(Mom(i))) Then Momm(i) = 0
Next i
End Sub

B e T routines extracted from XNUMBERS 5. 2

Private Sub Poly_Legendre_Buil der(degree As Long, coef(),
‘conpute the coefficients of the Legendre pol ynoni al

' degree < 24 in standard 32-bit precision

Di m Nmex&, n&, i& L() As Double, Ld() As Double

Dima, b, ¢

Nmax = degree

kd)

ReDi m L( Nmex, 2), Ld(2)

L(0, 0) =1

L(1, 1) =1

Ld(0) =1

Ld(1) =1

n=2

Do Until n > Nmax
"iterate
a =Ld(0) * (2 * n- 1)
b =(n- 1) * Ld(1)
L(0, 2) = -b * L(O, 0)
For i =1 Ton

L(i, 2) =a* L(i -1, 1) - b* L(i, 0)

Next i

'conpute the GCD

c =n * Ld(1) * Ld(0)
Ld(2) =c¢
For i =1 Ton
¢ = nmcd_2(c, L(i, 2))
Next i
"reduce terns
Ld(2) = Ld(2) / c
For i =0 Ton
L(i, 2) =L(i, 2) I ¢
Next i
"shift
For i =0 Ton
L(i, 0) = L(i, 1)
L(i, 1) = L(i, 2)
L(i, 2) =0
Next i
Ld(0) = Ld(1)
Ld(1) = Ld(2)
n=n+1
Loop
ReDi m coef ( Nmax)
For i = 0 To Nmax
coef (i) = L(i, 1)
Next i
kd = Ld(1)
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End Sub

Private Function ncd_2(a, b)

'Find the MCD between two integer nunbers
"by the Euclid nethod

D my#, x#, r#

y = Abs(a): x = Abs(b)

Do Until x =0

r=y-x*Int(y / x)
y =X X =7

Loop

ncd_2 =y

End Function
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