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Abstract— We present a new cone beam inversion formula
based on a general weighting function n. The formula is
theoretically exact and is represented by a 2D integral. If the
source trajectory C is complete (and satisfies two other very
mild assumptions), then the simplest uniform weight gives a
convolution-based FBP algorithm. This choice is not always
optimal from the practical point of view. The uniform weight
works well for closed trajectories, but the resulting algorithm
does not solve the long object problem ifC is not closed. In
the latter case one has to use the flexibility in choosingn and
find the weight that gives an inversion formula with the desired
properties. In particular, this can be done for spiral CT. It
turns out that the inversion algorithms for spiral CT proposed
earlier by the author are particular cases of the new formula.
As a further application of the new formula we present a 3PI
algorithm for spiral CT, which is theoretically exact and of the
FBP type with shift-invariant filtering.

I. I NTRODUCTION

Introduction of spiral scanning and two-dimensional detec-
tor arrays brought about a great number of works devoted to
various approximate and exact reconstruction algorithms for
spiral CT (see e.g. [1], [2] and references therein). In [3],
[4] two new formulas for inverting the cone beam transform
in the case of spiral source trajectory have been proposed.
They are theoretically exact, have an FBP structure, and the
filtering step is shift-invariant. In the talk we will present
a more general cone beam inversion formula. Its derivation
is explicitly based on Grangeat’s relation between the cone-
beam and Radon transforms inR3 and the classical 3D Radon
transform inversion. The main features of our approach can
be summarized as follows: (1) The choice of a more general
weight n(s, x, α); (2) A novel way of dealing with disconti-
nuities in the weight; and (3) A novel way of eliminating the
intermediate function.

The new inversion formula is derived under some rather
general assumptions about the weightn. By construction,
the formula is theoretically exact and is represented by a
2D integral. At the outset it neither has the FBP structure
nor the filtering step is shift-invariant. We show that if the
source trajectoryC is complete (and satisfies two other very
mild assumptions), then the simplest uniform weight gives a
convolution-based FBP algorithm. This choice is not always
optimal from the practical point of view. Uniform weight
works well for closed trajectories, but the resulting algorithm
does not solve the long object problem ifC is not closed.
In the latter case one has to use the flexibility in choosingn
and find the weight that gives an inversion formula with the

desired properties. It turns out that the results of [3], [4] are
two particular cases of the new formula (see [5]). As a further
application of the general inversion formula we present a 3PI
algorithm for spiral CT, which is theoretically exact and of the
FBP type with shift-invariant filtering (see [6]).

II. A GENERAL INVERSION FORMULA

Let C be a finite union of smooth curves inR3 defined by
y(s), s ∈ I, |ẏ(s)| 6= 0 on I, whereI is a union of finitely
many intervals anḋy(s) := dy/ds. S2 is the unit sphere in
R3, and

Df (y, Θ) :=
∫ ∞

0

f(y + Θt)dt, Θ ∈ S2;

β(s, x) :=
x− y(s)
|x− y(s)| , x ∈ R

3 \ C, s ∈ I;

Π(x, ξ) := {z ∈ R3 : (z − x) · ξ = 0}.

(1)

Here Df (y, β) is the cone beam transform off . We assume
f ∈ C∞0 (R3) and dist(C, suppf) > 0. Given x ∈ R3 and
ξ ∈ R3 \ 0, let y(sj), wheresj = sj(ξ, ξ · x), j = 1, 2, . . . ,
denote points of intersection ofΠ(x, ξ) with C. For β ∈ S2,
β⊥ denotes the great circle{α ∈ S2 : α · β = 0}.

Fix anyx ∈ R3 wheref needs to be computed. We assume
that C is complete, i.e. any plane throughx intersectsC at
least at one point. There are two more technical assumptions
on C (see [5]), but they are irrelevant from the practical point
of view. An important ingredient in the construction of the
inversion formula is weight functionn(s, x, α), s ∈ I, α ∈
β⊥(s, x).

The function n can be understood as follows.x and α
determine the planeΠ(x, α), and the weightn assigned to
y(s) ∈ Π(x, α) ∩ C depends on the location ofx. In view of
this interpretation we assumen(s, x, α) = n(s, x,−α).

The main assumptions aboutn are the following: (1)∑
j n(sj , x, α) = 1 for all α; and (2)n(s, x, α) is piece-wise

constant inα ∈ β⊥(s, x) for all s ∈ I. Here
∑

j denotes the
sum over allsj such thaty(sj) ∈ C ∩Π(x, α).

Denote

φ(s, x, θ) := sgn(α · ẏ(s))n(s, x, α), α = α(s, θ) ∈ β⊥(s, x),
(2)

where θ is a polar angle that parametrizes directions in
β⊥(s, x). Our main result is the following inversion formula



(see [5] for the derivation):

f(x) = − 1
4π2

∫

I

M(s,x)∑
m=1

cm(s, x)
|x− y(s)|

×
∫ 2π

0

∂

∂q
Df (y(q), cos γβ(s, x) + sin γα⊥(s, x, θm))

∣∣
q=s

× dγ

sin γ
ds,

α⊥(s, x, θ) := α′θ(s, θ) = β(s, x)× α(s, θ).
(3)

Hereθm ∈ [0, π) are the points whereφ(s, x, θ) is discontin-
uous, andcm(s, x) are values of the jumps:

cm(s, x) := lim
ε→0+

(φ(s, x, θm + ε)− φ(s, x, θm − ε)). (4)

In view of the geometrical interpretation ofn, we can
think that the planesΠ(y(s), α(s, θm)), α ∈ β⊥(s, x), m =
1, 2, . . . , M(s, x), form the set of critical planes for a given
pair (s, x). Becauseβ · α = α⊥ · α = 0, for a fixed
m the integral with respect toγ in (3) is confined to the
corresponding critical plane.

III. E XAMPLE : UNIFORM WEIGHT

Let nΣ(x, α) be the number of points inC ∩ Π(x, α). For
each intersection pointy(sj) ∈ C ∩Π(x, α) setn(sj , x, α) =
1/nΣ(x, α). In this section we show that this choice ofn
leads to a convolution-based FBP algorithm. Takings ∈ I
and restrictingα to β⊥(s, x), we see thatn(s, x, α) can be
discontinuous only ifΠ(x, α) is tangent toC or contains an
endpoint ofC. As in the previous section, such a plane is
called critical. If α ∈ β⊥(s, x), then nΣ(x, α) and, conse-
quently, φ(s, x, α) (see (2)) depend onx only via β(s, x).
Thus,M(s, x), cm(s, x), andα⊥(s, x, θm) depend onx only
via β(s, x). Therefore, we can replacex by β(s, x) in the
arguments ofM, cm, andα⊥, and rewrite (3) in the form

f(x) = − 1
8π2

∫

I

1
|x− y(s)|

M(s,β(s,x))∑
m=1

Ψm(s, β(s, x))ds,

Ψm(s, β) := cm(s, β)

×
∫ 2π

0

∂

∂q
Df (y(q), cos γβ + sin γα⊥(s, β, θm))

∣∣
q=s

dγ

sin γ
.

(5)

Fix y(s) ∈ C and letΠ0 3 y(s) be a plane critical for some
x0 ∈ suppf . It is obvious that all otherx ∈ Π0 will share
this plane as critical. Furthermore, the set of all critical planes
Π0 3 y(s) can be described as a finite union of one-parametric
families of planes. Each endpoint ofC generates a family,
and each smooth segment ofC generates a family of tangent
planes.

Again, fix a critical planeΠ0 3 y(s) and pick anyx ∈ Π0.
For the appropriatem, the unit vectorα⊥(s, β(s, x), θm)
is parallel to Π0. By construction, vectorscos γβ(s, x) +
sin γα⊥(s, β(s, x), θm), 0 ≤ γ < 2π, belong to the same

plane Π0. Let ω be the polar angle in that plane. Since
α⊥ · β = 0, |α⊥| = 1, we can write (with abuse of notation):

β = (cosω, sin ω), α⊥ = (− sin ω, cos ω), β, α⊥ ∈ Π0. (6)

Therefore,

Ψm(s, β) := cm(s, β)

×
∫ 2π

0

∂

∂q
Df (y(q), (cos(ω + γ), sin(ω + γ)))|q=s

dγ

sin γ
,

β ∈ Π0.
(7)

Equations (5) and (7) imply that the resulting algorithm is of
the FBP type.

As an example, consider how this theory applies to the
classical trajectory consisting of two orthogonal circlesC1

andC2 with radiusR. suppf is supposed to be inside a ball
centered at the origin and with sufficiently small radiusr < R.
Since the casesy(s) ∈ C1 and y(s) ∈ C2 are completely
analogous, we consider only the casey(s) ∈ C1. From (2)
with n = 1/nΣ, φ is discontinuous ifΠ0 3 y(s) is parallel
to ẏ(s) or is tangent toC2. In the first case, the magnitide
of the jump is 1/2. Indeed, such a plane has four points of
intersection withC, so φ = 1/4 on the side of the jump
where α · ẏ(s) > 0 and φ = −1/4 on the other side. The
corresponding direction of integration is parallel toẏ(s) (see
dot-dashed lines in Figure 1). In the second case, the number
of intersections changes from two to four, so the magnitide of
the jump is 1/4. The corresponding set of integration directions
is illustrated in Figure 1 by dashed lines.



Fig. 1. Illustration of filtering lines. The detector plane corresponding to
y(s) ∈ C1 is shown

The presented discussion and example show that the sim-
plest uniform weight works just fine for closed trajectories.
Consider now what happens ifC is not closed. From (2)
with n = 1/nΣ(x, α), φ(s, x, θ) is discontinuous whenever
the planeΠ(y(s), α), α = α(s, θ) ∈ β⊥(s, x), is tangent to
C or contains an endpoint ofC. So, in general, for every
x in a region of interest (ROI) one would have to compute
the contribution from the endpoints to the image. If the
trajectoryC is short (e.g., as in C-arm scanning), this should



not cause any problems. However, ifC is long (e.g., as is
frequently the case in spiral scanning), using the endpoints
for image reconstruction at any givenx inside the ROI leads
to undesirable consequences: the long object problem is not
solved, requirements on the detector array are excessive, and
others.

This shows that for long source trajectories the uniform
weight is not optimal. The way out is to find an appropriate
C(x) ⊂ C and a more complicated (piecewise constant)
weighting functionn that would cancel out the contributions
of the endpoints ofC(x). In the case of spiral CT two such
weighting functionsn are given in [5] (the 1PI spiral segment
of x is used asC(x)). It is demonstrated in [5] that substitution
of thesen into (2)–(4) gives the inversion formulas of [3], [4].
As yet another application of the general inversion formula,
two weighting functionsn are found in [6] that produce exact
FBP-type 3PI algorithms for spiral CT. One of the algorithms
is summarized in the following section.

IV. A 3-PI ALGORITHM FOR SPIRALCT

Consider a spiral path of the x-ray source

{y ∈ R3 : y1 = R cos(s), y2 = R sin(s), y3 = s(h/2π)}.
(8)

If the source is located aty(s), let DP (s) be the detector
plane corresponding toy(s) (for simplicity we assume here
that the detector array is flat, see Figure 2). LetΓ±1 denote the
projections of the two turns of the spiral adjacent toy(s) onto
DP (s). Similarly, projections of the two next closest turns are
denotedΓ±2. The region on the detector bounded byΓ±1 is
known as 1PI window. The region onDP (s) bounded byΓ±2

will be called 3PI window.

Detector 
plane DP(s)

y(s)

j3

rotation
axis

C

d1

d2

2R
Γ1

Γ−1

Γ2
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Fig. 2. Projection of the spiral onto the detector plane

Consider the following lines onDP (s). Let L0 be the
projection of the spiral tangent,Lcr

−1,1 denote the line tangent

to both Γ1 and Γ−1, and Lcr
2 be the line tangent toΓ2 and

parallel toL0. Similarly, Lcr
−2 is the line tangent toΓ−2 and

parallel to L0. Projection of x onto DP (s) is denotedx̂.
Let I3PI(x) be the parametric interval determined by the
requirement thats ∈ I3PI(x) if and only if x̂ is inside the
3PI window onDP (s).

Let the current source position bey(s), s ∈ I3PI(x). Sup-
posex̂ is aboveL0 onDP (s). Consider the following filtering
directions (see dashed lines in Figure 3). Ifx̂ is betweenLcr

2

and Γ2, there is one filtering direction (M(s, x) = 1 in (3)),
which is determined from the requirement that the intersection
points satisfys1 − s = ψ(s3 − s2) (see two top panels of
Figure 3). Hereψ(t) is a smooth function defined onR and
with the propertiesψ(0) = 0, ψ′(t) > 0, t ∈ R. If x̂ is between
Γ1 andLcr

2 , the only filtering direction is parallel to the spiral
tangent (see Figure 3, middle panel). Ifx̂ is betweenL0 and
Γ1, there are three filtering directions (M(s, x) = 3). One is
parallel to the spiral tangent. The other two are determined by
finding lines througĥx that are tangent toΓ1 and eitherΓ1 or
Γ−1 (see two bottom panels of Figure 3). The corresponding
coefficientscm are indicated in Figure 3. If̂x is belowL0, the
filtering directions are symmetrical. The only difference is that
if x̂ is betweenLcr

−2 andΓ−2, then the points of intersection
satisfy s2 − s3 = ψ(s − s1). In all cases the direction of
filtering is assumed to be from left to right. It is proven in [6]
that substitution of these filtering directions, the corresponding
coefficientscm, and I = I3PI(x) into (3) gives an exact
reconstruction formula of the FBP type with shift-invariant
filtering. Assuming that ROI is represented by a cylinder with
radiusr centered at the axis of rotation, the restriction of the
algorithm isr/R . 0.618.

The proposed algorithm was implemented in a computer
code. The derivative∂/∂q in (3) is computed using two-
point finite difference. Convolutions are computed using FFT.
Fourier transform of the kernel1/ sin γ is computed analyti-
cally and truncated at the Nyquist frequency. Input parameters
are summarized in Table I, and reconstruction results for the
clock phantom are shown in Figure 4.

Simulation parameters
R (radius of the spiral) 570mm
h (pitch of the spiral) 46mm

detector pixel size in each direction
(as projected to isocenter) 0.75mm
number of detector rows 128

number of detectors per row 745
number of source positions per rotation 1160

Reconstruction parameters
number of points per convolution 2048

voxel size in each direction 1.0mm

TABLE I

SIMULATION AND RECONSTRUCTION PARAMETERS



Fig. 3. Filtering lines and the associated constantscm
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Fig. 4. The clock phantom: WL=1000, WW=100,512× 512 grid.
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